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Abstract. The thermal boundary layer corresponds to a variation in the temperature field, which occurs in a narrow 

region close to the wall of a solid body, when it is exposed to a flow of a fluid at a temperature different from its own. 

Its study is important in the design of cooling systems for electrical and electronic components and in capturing solar 

energy. For the study of the thermal boundary layer, authors have presented invasive measurement methods. The 

present work intends to present a characterization of the thermal boundary layer based on a non-invasive method based 

on the electromagnetic field model of a capacitive sensor. The liquid that fills the inside of a tube in a circular shape 

together with a borosilicate glass tube, becomes the dielectric of the capacitor constituted by the plates, making the 

sensor response variable according to the characteristics of the liquid that is present inside it. . The modeling will be 

performed using the Generalized Integral Transform Technique (GITT), the velocity profile will be considered fully 

developed at the thermal input, the effects of viscous dissipation will not be considered, and the axial diffusion of the 

fluid along the flow will be neglected. 

Keywords: thermal boundary layer, GITT, Capacitive Sensor  

 

1. INTRODUCTION  

 

According to Dewitt (2008) the boundary layer concept is crucial for understanding convective heat and mass 

transfers between a surface and a flowing fluid in contact with this surface. Dewitt (2008) also states that the boundary 

layers may be of velocity, thermal and concentration types. 

In a solid body exposed to the flow of a fluid at a temperature different from its own, the variation in the temperature 

field will occur in a narrow region near the wall, similar to the velocity field. This region, in analogy with the dynamic 

process, is usually called the thermal boundary layer (Pantaleão, 1990). 

Study of thermal boundary layers is important for several industrial applications, such as cooling system design for 

electronic components, solar energy capture, geothermal reservoirs, advanced oil recovery and cooling of nuclear 

reactors, among others (Makinde, 2012). The characterization of the thermal boundary layer is a limiting factor in 

several applications because if the temperature distribution in the thermal boundary layer is known, it is possible to 

directly calculate the heat transfer from a solid surface (Kulkarni, 2011). 

Even though many important applications have been presented, the best-known methods for thermal boundary layer 

characterization, either in ducts or plates, are usually invasive, i.e., there is contact between the sensor and the liquid, 

which directly interferes with its flow (Slangen, 2009; Puttkammer, 2013; Carey, 1978; Bhattacharyya, 2016 and 

Bellec, 2016); usually, the sensors used for this purpose are thermocouples and hot wire anemometers.  
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Thermal boundary layers are also studied in (Han, 2007 and Farzad, 2014) with intrusive (invasive) analysis methods 

using thermocouples or TDRs (Temperature Detection Resistors); these studies perform dynamic analyses of the fluid. 

Feng Xu (2009) presents a static analysis of the thermal boundary layer; however, they do not present any results 

related to the verification of the layer's thickness. 

As an attempt to probe the thermal boundary layer via non-invasive means, J.L. Xu et al. (2005) used infrared 

analysis, but the final focus of these studies was the analysis of the local Nusselt number's behavior. 

In Rahim, (2018), the numerical algorithm NAG (Numerical Algorithms Group) was used to verify the laminar flow 

of the thermal boundary layer in rotating spheres. Suvash et al., (2014), performed a numerical investigation in which 

the fluid used was air. D. Andrew (2015), performed a theoretical study of a Bingham fluid in a porous medium, and 

Mart, (2011), developed an experimental study of the turbulent thermal boundary layer on a flat plate. 

Theoretical characterizations of thermal boundary layers were also performed by (Makinde, 2012; Mart, (2011); 

Thomas, (1978) and Martin Schmitt, (2015)), using mathematical methods such as Runge-Kutta-Fehlberg, the integral 

energy equation, and DNS (direct numerical simulation), and those studies analyzed variations in the Prandtl or Nusselt 

numbers in the thermal boundary layers. 

