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Abstract. Thermal contact conductances (TCC) play a critical role in various engineering applications involving heat 

transfer between solid surfaces. The proper knowledge of TCC is required in many engineering applications, such as 

electronic packaging, nuclear reactors, aerospace, and biomedicine applications, among others, where some careful 

evaluation of TCC allows a more accurate analysis of the correspondent thermal system, leading to improved efficiency, 

reduced energy consumption, and prevention of thermal damage. In addition, TCC estimation allows a qualitative 

assessment regarding the presence of discontinuities or failures within the material. The Reciprocity Functional Method 

(RFM), coupled with the Classical Integral Transform Technique (CITT), has been used as a promising tool for TCC 

estimation, as it allows the solution of inverse boundary value problems with low computational cost, not requiring 

iterative methods nor intrusive measurements, working as a nondestructive testing to investigate interfacial flaws 

between solid materials. The technique defines two auxiliary problems: one for the temperature discontinuity and the 

other for the interfacial heat flux, both on the inaccessible interface between the composite materials. In this work, the 

RFM and the CITT were used to estimate different types of TCCs, considering a three-dimensional double-layer hollow 

cylinder geometry, which could represent, for instance, double-layer pipelines found in the oil industry. Temperature 

measurements for the inverse problem were considered available on the outer surface of the pipe, and the results showed 

good estimates for different cases, even using high noise levels in the measurements.  

  

Keywords: Reciprocity functional, inverse heat conduction problem, thermal contact conductance, classical integral 

transform technique 

 

1. INTRODUCTION  

 

Failures in contact materials have significant implications in various applications, including nuclear-reactor cooling 

(Milosevic et. al, 2002), aerodynamic heating of supersonic aircraft and missiles (Guilmore, 2002), packaging of 

electronics (Cui et. al 2014), biomedical engineering (McWaid and Marshall, 1992), combustion engines (Goudarzi et al., 

2015), thermoelectric generators (Karthick et al., 2019), battery systems with parallel-connected cells (Fill et al., 2020), 

and more. The effectiveness of these materials relies heavily on the contact between their different layers. 

One crucial parameter for evaluating a contact interface is the thermal contact conductance (TCC), which is defined 

as the ratio between the heat flux and the temperature jump at the contacting interface (Özisik, 1993). This parameter 

provides valuable insights regarding the heat transfer efficiency between the composite layers, being essential for the 

design and performance evaluation of composite materials. 

In practical problems, estimating TCC often involves experimental procedures that require intrusive techniques. 

These methods demand knowledge of the surface profile between the materials, including their roughness and interfacial 

temperature. Consequently, they may not be applicable to certain equipment or scenarios that require only non-intrusive 

measurements, such as dual layer pipelines. Alternatively, some approaches, like in Loulou and Scott (2006), aim to 

estimate the TCC through a non-intrusive, however iterative method, which can be very time-consuming. 

Another method that has been used to estimate TCC is the artificial neural networks (ANN), as demonstrated by 

Goudarzi et. al (2015). However, the training stage of such method requires a substantial amount of complementary data 

and demands considerable time and computational resources.  

To address this limitation, Colaço and Alves (2012) proposed a non-intrusive and non-iterative approach to solving 

a two-dimensional steady-state inverse problem for estimating unknown TCC profiles at the interface between two solid 
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materials. Their method combined the reciprocity functional approach (RF) with the method of fundamental solutions 

(MFS), providing a promising alternative that resulted in an accurate TCC estimation without the need of intrusive 

measurements. The concept of the reciprocity gap functional was introduced by Andrieux and Abda (1993), based on the 

Maxwell-Betti reciprocity theorem. The key concept concerns the fact that a field in equilibrium within a material body 

exhibits distinct responses when perturbed, depending on the presence of absence of discontinuities inside the body. 

This approach has been demonstrated to be computationally efficient and accurate, and it has undergone further 

advancements to enhance its capabilities. These improvements include the estimation of TCC using transient 

measurements (Colaço et al., 2014), the estimation of transient TCC profiles (Colaço and Alves, 2015), and the 

combination of the method with the Classical Integration Transform Technique (CITT) (Padilha et. al, 2016). This 

combination of RF with CITT reduced the inverse problem solution to a straightforward algebraic equation. These 

developments have expanded the applicability and versatility of the method, making it a powerful tool for estimating 

thermal contact conductance in various scenarios. 

