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Abstract. This work aims to compare the behavior of a semi-active suspension on a quarter vehicle model using the
Linear-Quadratic Regulator (LQR) control scheme and one of its non-linear variations (State Dependent Riccati Equa-
tion - SDRE) per report to a passive suspension system. The semi-active suspension mathematical model is based upon
equations of physically motivated models present in the literature, incorporating nonlinear behaviors such as force hys-
teresis and asymmetry. Due to this complex relationship between force and speed, the LOR technique is considered
sub-optimal regarding control, leading to the deployment of better suited alternatives such as the SDRE technique to
gauge the degree of inadequacy. To measure performance to form the basis for the comparisons, the movement of the
vehicle is characterized using the Ho metric of the upper body and the H, metric of the lower body, also known as
the RMS gain and roadhold of the vehicle. A Gaussian white noise function is used for the road profile. The systems
are evaluated using numerical integration methods. An optimization on the free parameters of the suspension control is
performed by means of the NSGA-II Genetic Algorithm. The Pareto optimums of the metrics for the evaluated systems for
each control scheme is found, with the system showing robustness with regards to the controller parameters. The SDRE
control scheme showed better performance in both evaluated metrics, having significantly better Ho results.

Keywords: Semi-active vehicle suspension, non linear control, LOR controller, SDRE control, Multi-objective Optimiza-
tion, Genetic Algorithm, MR damper

1. Introduction

The suspension is an important vehicle system to isolate the chassis from the road oscillations. Many works in the
literature seek to characterize the dynamics of a vehicle through the use of performance metrics, be it using a quarter
vehicle model (Melo} |2017; |Ferreira et al.l 2022; |Li et al.| 2021), half vehicle (Wet and Taghavifar, 2017;de Lima ez al.,
2012)), or full vehicle (Shirahatti ez al.,[2009)).

The optimal passive suspension is known in the literature for most cases, as for example the optimal quarter vehicle
suspension in |Gillespie| (1992). Given the desire to improve suspension properties, those articles usually study the use
of a active or semi-active suspension, with control schemes such as the Skyhook (Melo, 2017), PID (Li ef al.| 2021) and
LQR (Chen et al., 2014) being employed on quarter vehicles.

For the LQR, the main challenge lies in the tuning of weights matrices L and ) (Gawronski, 2004). While the former
deals with the issue through a manual iterative approach, that’s unsuitable for large systems or large quantities of systems.
The most common approach in modern works is to use an optimization algorithm to obtain the desired weights. Saleem
(2022)) used a gradient descent algorithm. [Morar and Dobral (2021)) used an Artificial Bee Colony optimization algorithm
to tune it’s LQR weights. [Prabakar et al.|(2016), Koch| (2011), Nagarkar and Vikhe| (2016) all used genetic algorithms.
They’re of special interest as they also performed their optimization weights for the control of vehicle suspensions.

The SDRE is an algorithm based on the LQR control that is modified to better handle non-linear systems. It shares the
general structure of the LQR technique including the challenges of tuning the weights, but has additional dynamics in
the form of non-linear parametrizations. For decades, many articles show it’s potential to regulate the vibration levels of
non-linear systems, both in the theoretical (Cloutier, 1997} [Cloutier ef al., |1996; |Cimen, [2010) and applied (Stansbery
and Cloutier| 2001} [Itik ez al., 2010; |Aguilar-Ibanez et al.| 2022; Do et al.l|2012)) fields. In the field of vehicle dynamics,
Kilicaslan| (2022)) used the technique to tune an active suspension system for a quarter vehicle model with non-linearities,
while |Acarman| (2009) used the technique to control the lateral dynamics of a quarter vehicle for braking. Neither,
however, optimized the weight matrices, opting for values based on their system’s equations of motion instead.

Owing to the prevalence of this technique in the literature, the optimization of multi-objective problems was performed
via the Non sorting Genetic Algorithm II (NSGA-II) (Deb ef al., 2000).
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This work aims to compare the behavior of a semi-active suspension on a quarter vehicle model using the LQR control
scheme and one of its non-linear variations, SDRE, to a passive suspension system. The semi-active suspension mathe-
matical model is based upon equations of physically motivated models present in the literature, incorporating nonlinear
behaviors such as force hysteresis and asymmetry. Due to this complex relationship between force and speed, the LQR
technique is considered sub-optimal regarding control, leading to the deployment of better suited alternatives such as the
SDRE technique to gauge the degree of inadequacy.