For the theoretical analysis of thermal boundary layers, the present work proposes a numerical method, the GITT 

(generalized integral transform technique), that has been used with satisfactory results. The GITT is presented in 

Ghiaasiaan, (2011), as a theoretical solution, in which heat transfer in the axial direction is ignored and Hagen-

Poiseuille is applied to the thermal boundary layer problem, whereas Silva, (2016) considers the axial direction and uses 

the GITT for mathematical modeling. In this work, we will use the method proposed in Silva, (2016).  

The aim of this work is to present a new method for characterizing thermal boundary layers in a non-invasive 

manner, i.e., without interfering with the flow of the fluid to be analyzed. For this purpose, a mixture analyzer 

composed of circular 316-L stainless-steel tubes with 10 mm external diameter and 8 mm internal diameter, thermistors, 

thermocouples and a capacitive type sensor will be used. This sensor consists of two semi-cylindrical copper plates in 

opposite positions of a borosilicate glass tube. The liquid that fills the interior of the tube and the borosilicate glass tube 

serves as the dielectric of the capacitor constituted by the plates, making the sensor's response vary according to the 

characteristics of the liquid that is present inside the tube. The model of the sensor that will perform the characterization 

of the thermal boundary layer is set up as in Belo, (1982), where it is used to perform concentration measurements in a 

water/alcohol mixture. The modeling of the thermal problem, necessary to understand the problem and obtain the 

theoretical results, is performed using the GITT.   

  

2. PHYSICAL PROBLEM 

 

The physical problem consists of the flow of a Newtonian fluid (in our study, distilled water) in the thermal inlet 

region of a circular duct, as shown in Figure 1.  

 

Fig. 1. Illustration of the physical problem [26]. 

Considering that the flow regime is laminar and permanent and that the fluid is incompressible with constant 

thermophysical properties, one can write the energy equation and the boundary and inlet conditions for the cylindrical 

coordinate system as follows: 

 

Energy Equation: 

 

𝜌𝑐𝑝𝑢(𝑟)
𝜕𝑇(𝑥,𝑟)

𝜕𝑥
= 𝑘 [

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑇(𝑥,𝑟)

𝜕𝑟
)] ;  0 < 𝑟 < 𝑟0,    𝑥 > 0                                                                                                      (1a) 
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Boundary conditions: 

 
𝜕𝑇(𝑥,𝑟)

𝜕𝑟
= 0,     𝑟 = 0,   𝑥 > 0                                                                                                                                  (1b) 

 

𝑘
𝜕𝑇(𝑥,𝑟)

𝜕𝑟
+ ℎ[𝑇(𝑥, 𝑟) − 𝑇∞] = 0, 𝑟 = 𝑟0, 𝑥 > 0                                                                                                      (1c)  

 

Inlet condition: 

 

𝑇(𝑥, 𝑟) = 𝑇0,      𝑥 = 0                                                                                                                                                 (1d)  

 

where r represents the radius of the tube and , cp and k represent the fluid's density, specific heat at constant pressure 

and thermal conductivity, respectively. The fully developed laminar flow velocity profile is represented by u(r). 

In the present work, the velocity profile is fully developed at the thermal inlet (Kakaç, (1995) and Lipkis, (1954)), the 

effects of viscous dissipation will not be considered; impermeability and no-slip conditions at the walls will be 

assumed; body forces will be ignored; no internal energy generation will be assumed, and the axial diffusion of the fluid 

throughout the flow will also be ignored  

 

3. DIMENSIONLESS OF THE PROBLEM FOR APPLICATION OF THE GITT 

 

To solve the family of problems that are defined by the proposed model, the parameters and dimensionless groups 

presented in Ghiaasiaan, (2011) and Mikhailov, (1983) will be used:  

 

𝑅 =
𝑟

𝑟0
                                                                                                                                                                             (2a) 

 

𝜉 =
2𝑥

𝐷ℎ𝑅𝑒𝑑𝑃𝑟
                                                                                                                                                                      (2b) 

 

𝜃(𝜉, 𝑅) =
 𝑇(𝑥,𝑟)− 𝑇∞ 

𝑇0−𝑇∞
                                                                                                                                   (2c) 

 

𝑈(𝑅) =
𝑢(𝑟)

