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Abstract. This work explores a 3D computational homogenization approach to predict the effective elastic properties
of concrete. The computational framework is implemented in ANSYS® Mechanical, Release 18.0 using the Ansys Para-
metric Design Language (APDL). In particular, the effect of heterogeneity observed at the mesoscale is modeled by the
concept of Representative Volume Element (RVE), which encompasses the size distribution of aggregates inserted into the
cementitious matrix. An algorithm is implemented to create coarse aggregates following a specified grading curve. Sets
of 3D RVEs with different particle volumes are generated by varying the size and positions of the aggregates. Uniform
strain and periodic boundary conditions are imposed on the RVEs to assess their influence on the effective constitutive
behavior. The RVE models are numerically simulated using the Finite Element Method (FEM) and the effective properties
are computed using average-based homogenization theory. The results for effective properties are compared with other
works available in the literature, including numerical and experimental results. In summary, the homogenization strategy
employed in this work provides results in close agreement with the compared studies.

Keywords: concrete, effective elastic properties, computational homogenization approach, heterogeneity at mesoscale,
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1. INTRODUCTION

Concrete is an important building material with a wide range of applications in Civil Engineering, including the use
in sidewalks, foundations, columns, beams, slabs and walls, among others structural elements. Although concrete is
considered homogeneous at the macroscopic level, the lower observation scales of the material indicate a heterogeneous
composition. Regarding the constituents at the mesoscale level, concrete is a composite material composed of past (mix-
ture of cement and water) and aggregates. Consequently, the macroscpopic behavior of concrete structures depends on
the geometry, spatial distribution and material properties of the individual constituents at mesoscale (Unger and Eckardt,
2011).

Methodologies for predicting the effective properties of concrete, i.e., considering the effect of heterogeneity at the
mesoscale, are interesting approaches to obtain a more realistic behavior of the material at the macroscale. Some analytical
estimates for the elastic modulus of heterogeneous media include the upper bound of Voigt (1889) and the lower bound
of Reuss (1929). Other widely used analytical estimates in the literature were proposed by Hashin and Shtrikman (1963)
based on variational principles. In the particular case of concrete, some analytical estimates were given by Counto (1964)
and Hansen (1965). Analytical-experimental studies by Hirsch (1962) and Stock et al. (1979) are also worth mentioning.
Although the previously presented analytical estimates provide closed expressions, important features are disregarded
due to the complexity of the formulation with the incorporation of some variables, including the representativeness of
randomness for position of inclusions with different sizes and shapes in the sample, for example. On the other hand,
the increase in computer processing and the development of new algorithms stimulate the computational modeling of the
behavior of concrete through numerical simulations (Chen et al., 2022). Montero-Chacón et al. (2014) and Vorel et al.
(2012) point out that numerical simulations allow us to conduct analyzes quickly and reduce costs with expensive tests in
the laboratory. For instance, Zhou et al. (2014) and Li et al. (2019) have been focused on numerical investigations of the
effective constitutive behavior for more complex samples.

In the context of computational approaches based on computational homogenization, it is worth highlighting the
work developed by Wriggers and Moftah (2006) to investigate the macroscopic constitutive behavior of concrete. More
specifically, Wriggers and Moftah (2006) employed a computational homogenization strategy to predict the effective
properties of concrete models, taking into account the random structure of the aggregates at the mesoscopic level of the
material. New algorithms were discussed for generating three-dimensional RVE models for concrete, where spherical
aggregates are created from a certain aggregate size distribution. The Monte Carlo simulation method was adopted in the
computational strategy to obtain effective properties with representativeness.
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In particular, the present work explores a computational strategy to predict the effective elastic properties of concrete,
encompassing the influence of heterogeneities observed at the mesoscale of the material in the context of 3D RVE mod-
els. In order to obtain a better representation for the distribution of aggregates in the cementitious matrix, an algorithm is
implemented to define coarse aggregates following a specified grading curve, where the aggregates are created with the
shape of a polyhedron. A computational homogenization approach based on numerical simulations in ANSYS® Mechan-
ical software (Release 18.0) is adopted to obtain the homogenized properties of the material. Two boundary conditions
are imposed on the RVE outer boundary: (i) the uniform strain boundary condition, and (ii) the periodic boundary condi-
tion. The effective properties computed in the present work are compared with the experimental results obtained by Stock
et al. (1979) and the numerical results shown by Wriggers and Moftah (2006). Regarding the comparison of results, it is
worth mentioning that Wriggers and Moftah (2006) considered the simplification of spherical aggregates inserted in the
cementitious matrix. Furthermore, only the uniform strain boundary condition was evaluated in the computational homog-
enization approach adopted by Wriggers and Moftah (2006). Therefore, this study discusses the influence of aggregate
morphology and the impact of the boundary condition on obtaining the effective properties of concrete.