While the previous works utilizing the RF method for TCC estimation have focused on rectangular systems, the 

present work focus on cylindrical coordinates. This extension to cylindrical coordinates would allow the analyses of 

pipelines made of composite materials, possibly identifying contacting flaws between the different layers. 

 

2. PHYSICAL PROBLEM 

 

The physical problem involves a three-dimensional steady-state heat transfer problem of two concentric tubes (Ω1 

and Ω2) with an interface surface (Γ1). The Ω1 and Ω2 materials are considered isotropic, with constant thermal 

conductivities, 𝑘1 and 𝑘2, respectively.  

The outer tube is subjected to a convective heat transfer with the environment at Γ2, where the environment is assumed 

to have a constant temperature 𝑇∞. On the other hand, the inner tube is subjected to a prescribed temperature boundary 

condition at Γ0.  

On the contact surface Γ1 between the two tubes, a Robin boundary condition is applied, where ℎ𝑐𝑡𝑐 represents the 

thermal contact conductance (TCC). Additionally, the normal heat flux continuity condition is enforced on the interface 

to ensure that heat transfer is continuous between the two contacting solids. 

The upper and bottom surfaces of both materials, denoted as 𝑆0 and 𝑆1, respectively, are assumed to be thermally 

insulated. The schematic representation of the proposed problem is illustrated in Figure 1. 

 

 
  

Figure 1. Physical problem scheme.  

 

The mathematical formulation is given by the direct problem described by the Eqs. (1)-(10). 
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𝜕2𝑇2

𝜕𝑟2
+

1

𝑟

𝜕𝑇2

𝜕𝑟
+

1

𝑟2

𝜕2𝑇2

𝜕𝜙2
+

∂2T2

∂Z2
= 0, in Ω2 (2) 

  

𝑇 = 0, on Γ0 (3) 

 

−𝑘1
𝜕𝑇1

𝜕𝐧1
= ℎTCC(𝑇1 − 𝑇2), on Γ1 (4) 

 

𝑘1
𝜕𝑇1

𝜕𝐧1
= −𝑘2

𝜕𝑇2

𝜕𝒏2
, on Γ1 (5) 

 

−𝑘2
𝜕𝑇2

𝜕𝐧2
= ℎ2(𝑇2 − 𝑇∞), on Γ2 (6) 

 
𝜕𝑇1

𝜕𝐧1
= 0, on 𝑆0  (7) 

 
𝜕𝑇1

𝜕𝐧1
= 0, on S1  (8) 

 
𝜕𝑇2

𝜕𝐧2
= 0, on 𝑆0  (9) 

 
𝜕𝑇2

𝜕𝐧2
= 0, on S1  (10) 

 

This work proposes the estimation of the TCC, described as ℎ𝑐𝑡𝑐 in Eq. (4), which is supposed to be unknown, 

representing an inverse problem (Özisik, 1993). The complementary data for the inverse problem are given by 

measurements 𝑌 taken on the externally accessible boundary Γ2, possibly using an infrared camera. 

  

3.  INVERSE PROBLEM 

 

The inverse problem consists of the estimation of the thermal contact conductance (ℎ𝑐𝑡𝑐) using the reciprocity 

functional method, as defined by Colaço and Alves (2012), which requires two auxiliary problems. The first auxiliary 

problem aims to estimate the temperature jump across the interface Γ1, denoted as Δ𝑇Γ1[°C] (also referred to as the 

“temperature discontinuity”), where Δ𝑇 = (𝑇1 − 𝑇2). The second auxiliary problem focuses on estimating the heat flux, 

represented as 𝑞Γ1[W/m
2], also across the same interface Γ1. 

Subsequently, the results obtained from solving these two auxiliary problems are combined to obtain the distribution 

of thermal contact conductance along the interface Γ1, where ℎ𝑐𝑡𝑐[W/m
2K] = 𝑞Γ1/Δ𝑇Γ1 .The procedure employed to 

describe Δ𝑇Γ1  and 𝑞Γ1  , considering the two auxiliary problems, is detailed in the subsequent sections of the paper. 

 

3.1 First auxiliary problem 

  

The first auxiliary problem aims the estimation of Δ𝑇Γ1 , the temperature jump at the interface Γ1, and is described by Eqs. 