𝑢𝑚
                                                                                                                                                              (2d) 

 

where R is the dimensionless radius; T∞ and T0 represent the ambient temperature and the fluid inlet temperature, 

respectively; Bi, ReD and Pr are dimensionless numbers called the Biot number, Reynolds number and Prandlt number, 

respectively, whose definitions are as follows: 

 

𝐵𝑖 =
ℎ𝑟0

𝑘
                                                                                                                                                                            (2e) 

 

𝑅𝑒𝐷 =
𝑢𝑚𝐷ℎ

𝜈
                                                                                                                                                                      (2f) 

 

𝑃𝑟 =
𝜈

𝛼
                                                                                                                                                                                

(2g)  

with um representing the average flow velocity, 𝑟0 the radius of the circular tube, 𝐷ℎ = 2𝑟0 the tube hydraulic diameter, 

 the kinematic viscosity of the fluid, and α =
𝑘

 𝜌𝑐𝑝
 the thermal diffusivity of the fluid.  

Dimensionless energy equation: 

 

𝑈(𝑅)
𝜕𝜃(𝜉,𝑅)

𝜕𝜉
=

2

𝑅

𝜕

𝜕𝑅
[𝑅

𝜕𝜃(𝜉,𝑅)

𝜕𝑅
] ; 𝑂 < 𝑅 < 1, 𝜉 > 𝑂                                                                            (3a)   

 

Dimensionless boundary conditions: 

 
𝜕𝜃(𝜉,𝑅)

𝜕𝑅
|

𝑅=0
= 𝑂 , 𝑅 = 𝑂 ; 𝜉 > 𝑂                                                                                                                                    (3b)  

𝜕𝜃(𝜉,𝑅)

𝜕𝑅
+ 𝐵𝑖 𝜃(𝜉, 𝑅) = 𝑂            𝑅 = 1 ,    𝜉 > 𝑂                                                                                                      (3c)  
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Dimensionless inlet condition: 

 

𝜃(𝜉, 𝑅) = 1 ; 𝜉 = 0,    𝑂 ≤ 𝑅 ≤ 1                                                                                                                         (3d)  

 

The dimensionless velocity profile used is 

 

𝑈(𝑅) =  2[1 − 𝑅2]                                                                      (4)  

 

3.1 Generalized Integral Transform Technique 

 

To solve problems using the GITT, a few steps are needed. The first of them is to define an auxiliary problem to 

determine the temperature field: 

 
𝑑

𝑑𝑅
(𝑅

𝑑𝜓𝑖(𝜇𝑖,𝑅)

𝑑𝑅
) + 𝜇𝑖

2𝑅 𝑈(𝑅)𝜓𝑖(𝜇𝑖, 𝑅) = 𝑂, 0 < 𝑅 < 1                                                                                                 (5a) 

 

𝜕𝜓𝑖(𝜇𝑖,𝑅)

𝜕𝑅
= 𝑂,   𝑅 = 𝑂,   𝜇𝑖 > 0                                                                                                                                         (5b) 

 
∂ψi(μi,R)

∂R
+ Biψi(μi, R) = O,   R = 1,   μi > 0                                                                                   (5c)  

 

To solve this type of problem, Mikhailov (1983), proposed the method of signal counting. This method allows 

calculating the eigenvalues, the eigenfunctions and the norms, without loss of information in the application of the 

methodology (Cotta, (1993)). 

 

3.2 Determination of the Inverse-Transform pair 

 

The second step is to define an inverse-transform pair to represent the problem: 

 

θi(ξ) =
1

N
i

1
2⁄ ∫ R

1

O
U(R)ψi(μi, R)θ(ξ, R)dR , Transform                                                                                                (6a) 

 

θ(ξ, R) =  ∑
1

N
i
1/2 ψi(μi, R)∞

i=1 θi(ξ) , Inverse                                                                                                                (6b) 

 

The third is to apply the transform definition given by equation (6a) and to use the auxiliary problem defined by (5a), 

thus transforming the dimensioless energy equation (3a) into a system of ordinary differential equations (ODEs), as in 

Equation (7). 