2. 3D RVE-BASED COMPUTATIONAL HOMOGENIZATION APPROACH

In what follows, the computational homogenization approach is presented to obtain the effective elastic properties of
concrete. In particular, the Ansys Parametric Design Language (APDL) is used to develop the homogenization procedure.
Initially, some basic concepts of homogenization are presented, including the definition of the boundary conditions im-
posed to obtain the results. Afterwards, the morphologies and positions of the aggregates are defined for the RVEs, where
an algorithm is implemented to create coarse aggregates following a specified grading curve. Finally, the computational
procedure to obtain the effective properties from the numerical results is presented in detail.

2.1 Classical homogenization theory

In the framework of classical homogenization theories, an arbitrary point y at the macroscale (with material described
as homogeneous) can be investigated with the concept of the 3D RVE, where material heterogeneity is modeled. Thus,
different material models and properties can be considered to model the points x at the microscale. Some important
concepts in homogenization theories are the volume average of the microscopic fields and the boundary conditions, briefly
described in what follows.

2.1.1 Average-based homogenization

In the context of average-based homogenization, the macro-stress (Σ) and macro-strain (E) are defined as the volu-
metric averages of the micro-stress (σ) and micro-strain (ε):

Σ (y) =
1

V

∫
V

σ (x) dV = ⟨σ (x)⟩, (1)

E (y) =
1

V

∫
V

ε (x) dV = ⟨ε (x)⟩, (2)

where V is the total volume of the RVE.
The Hill-Mandel lemma (Bishop and Hill, 1951; Mandel, 1971) establishes the association between macroscopic and

microscopic scales by an equivalence of energy in both scales:

Σ : E =
1

V

∫
V

σ : εdV = ⟨σ : ε⟩. (3)

In addition, stress and strain tensors at the macroscale can be correlated by the effective stiffness tensor (C):

Σ = C : E, (4)

or the effective flexibility tensor (D):

E = D : Σ. (5)

2.1.2 Boundary conditions

In general, a macroscopic stress or strain field is conveniently imposed on the RVE, where a Boundary Value Problem
can be solved with analytical or computational strategies. Thus, different boundary conditions can be chosen to enforce
at the microscale. Two well-known boundary conditions are: (i) Uniform Strain Boundary Condition (USBC), and (ii)
Periodic Boundary Condition (PBC).
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The USBC results in linear displacements (u) at the outer boundary of the RVE:

u = E∗ · x ∀ x ∈ ∂V, (6)

where ∂V is the nomenclature for the RVE boundary and E∗ indicates the macroscale strain imposed on the RVE.
It is worth mentioning that the volume averaging of the microscopic strains results in the macroscopic strain imposed

on the RVE:

E =< ε >= E∗. (7)

The PBC is given by:

u = E∗ · x+ ũ ∀ x ∈ ∂V, (8)

where ũ is called periodic fluctuation. It is worth mentioning that Eq. (7) is also valid for the PBC. In addition, the
following expression must be checked:

σ · n+ = σ · n− ∀ x ∈ ∂V, (9)

with n+ and n− are the opposite unit normals.
Since the ũ is not known initially in the problem, the PBC is not directly imposed by Equation 8. Conveniently, an

alternative is to define the RVE contour composed of positive (Γ+) and negative parts (Γ−), where each point x+ on Γ+

has a corresponding point x− on Γ−. Thus, the displacements u+ and u− can be written as:

u+ = E∗ · x+ + ũ(x+), (10a)

u− = E∗ · x− + ũ(x−). (10b)

Using the definition of periodic fluctuations on the RVE outer boundary (see Fig. 1), i.e., ũ
(
x+

)
= ũ

(
x−)

, the PBC
can be imposed by subtracting displacements of points on opposite faces (x+ and x−):

u+ − u− = E∗ ·
(
x+ − x−)

, (11)

where the fluctuations vanish due to periodicity.

Г+

Г+

Г−

Г−

෥𝒖(𝒙+)෥𝒖(𝒙−)
𝒙− 𝒙+

𝑵+𝑵−

Figure 1: Illustrative scheme of an RVE with periodic fluctuations on the contour.