To measure performance to form the basis for the comparisons, the movement of the vehicle is characterized using the Hs
metric of the upper body and the H, metric of the lower body, also known as the RMS gain and roadhold of the vehicle,
respectively. A Gaussian white noise function is used as the road profile. The systems are evaluated using numerical
integration methods. An optimization on the free parameters of the suspension control is performed by means of the
NSGA-II Genetic Algorithm. The Pareto optimums of the metrics for the evaluated systems for each control scheme as
well as the sensibility of the metrics value to changes in its parameters when near the optimum are found.

2. Quarter of vehicle Semi-Active with MR-Damper

The quarter vehicle model is commonly used in the literature to examine the effects of certain parameters on vehicle
M N

handling. From it the equations of motion for the upper and lower bodies Eq. are derived. Using the subscript ”s” to
denote the upper, sprung body and ”” to denote the lower, unsprung body, Eq. (1)) becomes:

e 1R A A AeN | R R R »
0 M,| |Zy —Cs  Cs Ty —ks kg4 kyl| |xy zky, -F

where ks and k, denotes the spring stiffness of suspension and tires, respectively; c; is the damper coefficient of suspen-
sion system; M, and M, are the sprung and unsprung (tire) masses, respectively, F' is the imposed force on the sprung
and unsprung masses; z the road profile; and x the vehicle position. The variables ” z” and ”x” are time dependent. The
variable "c," is also time dependent for semi-active suspension systems. Lastly, the variable F' is time dependent for an
active suspension, being null otherwise. The MR suspension forces can also be represented there instead of in the ¢, term,

making it not zero in the case of a semi-active suspension. Equation (I)) is an ordinary differential equation for the system.
This equation can also be represented in the state space form, as described below:

x =Ax+ Bu+ Cz 2)

where the state matrix A multiply with state variables x = [z xu]T (the quarter vehicle coordinate variables), Bu contains
the terms relating to controllable forces, and Cz contains the excitation (random input) forces (Ogatal, 201 IJ).

2.1 Wang’s Sigmoid MR-Damper Model

A MR-damper consists in a damper whose properties are partially controllable. The semi-active system is controlled by
solving the system with no force constraints and reproducing it to the extent which it is possible by the varying damper
force. The specific MR damper’s formulation belongs to the double Sigmoid modeling family (Wang et al., 2004). The
choice of this specific model was motivated by the perceived better agreement with the experimental data compared to
other models (Santadel [2017; [Silva ef al.| 2022).

The Wang’s sigmoid formulation (Wang et al., [2004) for the MR damper is described by

1—ef1(®

F(U): t1+€F1(,L~})

(1 —ks)(1 + F3(0)) 3)

where 9 is the relative speed x5 — x,,, k5 is a constant, f; is the expression in F (&) is the expression inand Fy(i) is
the expression in [f]
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where a1, ko, Iy and fy are constants, i is the controlled current passing through the damper coils, and v,,, is the peak
velocity of the damper. Due to numerical issues that arise from the expression provided in the paper for v,,, under random
excitation, an alternative expression for v,,, was used that is consistent with the results in the original paper but better
reflects the dynamics of the damper under white noise, as proposed in |Ferreira et al.|(2023).
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where ag, as, ko, k3, k4, k¢ and I; are constants and sgn(Z) is the sign function of the relative acceleration ¢ defined by
the expression &g — &y,,.

(6)

klc +

o e (L5500, 1= sgn(@)
Fa) = [yl (4 0y,

where a4, k1. and k1. are constants.

The semi-active damping model employed used the data from Wang et al.| (2004) with the K; coefficients modified as
per [Ferreira (2022), as displayed in Table (I} The baseline force f was scaled for the mass differences as suggested in the
original article.

Table 1. Data for the magneto-rheological damper contained in Wang et al.| (2004)), with the K. and K. values modified
as per |Ferreira) (2022).
~ Constant Value Constant Value | Constant Value | Constant Value

ao (adm) 1300 | ay4 (m/s)=t  4.60 | ko(adm) 112.5 | k3 (adm) 2.90

a; (m/s)~t 175 Iy (amp) 0.05 | ki.(adm) 3.2 | k4 (adm) 0.095

as (amp)~t 285 I, (amp) 0.08 | k1. (adm) 3.2 ks (adm)  0.65

az (amp)~t  1.55 fo (N) 214.8 | ko (adm) 194 | kg (adm) 0.12

A interesting property of the MR damper is that, under certain conditions, it can actually exert a positive or negative force
depending on the current. In those specific regions, it is able to reproduce the forces of active controllers better than
idealized semi-active dampers that lack this property.