(11)-(20). Notice that 𝐹 is an auxiliary function and the subindex 1 and 2 describe 𝐹1,𝑝 ∈ 𝐶
2(Ω1) and 𝐹2,𝑝 ∈ 𝐶

2(Ω2), 

respectively. The orthonormal basis system 𝜓𝑝(𝜙, 𝑧) ∈ 𝐿
2(Γ2) is chosen to take advantage of its orthogonal properties.  
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+
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𝜕𝜙2
+

∂2𝐹1,p

∂Z2
= 0, in Ω1 

(11) 

  
𝜕2𝐹2,𝑝

𝜕𝑟2
+

1

𝑟

𝜕𝐹2,𝑝

𝜕𝑟
+

1

𝑟2

𝜕2𝐹2,𝑝

𝜕𝜙2
+

∂2F2,p

∂Z2
= 0, in Ω2 

(12) 

  

𝐹1,𝑝 = 0, on Γ0 (13) 

  

𝐹1,𝑝 = 𝐹2,𝑝, on Γ1 (14) 

  

𝑘1
𝜕𝐹1,𝑝

𝜕𝐧1
= −𝑘2

𝜕𝐹2,𝑝

𝜕𝐧2
, on Γ1 (15) 

  

𝐹2,𝑝 = 𝜓𝑝(𝜙, 𝑧), on Γ2 (16) 
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∂𝐹1,𝑝

𝜕𝐧1
= 0, on 𝑆0  (17) 

  
𝜕𝐹1,𝑝

𝜕𝐧1
= 0, on S1  (18) 

  
𝜕𝐹2,𝑝

𝜕𝐧2
= 0, on 𝑆0  (19) 

  
𝜕𝐹2,𝑝

𝜕𝐧2
= 0, on S1  (20) 

  

The solution of the first auxiliary problem is obtained by using the CITT and is given by Eqs. (21) and (22), where 

the eigenvalues 𝜂𝑚 are positive roots of sin 𝜂𝑚𝐿 = 0. 

 

𝐹1,𝑝(𝑟, 𝜙, 𝑧) =
1

L
(
1

2𝜋
𝐹̅̅1,𝑝(𝑟, 0, 𝜂0) + ∑

1

𝜋
𝐹̅̅1,𝑝(𝑟, ν, 𝜂0)

∞
𝜈=1 ) + ∑

2

L
cos 𝜂𝑚𝑧  (

1

2𝜋
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∞
m=1

∑
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𝜋
𝐹̅̅1,𝑝(𝑟, ν, 𝜂𝑚)

∞
𝜈=1 )   

(21) 

  

𝐹2,𝑝(𝑟, 𝜙, 𝑧) =
1

L
(
1

2𝜋
𝐹̅̅2,𝑝(𝑟, 0, 𝜂0) + ∑

1

𝜋
𝐹̅̅2,𝑝(𝑟, ν, 𝜂0)

∞
𝜈=1 ) + ∑

2

L
cos 𝜂𝑚𝑧  (

1

2𝜋
𝐹̅̅2,𝑝(𝑟, 0, 𝜂𝑚) +

∞
m=1

∑
1

𝜋
𝐹̅̅2,𝑝(𝑟, ν, 𝜂𝑚)

∞
𝜈=1 )   

(22) 

  

The functions 𝐹̅̅1,𝑝 and 𝐹̅̅2,𝑝 are defined as the transformation of 𝐹1,𝑝 and 𝐹2,𝑝 in the 𝜙 and 𝑧 directions, by the CITT 

procedure, and are given by Eqs. (23) and (24), where the coefficients 𝐶1,2,…,9 are described in Table 1 to simplify the 

expressions, and Δ𝑘 = (𝑘1 − 𝑘2). The function 𝜓̅̅𝑝 gives the transformation of the orthonormal basis system 𝜓𝑝 in the 𝜙 

and 𝑧 directions. 𝐽 and 𝑌 represent the Bessel functions of first and second kind, respectively. 