This strategy can be extended to 3D RVEs, where node sets must be defined for faces, edges and corners (see Fig. 2):

(i) Face nodes:

Sface =
{
(Front, Back), (Top, Bottom), (Left, Right)

}
.

(ii) Edge nodes:

Sedge =
{
(BF, CG), (BF, AE), (AE, DH), (AB, CD), (AB, EF),

(EF, GH), (BC, AD), (BC, FG), (FG, EH), (AD, EH),

(CD, GH), (CG, DH)
}
.

(iii) Corner nodes:

Scorner =
{
(B, C), (C, G), (G, F), (A, G), (D, H), (H, E),

(E, F), (B, A), (A, E), (B, F), (C, D), (G, H)
}
.
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Figure 2: Definition of sets composed of corners, edges and faces for 3D RVE.

In the particular case of finite element simulations, the mesh must be structured on the outer boundary of the RVE.
Furthermore, as shown in Fig. 3, the mesh contour nodes can be divided to define the constraint equations to impose the
PBC.

Face nodes

Edge nodes

Corner nodes

Figure 3: Definition of sets composed of corners, edges and faces for an RVE mesh (Santos, 2021).

2.2 RVE concrete models

The material behavior is considered linear elastic for the concrete. The values of Young’s modulus (Y ) and Poisson’s
coefficient (ν) for the constituents of the concrete were adopted according to Wriggers and Moftah (2006). The properties
of the cementitious matrix are: Ym = 19 GPa and νm = 0.2. In turn, the aggregate properties are: Ya = 72 GPa and
νa = 0.2.

Three volume fractions of aggregates (fa) are considered in this study: (i) fa = 0.2 or fa = 20%, (ii) fa = 0.3 or
fa = 30%, and (iii) fa = 0.4 or fa = 40% (see Fig. 5). Five aggregate distribution configurations are employed to predict
the effective properties for each volume fraction of aggregates. We note that this number of realizations was sufficient
to estimate the effective properties, as the variation in the results is not significant (see further details in the results and
discussion).

The aggregates are generated randomly using a developed algorithm capable of producing particles in the shape of
a truncated icosahedron. The truncated icosahedron is an Archimedean solid with thirty-two faces, including 12 regular
pentagons and 20 regular hexagons (see Fig. 4). Although the morphology of the aggregates is close to spheres, the exis-
tence of the corners allows a more realistic modeling of coarse aggregates. According to Haäfner et al. (2006), considering
these corners enables the consideration of stress concentrations near singular points, as seen in actual structures.

To define the dimension of each aggregate, the Fuller and Thompson (1907) curve is used to represent an ideal grading
distribution for concrete. The granulometric curve for each aggregate volume fraction adopts the exponent of the Fuller
and Thompson (1907) curve as 0.5, with aggregates having a maximum diameter of 19 mm and a minimum diameter of
5 mm.
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Geometry of the truncated icosahedron. A particle with a finite element mesh.

Figure 4: Polyhedron used for the representation of aggregates.

The generated aggregates are positioned using the by presented in Wriggers and Moftah (2006). Each particle is
considered inscribed within a sphere that must be positioned obeying the following rules: (i) two or more aggregates
cannot occupy the same space, (ii) all aggregates must be integrally within the RVE, (iii) there must be a spacing between
the aggregates and between them and the edges of the sample for good quality finite element meshing (Schlangen and van
Mier, 1992).

Regarding the RVE meshes, 4-node linear tetrahedrons with 3 integration points are used in the numerical simulations.
For example, Fig. 6 shows the mesh of an RVE with fa = 0.3, including the number of finite elements and nodes. Note
that a significant amount of finite elements is required to represent three-dimensional concrete at mesoscale, since there
are aggregates of small sizes.

(a) RVE with fa = 0.2. (b) RVE with fa = 0.3. (c) RVE with fa = 0.4.
Figure 5: RVEs with different volume fractions of aggregates (fa)..

(a) Full RVE.
(b) Half of the RVE.