2.2 Optimization Metrics for Comfort and Handling

The solution of this problem using this system of equations can be found in Gillespie|(1992)). This analytical solution has
been used to validate the numerical model for a passive damper system in a previous work (Ferreira et al.|[2022). In said
work, a numerical study on the sensibility of the control metric on the variation of the spring parameters was done for a
semi-active suspension using the Skyhook and Groundhook control techniques.

The two metrics analyzed are: (a) the H metric for the sprung mass movement and (b) the H, for the unsprung mass
movement (Gawronskil 2004). The Hs metric, also referred to as the RMS value of the gain, is expressed as:

RMS(G;) = Ho(z;) = S/oo |Gs(w)|?dw (7
0

where S is the spectral density of the white noise that serves as input, and G; the transfer (gain) function of quarter vehicle
model for x; as function of frequency w. The chosen variable x in the quarter vehicle is usually x4, thus measuring how
comfortable the ride is for the vehicle passengers. Many of the previously mentioned works seek to minimize this value
(Shirahatti et al.,[2009; Zhang et al., |2012; |[Ferreira et al.| 2022)).

The roadhold property is defined as the H., metric on the unsprung mass. This is because the gain on the unsprung mass
determines how close it is to losing contact with the ground (Gomes and de Morais| 2021} |Gillespiel, |1992). If this value
surpasses 1 it means that the tire has lost it’s ability to control the vehicle trajectory, representing a safety risk.

Ty — 2

rh(Gy) = Hoo(xy) — 1 = max( ) = maz(Ha(w, z,) — 1)) (8)

where rh is the value of the roadhold.

The optimizations can be performed by searching the space of admissible properties for a desired quality [(Gomes and
de Morais| (2021); Ferreira et al.| (2022). When optimizing the Hs metric, the purpose is posed as minimizing the value
f1 such as in equation (9).

fi=RMS [Hy(K,C)] &)

For optimizing the H, metric, it’s desirable to find the lowest value for the Roadhold peak, which leads to minimizing
the expression in equation (I0).

fa =7rh[G2(K,C))] (10)
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3. Control Strategies
3.1 LQR control

The LQR control is the basis of the techniques to be employed. It’s a technique which obtains the optimal control of linear
plants subject to disturbances. |Gawronski| (2004) demonstrates how the algorithm for the method can be derived while
Md Sam et al.|(2000) demonstrates it’s application on a vehicle with an active suspension. A LQR controller seeks a gain
L (TT) so that Eq. (I2) is satisfied and minimized. This is guaranteed by constructing L in the form expressed by Eq. (T3).
It’s assumed that the system is analyzed on an timescale which approaches infinity, and as such the constant term outside
the integral which would otherwise be present is discarded. Furthermore, the system is taken as continuous.

u=—Lx (11)

J = / 2T Qz + u'Ru dt (12)
0

L=R'BTP (13)

where, z is the state vector; u is the force F* applied on the structure; B is the input matrix (2); L is the gain matrix; R and
Q are the weighting matrices that minimize the value J, and the matrix P is the matrix which satisfies the reduced-matrix
Riccati equation:

ATP+PA-PBRB'P+Q =0 (14)

where A and B are the same state and input matrices as described in equation (2).

The matrices Q and R are assumed to be know prior to performing the calculations, and finding the optimal values for
said matrices is one of the central challenges when employing the LQR method. As put by (Gawronski (2004)), "this task
does not have an analytical solution in general, and is frequently solved using a trial-and-error approach".

A modification done in order to better handle the system non-linearities was a velocity corrective term for the variable
T 5. Because of the asymmetric behavior of the damper relative to it’s speed due to the term kgv,,, the damper equilibrium
position occurs at non-zero displacements and speeds relative to it’s initial conditions. To account for this asymmetry, the
control unit was fed a modified upper body velocity x5 — kgv,,,, which when fed to the controller provided significantly
better results as the equilibrium point was correctly identified as not being in the origin.

3.2 SDRE variant

In the SDRE method, the matrices A and B from equation (]E) are parameterized as functions of x, as demonstrated in
Cimen| (2010). This makes Eq. (T4) take the form of Eq. (I5). Due to this parametrization, this method is far more suited
to control non-linear systems.