 

𝐹̅̅1,𝑝,𝑘(𝑟, 𝜈, 𝜂) = 𝜓̅̅𝑝
2𝑘2

𝜋

𝐽𝜈(𝑟𝜂𝑚)𝑌𝜈(𝑟0𝜂𝑚)− 𝐽𝜈(𝑟0𝜂𝑚)𝑌𝜈(𝑟𝜂𝑚)

𝐽𝜈(𝑟1𝜂𝑚)𝐽𝜈(𝑟2𝜂𝑚)𝑌𝜈(𝑟0𝜂𝑚)𝐶1−Δ𝑘𝜈 𝐽𝜈(𝑟1𝜂𝑚)
2𝑌𝜈(𝑟0𝜂𝑚)𝑌𝜈(𝑟2𝜂𝑚)+𝑌𝜈(𝑟2𝜂𝑚)𝐶2+𝑌𝜈(𝑟1𝜂𝑚)(𝐶3+𝐶4)

   (23) 

 

𝐹̅̅2,𝑝,𝑘(𝑟, 𝜈, 𝜂) = 𝜓̅̅𝑝
𝑌𝜈(𝑟1𝜂𝑚)(𝐽𝜈(𝑟𝜂𝑚)𝐶5−𝑌𝜈(𝑟𝜂𝑚)C6+𝐽𝜈(𝑟𝜂𝑚)C7) + 𝐽𝜈(𝑟1𝜂𝑚)(𝑌𝜈(𝑟𝜂𝑚)𝐶8− 𝐽𝜈(𝑟𝜂𝑚)𝐶9)

𝑌𝜈(𝑟1𝜂𝑚)(𝐽𝜈(𝑟2𝜂𝑚)𝐶5−𝑌𝜈(𝑟2𝜂𝑚)C6+𝐽𝜈(𝑟2𝜂𝑚)C7) + 𝐽𝜈(𝑟1𝜂𝑚)(𝑌𝜈(
 

𝑟2𝜂𝑚)𝐶8− 𝐽𝜈(𝑟2𝜂𝑚)𝐶9)
   (24) 

 

Table 2. Coefficients of Eqs. (23) and (24). 

  

COEFFICIENTS 
𝐶1 = 𝑟1𝑘2𝜂𝑚𝐽𝜈−1(𝑟1𝜂𝑚)  +  Δ𝑘𝜈𝑌𝜈(𝑟1𝜂𝑚)  𝐶6 = 𝑘2𝐽𝜈(𝑟0𝜂𝑚)(𝐽𝜈−1(𝑟1𝜂𝑚)  −  𝐽𝜈+1(𝑟1𝜂𝑚))  

𝐶2 = 𝑟1Δ𝑘𝜂𝑚𝐽𝜈−1(𝑟1𝜂𝑚)𝑌𝜈(𝑟0𝜂𝑚)  + 𝐽𝜈(𝑟0𝜂𝑚)(Δ𝑘𝜈𝑌𝜈(𝑟1𝜂𝑚) − 𝑟1𝑘1𝜂𝑚𝑌𝜈−1(𝑟1𝜂𝑚))  𝐶7 = Δ𝑘𝐽𝜈(𝑟0𝜂𝑚)(𝑌𝜈−1(𝑟1𝜂𝑚)  −  𝑌𝜈+1(𝑟1𝜂𝑚))  

𝐶3 = 𝐽𝜈(𝑟0𝜂𝑚) (Δ𝑘𝐽𝜈(𝑟2𝜂𝑚)(𝑟1𝜂𝑚𝑌𝜈−1(𝑟1𝜂𝑚) − 𝜈𝑌𝜈(𝑟1𝜂𝑚)))  𝐶8 = 𝑘1𝐽𝜈(𝑟0𝜂𝑚)(𝑌𝜈−1(𝑟1𝜂𝑚)  −  𝑌𝜈+1(𝑟1𝜂𝑚)) − Δ𝑘(𝐽𝜈−1(𝑟1𝜂𝑚)  −

 𝐽𝜈+1(𝑟1𝜂𝑚))𝑌𝜈(𝑟0𝜂𝑚)  𝐶4 = 𝑟1𝜂𝑚 𝐽𝜈−1(𝑟1𝜂𝑚)(𝑘2𝑌𝜈(𝑟2𝜂𝑚) − 𝑘1𝐽𝜈(𝑟2𝜂𝑚)𝑌𝜈(𝑟0𝜂𝑚))  