Figure 6: RVE with fa = 0.3: 1252153 elements and 209528 nodes.
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2.3 Effective elastic properties by a computational homogenization procedure in ANSYS® software

Numerical simulations with the Finite Element Method are conducted in ANSYS® Mechanical software to solve the
Boundary Value Problem for the RVE, considering two boundary conditions: (i) USBC; and (ii) PBC. The language Ansys
Parametric Design Language (APDL) is explored to define boundary conditions and compute the homogenized stress
fields. The macroscale homogeneous strain tensor necessary to impose the boundary conditions was defined according to
Wriggers and Moftah (2006):

E∗ =

 0.001 0.001 0.001
0.001 0.001 0.001
0.001 0.001 0.001

 . (12)

It is worth mentioning that the homogenized strain (E) is directly obtained by the Equation 7 (i.e., E = E∗). On the
other hand, in this work, the homogenized stress (Σ) is calculated by the following expression:

Σ =
1

V

Nelem∑
i=1

σiVi, (13)

where Nelem is the number of finite elements, σi is the average stress in the element i computed at the integration points,
Vi is the volume of the element i, and V is the total volume of the RVE.

Following the approach presented by Wriggers and Moftah (2006), the effective bulk modulus (Kef ) is given by:

3Kef =
Tr(Σ)/3

Tr(E)/3
, (14)

and the effective shear modulus (Gef ) is calculated by:

2Gef =

√
Σ′ : Σ′

E′ : E′ , (15)

where Σ′ and E′ indicate the stress and strain deviatoric tensors, respectively. Furthermore, the deviatoric tensors are
computed as:

Σ′ = Σ− 1

3
Tr(Σ)I, (16)

and

E′ = E − 1

3
Tr(E)I, (17)

with I denoting the second-order identity tensor.
Finally, the effective elastic moduli or effective Young’s modulus (Yef ) can be obtained by:

Yef =
9KefGef

3Kef +Gef
. (18)

3. RESULTS AND DISCUSSION

Tables 1, 2 and 3 show the effective properties of the five RVE configurations for concrete models with fa = 0.2,
fa = 0.3 and fa = 0.4, respectively. Furthermore, Tab. 4 shows the mean (M ) and the standard deviation (SD) for the
numerical results of the effective properties. In particular, the statistical treatment shows small differences in the results
for the same fa. The low values of SD in Table 4 indicate that employing five RVEs for each fa is an adequate amount
to predict the effective properties with sufficient representativeness.

Table 1: Numerical results of the effective properties for fa = 0.2.

Sample USBC PBC
Kef (GPa) Gef (GPa) Yef (GPa) Kef (GPa) Gef (GPa) Yef (GPa)

1 13.544 10.458 24.952 13.527 10.421 24.875
2 13.539 10.455 24.944 13.521 10.417 24.865
3 13.535 10.446 24.925 13.520 10.410 24.852
4 13.542 10.451 24.938 13.526 10.414 24.861
5 13.539 10.447 24.927 13.518 10.410 24.850
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Table 2: Numerical results of the effective properties for fa = 0.3.

Sample USBC PBC
Kef (GPa) Gef (GPa) Yef (GPa) Kef (GPa) Gef (GPa) Yef (GPa)

1 15.364 11.722 28.035 15.337 11.665 27.918
2 15.370 11.729 28.051 15.342 11.671 27.931
3 15.377 11.736 28.067 15.350 11.682 27.954
4 15.391 11.748 28.095 15.364 11.691 27.976
5 15.379 11.740 28.077 15.351 11.682 27.954

Table 3: Numerical results of the effective properties for fa = 0.4.

Sample USBC PBC
Kef (GPa) Gef (GPa) Yef (GPa) Kef (GPa) Gef (GPa) Yef (GPa)

1 17.504 13.637 32.477 17.465 13.564 32.324
2 17.492 13.616 32.433 17.454 13.544 32.283
3 17.479 13.610 32.417 17.441 13.538 32.265
4 17.501 13.627 32.458 17.461 13.552 32.300
5 17.500 13.628 32.458 17.462 13.554 32.305

Table 4: Numerical results of the effective properties, inlcuding the mean (M ) and the standard deviation (SD).

fa
Statistical USBC PBC
parameter Kef (GPa) Gef (GPa) Yef (GPa) Kef (GPa) Gef (GPa) Yef (GPa)

0.2
M (GPa) 13.534 10.451 24.937 13.522 10.414 24.861
SD (GPa) 0.004 0.005 0.011 0.004 0.005 0.010

0.3
M (GPa) 15.379 11.735 28.065 15.349 11.678 27.947
SD (GPa) 0.010 0.010 0.023 0.010 0.010 0.023

0.4
M (GPa) 17.495 13.624 32.448 17.457 13.551 32.295
SD (GPa) 0.010 0.011 0.024 0.010 0.010 0.022

In Tab. 5, the effective properties obtained with USBC are compared to PBC. In general, the results are very close
for both boundary conditions. A small increase in the relative difference was observed with the increase in the volume
fraction of aggregates, but always with values smaller than 0.5%. Therefore, the boundary condition had no significant
influence on the homogenized properties. In the context of simulations based on computational homogenization, the
results of the boundary conditions tend to be close when the dimensions of heterogeneities are significantly smaller when
compared to the dimension of the RVE (Terada et al., 2000). Therefore, the results make sense due to the significantly
smaller dimensions of the aggregates compared to the RVE dimension.