AX)TP+PB(x) - PAOR'Bx)P+Q =0 (15)

Unlike in the LQR case, this equation needs to be solved in every time step the controller acts, as the matrices A(x) and
B(x) are liable to change as x changes. This makes the SDRE method more computationally intensive. The algorithm for
calculating the SDRE is demonstrated in Fig. (T)).

Offline selection of
design matrices

Compute SDC matrices

A(x, a),B(x),Q(x),R(x)

Form and solve the SDRE
for P(x) >0

Compute feedback gain
K(x)
Compute state-feedback Control vector u
control u(x)

Figure 1. Algorithm procedures for calculation of the SDRE control. Reproduced from (Cimen| (2010).
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The SDRE parametrization chosen was the derivative of the damping function in Eq. (3) with respect to the relative
velocity v. It was calculated using a computer-based derivative calculator, and due to it’s cumbersome size it’s not
feasible to show it, thus it is omitted. Denoting such derivative as f(?), the expression for A(x) in the space state form is
given as equation[T6] Given the lack of non-linear dynamics in the B matrix, there was no SDRE parametrization done to
it. This parametrization is similar to the SDC parametrization.

o 0o 10 oo 0 07\ [au
0 0 0 1 0 0 0 0 Tu
A(z)r = _ K K, 0 0 + 0 0 — (¥) f() P (16)

4. Optimization strategies for the SDRE and LQR control schemes
4.1 Optimization and model parameters

In the literature, the optimization is almost universally performed using genetic algorithms, with a high preference towards
the NSGA-II, specially in multi-objective optimizations. For this reason the NSGA-II was chosen. As for the optimization
targets, the choice of minimizing the Hs and H ., metrics was made due to their importance on vehicle performance and
presence in the literature. To prevent excessive displacements, a limit of 10 cm for the suspension displacement was also
enforced as a constraint.

The system was modeled using Simulink and Matlab. The numerical integrator of choice was the ODE45 owing to it’s
good precision and performance. The non-uniform fast Fourier transform was performed on the time domain results, with
the frequency domain results up to 100 Hz being analyzed.

An individual run consists of the vehicle being simulated from null initial conditions under a band limited random noise
input in the lower body, with 10~8 W of power and a cut-off frequency of 2 000 Hz. The system was granted 6 seconds to
reach steady state and then had it’s results logged for 8 more, providing a resolution of 0,25 Hz in the frequency domain
when taking a Fourier transform (Proakis and Manolakis|, [1996). The 2 000 Hz was also the simulation speed for the MR
damper, as further decreases yielded no changes in the behavior. This also set the minimum simulation rate to 2 000 Hz,
avoiding issues with frequency aliasing in the Fourier transform as well.

To account for the random nature of the road input, each individual was ran 22 times, and the resulting He and H,
metrics were taken as the average values of the individual metrics for each run.

The controller ran on 50 ms update intervals. As put by [Cimen|(2010), "SDRE control laws can be implemented at speeds
greater than 600 Hz and up to 2 kHz sample rates, [...] using commercial, off-the-shelf processors.". As such, a 200 Hz
implementation is within reasonable bounds.

The number of individuals in each generation was 200, and 50 generations were ran. These parameters were tested
for the objectives of minimizing the RMS and roadhold of the upper mass and were found to be adequate, obtaining
convergence. Due to issues perceived early on with the system’s performance if values in the weight matrices were too
big, the maximum value for the weight variables was 5000. The cross-over chance was 90% and the mutation chance was
10%.

Table 2. Properties of the optimization

Property Value Property Value
Integrator ODEA45 Steady state interval 6 seconds
Minimum simulation frequency | 2000 Hz Simulation time 8 seconds
White noise band cut-off 2000 Hz Frequency analysis range 100 Hz
Damper simulation frequency | 2000 Hz | Number of frequency averages 22
Controller update frequency 200 Hz Population size 200
White noise power 1078 W Number of generations 50
Minimum value for Q/R >0 Maximum value for Q/R <5000

4.2 Optimization of LQR parameters

In the simple LQR case, the cost matrix is optimized as in Eq. (T7),

R =R,

a7
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in which Ry is just a matrix with constant terms. This is the most traditional implementation of the system, with the
solution to the Ricatti equation only needing to be performed once.