 

1

2

𝑑𝜃𝑖(𝜉)

𝑑𝜉
+ 𝜇𝑖

2𝜃𝑖(𝜉) = 0                                          (7) 

 

The fourth step is to solve the obtained system; in this case, this system has the following classic analytical solution: 

 

𝜃𝑖(𝜉) = if 𝑒−2𝜇𝑖
2 𝜉                                                                 (8) 

 

such that 𝑓
𝑖

=
𝐵𝑖𝜓𝑖(𝜇𝑖,1)

𝑁
𝑖

1
2⁄

𝜇𝑖
2

  

 

Finally, the temperature field for the thermal inlet region takes the following form: 

 

                                                                                                                       (9) 

 

 

The dimensionless average temperature can be calculated using the following expression: 

( ) 


=

−

=
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𝜃(𝜉)𝑎𝑣𝑒𝑟𝑎𝑔𝑒=
∫ RU(R)θ(ξ,R)dR

1
0

∫ RU(R)dR
1

0

                                                                                                                                           (10a) 

 

After mathematical manipulations, it can be shown that 

 

𝜃(𝜉)𝑎𝑣𝑒𝑟𝑎𝑔𝑒 = 2. ∑ 𝑓̄𝑖
2

. 𝑒−2𝜇𝑖
2𝜉∞

𝑖=0                                                                                                                                   (10b) 

 

4. MIXTURE ANALYZER BY DIPOLE POLARIZATION 

 

The Mixture Analyzer by Dipole Polarization (MADP) was developed by Silva, (2016). The MADP is based on the 

degree of dipole polarization of the matter at different electronic frequencies and at a certain temperature. For dipole 

mixtures, the dipole polarization is determined by the electrical permittivity, the electronic frequency of the electrodes 

(the mixture is between them) and the temperature of the sample. The developed equipment accurately measures 

temperature values and mixture polarization under static and dynamic conditions and, using calibration correlations, 

transforms them into concentration values.  

Validation of the polarization for analysis of the mixture in a static regime or for the laboratory has been studied 

since the beginning of the 1980s. The first patent application was presented in Belo, (1982), and presented at fairs (II 

FEBRAN, Belo, (2002)) and at SINST-PADCT, Belo (1988). It was presented in SAE, Belo (1982), with an accuracy 

suitable for laboratory analysis of ethanol and at the International Oil Fair, Belo, (1993). High precision and robustness 

were obtained only in 2009 with anembedded electronics, Belo, (2009), and the method was applied to various biofuels 

and transformer oil, with an accuracy on the order of PPM (parts per million).   

4.1 Capacitive Sensor 

 

When a molecule has a dipole, it is called a polar molecule. For a molecule to have a dipole, there are two criteria. 

First, it must have polar bonds. Second, the dipoles created by these bonds should not vanish as a result of the symmetry 

created in the molecule. In most capacitors, there is an insulating material, such as paper or plastic, between their plates. 

Such a material that can be used to maintain the physical separation between the plates is called dielectric Belo, (2015) 

and Gonçalves, (2015). Dielectric materials consist of many permanent or induced dipoles. One of the fundamental 

concepts for understanding dielectrics is the average electric field produced by a large number of aligned small 

electrical dipoles. With this principle, the Research Group on Instrumentation and Control and on Energy and 

Environmental Study (Grupo de Pesquisa em Instrumentação e Controle e em Estudo de energia e Meio Ambiente - 

GPICEEMA) developed the capacitive sensor used in this work. It is comprised of two semi-cylindrical copper plates in 

opposite positions of a borosilicate glass tube, as shown in Figure 2. 

 

 

Fig. 2. Capacitive Sensor, Gonçalves, (2015). 

During polarization, the charges bound to the molecules are subject to displacement, but without leaving the 

boundaries of the molecules (as opposed to electrical conduction). Polarization occurs in all molecules of the dielectric, 

being a property of its whole volume. Each material has a characteristic polarization. Each dipole liquid has a 

characteristic polarization for the same external field, which varies with the thermal field (temperature field) within it. 