Table 5: Comparison of effective properties: USBC (mean) vs. PBC (mean).

Effective elastic moduli: Yef (GPa)

fa
USBC (mean) PBC (mean) Relative difference (%)

(1) (2) (2) to (1)
0.2 24.937 24.861 0.305%
0.3 28.065 27.947 0.420%
0.4 32.448 32.295 0.472%

Table 6 indicates the effective properties obtained with USBC compared to experimental results from Stock et al.
(1979) (experimental results) and numerical results from Wriggers and Moftah (2006). Similarly, the comparison of
results for PBC is shown in Tab. 7. The relative difference between the effective elastic modulus obtained from the
presented homogenization approach and the experimental values reported by Stock et al. (1979) ranged from 4% to 9%.
On the other hand, the relative difference in the effective elastic modulus between the presented homogenization approach
and the numerical values obtained by Wriggers and Moftah (2006) ranged from 1% and 3%. Besides, the results of the
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present study are closer to the experimental data when compared to the results of Wriggers and Moftah (2006). It is
worth mentioning that numerical results from Wriggers and Moftah (2006) were obtained for RVEs under the USBC.
Furthermore, Wriggers and Moftah (2006) considered the hypothesis of spherical aggregates in the cementitious matrix.
Since the results of the present study indicated closer proximity to the experimental data, the shape for the aggregates
chosen in this work (see Fig. 4) had a positive influence to the effective elastic modulus.

Table 6: Effective elastic moduli obtained with USBC (mean) compared to Stock et al. (1979) (experimental results) and
Wriggers and Moftah (2006) (numerical results).

Effective elastic moduli: Yef (GPa)

fa
Stock et al. (1979) Wriggers and Moftah (2006) USBC (mean) Relative difference (%)

(1) (2) (3) (3) to (1) (3) to (2)
0.2 26.130 24.233 24.937 4.566% 2.905%
0.3 30.750 27.462 28.065 8.732% 2.196%
0.4 35.300 31.774 32.448 8.079% 2.121%

Table 7: Effective elastic moduli obtained with PBC (mean) compared to Stock et al. (1979) (experimental results) and
Wriggers and Moftah (2006) (numerical results).

Effective elastic moduli: Yef (GPa)

fa
Stock et al. (1979) Wriggers and Moftah (2006) PBC (mean) Relative difference (%)

(1) (2) (3) (3) to (1) (3) to (2)
0.2 26.130 24.233 24.861 4.856% 2.592%
0.3 30.750 27.462 27.947 9.115% 1.766%
0.4 35.300 31.774 32.295 8.513% 1.640%

The conclusions are similar for both boundary conditions investigated in this work. The results obtained in the present
work are in close agreement with the numerical results of Wriggers and Moftah (2006), in which more sensitive differences
are noted for fa = 0.2. On the other hand, more significant differences are observed when numerical results from USBC
and PBC are compared with experimental data from Stock et al. (1979).

4. CONCLUSIONS

In this work, a computational homogenization procedure was explored to predict the effective elastic properties of
concrete. The computational homogenization procedure was implemented in the ANSYS® Mechanical software (Release
18.0) using the Ansys Parametric Design Language (APDL). The uniform strain boundary condition and the periodic
boundary condition were imposed on the RVEs in the context of three-dimensional numerical simulations. An algorithm
was used to generate RVEs with the representation of inclusions at mesoscale following a specific granulometric curve.

In summary, the comparison between USBC and PBC indicated close results for the effective modulus of elasticity.
Thus, the boundary condition did not significantly influence the results. Furthermore, the results obtained with the com-
putational homogenization procedure were close to the experimental and numerical data compared in the discussion of
the results. In future works, we intend to investigate more realistic geometries for the aggregates inserted in the cementi-
tious matrix. Finally, the proposed approach is interesting to investigate the effective macroscopic behavior of composite
materials, encompassing the possibility of modeling characteristics of the constituents such as varied volume fractions,
influence of the geometry and distribution of inclusions and different constitutive properties, for example.
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