In order for a positive, semi-definite solution for P in Eq. (I4) to always exists, both Q and R also need to be positive
definite (Cimen, 2010). This wasn’t always possible for the R matrix. The importance of such factor for performance was
left as an optimization result. If Eq. couldn’t be solved, the value that minimized it was used instead. The R matrix
is also always invertible so as to allow Eq. (I4) to be computed. This was done by making it symmetric, also reducing the
number of R variables from 16 to 10.

The Q matrix was taken as being entirely null bar the main diagonal. This choice was made to decrease the number of
optimization variables.

4.3 Optimization of SDRE Variant

In the SDRE variant, the R matrix had 2 terms for each R;;: one constant and one proportional to the inverse of the
derivative of the damping function F(v) in Eq. (3) with respect to ©. This was done so as to give more variables to the
control scheme, and was motivated by the performance gain demonstrated in [Saleem|(2022). This makes the R matrix a
function of x, as in equation (I8). The factor 1/|f(z)| represents the local sensitivity of the damping. Greater values mean
that there’s a greater tendency to decrease the relative velocity, and thus less active control might be needed. Whether this
is indeed a relevant metric was left for the optimization algorithm to evaluate.

1
R(I) = Ro + mkl (18)

This doubles the number of optimization variables from 10 to 20. As such, the SDRE system has a total of 24 variables to
optimize when including the Q matrix, which is optimized in the same way as it is in the LQR system.

5. Results

The data for the vehicle model is in table (3). These values were chosen to approximate to the values in [Wang ez al.
(2004), bar some rounding.

Table 3. Data for vehicle model.
Constant Value Constant Value
M, (kg) 300 M. (kg) 30

K, (N/m) 20000 | K. (N/m) 200000

To test the optimization scheme, a multi-variable optimization was performed targeting the H, and H., metrics of the
upper body. This optimization was performed with 50 individuals over 40 generations with the same parameters as
the main one. The code used was able to optimize the validation case, with convergence being obtained after only 30
generations.

5.1 Convergence

10 9
4><‘I() 2><1O

Fitness

—Mean fitness H2
—Mean fitness H, Mean fitness H__
Mean fitness HX Max fitness H,

Max fitness H, —Max fitness H

—Max fitness H__ /
05 7/

30 40 50 0 10 20 30 40 50
Generation (a) Generation (b)

Figure 2. Fitness change over generations (a) LQR (b) SDRE.

The fitness value is a value proportional to 1 over the analyzed metric, with the absolute values being scaled for visualiza-
tion purposes.
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5.2 Results of the LQR optimization

The results for the NSGA-II optimization for the LQR case as well as the Pareto front are presented in Fig. (3).
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Figure 3. Results for the NSGA-II optimization of the LQR model (a) Global (b) Zoom to the Pareto front.

Table (@) present an example of an individual picked from the Pareto optimum region.

1462 | 3842 | 2350 | 4483 3072
RO 3842 | 3681 | 1056 | 1895 Q 4082
2350 | 1056 | 1164 | 1284 3504
4483 | 1895 | 1284 | 728 3537

5.3 Results of the SDRE optimization

Table 4. Example of an optimum individual for the LQR model. Individual from the Pareto front.

The results for the NSGA-II optimization for the SDRE case as well as the Pareto front are presented in Fig. ().
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Figure 4. Results for the NSGA-II optimization of the SDRE model (a) Global (b) Zoom to the Pareto front.
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Table (5) present an example of an individual picked from the Pareto optimum region.
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Table 5. Example of an optimum individual for the SDRE model. Individual from the Pareto front.

2805 | 1206 | 4300 | 1720 1565 | 2290 | 4169 | 1628 3758
Ro 1206 | 3669 | 1381 | 3153 R 2290 | 336 | 1593 | 2675 Q 734
4300 | 1381 | 2337 | 1794 4169 | 1593 | 2757 | 2640 1484
1720 | 3153 | 1794 | 479 1628 | 2675 | 2640 | 1795 3532
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5.4 Discussion of the results

The optimization resulted in a filled matrix which made use of both the Ry and R;. Both results were robust with respect
to changes in the matrix coefficients, and small alterations didn’t cause noticeable changes in performance. The resulting
matrices for Ry and R, are not always invertible, nor was it always possible to solve Eq. (14). The results reached
the Pareto optimum after around 25 iterations, with further generations only filling up the frontier. The frontier was
non-convex in both cases.