Different dipole materials have different polarizations for the same corresponding thermal fields.  

Water is one of the materials that has the largest variation in polarization and therefore permissiveness with 

temperature, Fink, (1982). Samples of water at different temperatures behave as different dipole materials, i.e., respond 
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as different materials to an external field. This behavior allows applying the annular flow model, according to Belo, 

(1995) and Belo, (1999). 

The resolution of the measurement of the thermal boundary layer's length variation is determined by the length of the 

electrodes. To obtain the radius of the wall corresponding to the width of the flow's thermal layer, these elements must 

be related to the equation of the electric field. Considering the geometry of the sensor, the electrodes are external to the 

insulation material. In this manner, one can consider that the electric fields due to the potentials of the electrodes will 

propagate in three materials: the glass, the boundary layer and the region exterior to the boundary layer.  

Figure 3 is intended to show some visual representations at two cross-sectional positions of the flow sensor (which is 

represented by the electrodes), flow duct, flow wall or internal radius of the duct and radius of the boundary layer. This 

is its application, which is generally called a non-invasive and non-intrusive cell. In (a) and (b), the green regions are of 

the glass tube. The darker regions of (a) and (b) correspond to the thicknesses of the boundary layer at positions closest 

to and furthest from the inlet, respectively. In (b), there is R2, the radius of the flow wall, or the internal radius of the 

glass. The central regions of (a) and (b) correspond to regions outside the boundary layer. In (c), the electrodes are 

positioned at generic positions with the electrode angles given by θ1, θ2, θ3 and θ4. ε1, ε2 and ε3 are the electrical 

permitivities of the corresponding materials. 

 

1 → Relative permitivity outside the boundary layer; 

2 → Relative permitivity within the boundary layer; 

3 → Relative Permissiveness of Glass 

 

 
Fig. 3. Cross-sectional representation of the flow sensor and its polarization, flow and electric elements. 

 

The solution to this problem applied to the flow corresponds to determining the impedance of the two electrodes at a 

generic angle external to the cylindrical duct. Belo, (1982), proposed and developed a model of the sensor, which is 

given by 

 

Cap =
2 𝜀0𝜀2

𝜋
{ln [

sin (
𝜃1 + 𝜃2

2
)

sin (
𝜃1 − 𝜃2

2
)

] − ∑
4(ACF1

𝑛 + BD) sin(𝑛𝜃1) sen(𝑛𝜃2)

𝑛(CDF2
𝑛 + ABF3

𝑛 + ACF1
𝑛 + BD)

∞

1

} 
(11)

 

 

  

where 

  A 21  +=        

   B 32  +=       

 -  C 23 =        

 -  D 12 =
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5. RESULTS 

 

The characterization of the thermal boundary layer will be performed by measuring the properties of the liquid in the 

capacitive sensor, since the response of the sensor varies according to the properties of the liquid inside; when there is a 

thermal boundary layer, there will be the same liquid, but with different properties according to the existing temperature 

gradient. Thus, the response of the sensor can be used to characterize the thermal boundary layer based on the properties 

of the liquid at a given temperature; therefore, the response of the sensor will correspond to the liquid at the known 
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temperature and the same liquid at another temperature, that is, the capacitive sensor will identify two distinct liquids 

inside, since although they are the same liquid, their dielectric constants will be distinct due to their different 

temperatures. 

According to Dewitt, (2008), far from the surface of the tube, the temperature profile is uniform T(y) = T∞; however, 

as the particles of the fluid come into contact with the surface of the tube, they come to a thermal equilibrium with the 

surface and temperature gradients develop. The region of the fluid in which these temperature gradients exist is the 

thermal boundary layer, and its thickness δt is typically defined as the value of y at which the ratio 

 

𝜃 =
T−𝑇𝑠

𝑇∞−𝑇𝑠
= 0.9                                                                                                                                                             (12) 

       

Considering Equation (14) for surface temperatures of 296 and 293 K at the wall of the tube and volumetric flow 

rates of 8.3 × 10-6, 16.67 × 10-6 and 27.33 × 10-6 m3/s, data acquisition was performed, which can be observed in the 

graphs of Figures 4 a-c. 

Since the value specified at the wall is 293 K, according to the calculations presented by Dewitt, (2008), it is 

concluded that the fully developed thermal boundary layer occurs when the liquid inside the tube has the temperature of 

293.3 K over the whole radial extension. 

For the purpose of analysis, the longitudinal distance (x-axis) of 1 meter in the circular tube was considered as a 

reference, where it is possible to verify in Figures 4 a-c that the smaller the volumetric flow rate, the faster the 

development of the temperature field and consequently of the thickness of the thermal boundary layer (y-axis). 

 

 
Fig. 4a. Thermal boundary layer at the duct's 1-meter position and the position where it becomes fully developed for a 

volumetric flow rate of 8.33 × 10-6 m3/s 

 

 
 

Fig. 4b. Thermal boundary layer at the duct's 1-meter position and the position where it becomes fully developed for a 

volumetric flow rate of 16.67 × 10-6 m3/s 

 

Fig. 4c. Thermal boundary layer at the duct's 1-meter position and the position where it becomes fully developed for a 

volumetric flow rate of 27.33 × 10-6 m3/s 
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5.1 Verification of the Theoretical Model Using the Capacitive Sensor Installed in the Mixture Analyzer 

 

With the intent to correlate the capacitive sensor's response with the liquid's temperature, it becomes necessary to 

investigate this very possibility. To verify the feasibility of this approach, the calibration of the capacitive sensor was 

performed as a function of the temperature of the liquid (distilled water) inside. The result of this calibration is shown in 

Figure 5, where it is possible to observe its linearity, which means that the capacitive sensor is able to measure the 

temperature of the distilled water in a non-invasive manner in a static and dynamic form, that is, with and without fluid 

flow.  
 

 

Figure 5. Capacitive Sensor Response to Distilled Water 

 

The direct comparative analysis of the capacitive sensor responses for all volumetric flow rates and temperatures is 

shown in Figure 6. It is estimated that the fluid is fully developed, thermally and hydrodynamically; thus, the 

temperature must be homogeneous and with laminar flow only as soon as the temperature stabilizes. It is again found 

that the response of the capacitive sensor gives an estimate for the thickness of the thermal boundary layer when 

correlating the graph of Figure 7 with the results shown in Figures 4 a-c for the GITT model.  

 

 

Figure 6. Capacitive Sensor Response for Distilled Water 

 

Figure 7 shows in detail the thickness measurements obtained with the correlation between the values presented by 

the capacitive sensor and the GITT model for a temperature of 293 K at the tube's wall, 296 K at the surface and a 

volumetric flow rate of 8.3 × 10-6 m3/s. 
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Figure 7. Thermal boundary layer thickness versus longitudinal position for an inlet temperature of 296 K  

 

6. CONCLUSIONS 

 

This paper presents a new method for the characterization of the thermal laminar boundary layer in circular ducts 

using a capacitive sensor, and its non-invasive nature is the main difference from the methods already presented in the 

literature. 

The obtained results show that the GITT is an effective alternative for the resolution of the theoretical physical 

problem, and as an outcome, the smaller the flow rate, the slower the temperature field development and the slower the 

thermal boundary layer development. 

One of the main difficulties encountered in the analysis is the effective control of the liquid's temperature in the flow, 

which directly influences the verification of the thermal boundary layer. The linear characteristics of the behavior of the 

capacitive sensor allow for a better point characterization of the thermal boundary layer. 

It is concluded that the system achieved the proposed aims by comparing the results presented for the temperature 

field with the GITT model and the capacitance response shown in the sensor readings, where through a relation between 

the obtained values, it was possible to verify the thickness of the thermal boundary layer. 

It is important to note that the proposed technique has never been used before, with this being the first example of an 

analysis of the thermal laminar boundary layer in circular ducts using a non-invasive method. 
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