The linear damper chosen for comparison has a damping coefficient ¢, of 90 S00N/(m/s), the average damping coef-
ficient of the passive MR damper obtained from measurements. Comparing the points at the SDRE’s and LQR’s Pareto
Frontiers which displayed the best Hy with the uncontrolled MR damper and linear damper performance, it’s visible
that there’s an improvement in both the steady-state displacement and the overall displacement due to disturbances for
both cases. The constraint of maximum displacement also guaranteed that the system reached steady state much quicker,
demonstrating that the controlled systems do reach steady state in 6 seconds as the optimization assumed. These results
are showcased in Fig. (§).

0.1 0.015

0.08 0.01
0005

E 0086 £ | ‘ )
5 g 0 A
% 0.04 —Passive linear E -0.005 ‘ '
K] —SDRE g |
@ 0.02 —Passive MR damper é. 0.01
o~ LQR a
-0.015 —Passive linear
-0.02 LQR
—SDRE
-0.02 -0.025
0 10 20 30 40 50 60 70 80 90 20 30 40 50 60 70 80
Time (s) (a) Time (s) (b)

Figure 5. Quarter vehicle upper mass displacement with no control and with Optimized SDRE and LQR controllers (a)
Time domain results (b) Time domain results, steady state, subtracted from their respective means.

The systems with a MR damper had non-zero displacement due to the asymmetric force properties of the damper. The
SDRE controller was able to minimize such displacement, while the LQR system was unable to. All metrics were
calculated relative to the steady-state equilibrium displacement.

The RMS decreased to 11% of the passive case RMS when employing the SDRE controller. This is better than the results
obtained in|Ferreira ef al.|(2022)), Nagarkar and Vikhe|(2016), and Kilicaslan|(2022)). Given the latter 2 are active systems,
this is significant. The LQR controller, however, failed to perform better than the passive system in the RMS metric,
attaining a performance 2x worse. These results are synthesized in table|[6]

Table 6. Performance comparison between the present and selected works, best H, individuals. Ratios are between the
passive and optmized cases of each respective work.

Paper RMS ratio | H., ratio | Suspension type

Ferreira et al.|(2022) (Groundhook) 520% 87% Semi-active

| |Ferreira et al.| (2022) (Skyhook) 87% 97% Semi-active
| |Nagarkar and Vikhe[(2016) 66% - Active
| [Kilicaslan|(2022) 50% - Active

SDRE (pr%sent) 11,4% 7,.8% Semi-active

LQR (present) 213% 50% Semi-active

MR damper (present) 770% 50% Semi-active

Unlike with the hook family of control schemes, there was a simultaneous improvement of the RMS and Roadhold,
with values 2 orders of magnitude smaller for the latter. The LQR controller was not able to achieve significant RMS
improvements, but it was able to outperform the Groundhook scheme. As such, the tested control schemes are better at
handling both safety and comfort simultaneously.

The value of 11% should be taken within context. While it outperformed the active systems in the improvement over the
passive case, the passive damper coefficient was far above the ideal coefficient that’s suggested in the literature (Gillespie}
1992)). The ideal value for this system is 4899 N/(m/s), making the tested passive system overdamped. As such, the
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lesser improvements experienced in other works might be partially due to a better passive system leaving less room for
performance improvements.

6. Conclusion and perspectives

The present work compared the behavior of a semi-active suspension using the LQR and SDRE schemes. Both of the
employed techniques were successful in reducing the metrics of interest, improving the vehicle safety and comfort char-
acteristics. The SDRE technique provided greater improvements to the performance of the system, justifying it’s imple-
mentation over the traditional LQR approach, as well as over a passive solution.

The proposed modification for the SDRE cost matrix was successful at further improving performance. The solution to the
problem was shown to be non-trivial, as the resulting control matrices were full. However, optimization of the suspension
controller can be further bolstered by optimizing the suspension properties themselves. As such, the optimization of the
suspension physical parameters was identified as very important to obtain performance improvements beyond a limit.

The obtained controllers can be applied on real-time systems. However, there was no analysis on the robustness of the
controller with respect to changes in the damper properties, being a possible short-coming in real world applications.

Future studies may evaluate the simultaneous optimization of both the controller characteristics and the suspension prop-
erties, making it possible for a true optimal solution to be found. The control of more complex vehicle models, such as
the half-vehicle or the full vehicle model, can also be explored, as whether the SDRE controller can balance their greater
number of metrics well is not yet known. The performance of the SDRE controller can also be compared to other modern
approaches to non-linear control, with Lyapunov based methods such as back stepping and sliding modes being good
candidates for further analyses, as they have been employed in the design of active suspensions with great success.
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