𝐶5 = 𝑘1(𝐽𝜈−1(𝑟1𝜂𝑚)  −  𝐽𝜈+1(𝑟1𝜂𝑚))𝑌𝜈(𝑟0𝜂𝑚)  𝐶9 = 𝑘2𝑌𝜈(𝑟0𝜂𝑚)(𝑌𝜈−1(𝑟1𝜂𝑚)  −  𝑌𝜈+1(𝑟1𝜂𝑚))  

 

To estimate the temperature jump on the contacting interface, it is necessary to multiply Eq. (1) by 𝐹1 and Eq. (11) by 

−𝑇1, add them together and integrate the result over the domain Ω1. The same procedure is used for Ω2. Then, using Green’s 

second identity, considering the boundary conditions of the physical problem given by Eqs. (3)-(10), and the boundary 

conditions of the first auxiliary problem given by Eqs. (13)-(20), the resulting expression, as in Colaço and Alves (2012), is 

given by: 

 

𝑘2 ∫ [𝐹2,𝑝
ℎ2

𝑘2
(𝑌 − 𝑇∞) − 𝑌

𝜕𝐹2,𝑝

𝜕𝒏2
] 𝑑Γ2 Γ2

= −∫ [𝑘1
𝜕𝐹1,𝑝

𝜕𝒏1
(𝑇1 − 𝑇2)]Γ1

𝑑Γ1  (25) 

 

The left side of Eq. (25) is defined as 𝑘2ℛ(𝐹2,𝑝,𝑘), where ℛ(   ) is the reciprocity functional. Then, it is possible to rewrite 

this expression as: 

 

𝑘2ℛ(𝐹2,𝑝) =   〈𝑘1
𝜕𝐹1,𝑝

𝜕𝒏1
, (𝑇1 − 𝑇2)〉Γ1   (26) 

 

From Eq. (26), we assume that (𝑇1 − 𝑇2) can be written as a linear combination of the orthogonal functions 𝛽𝑖, as 

described in Eq. (27), where 𝛽𝑖 is defined as in Eq.(28), and 𝛼𝑖 are the weighting coefficients to be determined.  
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(𝑇1 − 𝑇2)Γ1 = ∑ 𝛼𝑖𝛽𝑖
𝑁
𝑖=1   (27) 

 

𝛽𝑖 = (𝑘1
𝜕𝐹1,𝑖

𝜕𝐧1
)
𝛤1

  (28) 

 

Then, combining Eqs. (26) and (27) we can write the following linear system to determine 𝛼𝑖: 
 

𝑘2ℛ(𝐹2,𝑝) =   ∑ 𝛼𝑖
𝑁
𝑖=1 〈𝛽𝑖 , 𝛽𝑝〉Γ1   (29) 

 

Once 𝛼𝑖 is found, Δ𝑇Γ1  can be determined directly from Eq. (27). 

 

3.2 Second auxiliary problem 

 

The second auxiliary problem aims the estimation of 𝑞Γ1 , the interfacial heat flux, and is described by Eqs. (30)-(34). 

Notice that 𝐺 is an auxiliary function and the index 2 describe 𝐺2,𝑝 ∈ 𝐶
2(Ω2). The orthonormal basis system 𝜉𝑝(𝜙, 𝑧) ∈

𝐿2(Γ2) is chosen to take advantage of its orthogonal properties.  

 
𝜕2𝐺2,𝑝

𝜕𝑟2
+

1

𝑟

𝜕𝐺2,𝑝

𝜕𝑟
+

1

𝑟2

𝜕2𝐺2,𝑝

𝜕𝜙2
+

∂2𝐺2,p

∂Z2
= 0, in Ω2 

(30) 

 
𝜕𝐺2,𝑝

𝜕𝐧2
= 0, on Γ1 (31) 

  

𝐺2,𝑝 = 𝜉𝑝(𝜙, 𝑧), on Γ2 (32) 

  
𝜕𝐺2,𝑝

𝜕𝐧2
= 0, on 𝑆0 (33) 

  
𝜕𝐺2,𝑝

𝜕𝐧2
= 0, on 𝑆1 (34) 

 

The solution of the second auxiliary problem is obtained by using the CITT and is given by Eq. (35), where the 

eigenvalues 𝜂𝑚 are the positive roots of  sin 𝜂𝑚𝐿 = 0. 

 

𝐺2,𝑝(𝑟, 𝜙, 𝑧) =
1

L
(
1

2𝜋
𝐺̅̅2,𝑝(𝑟, 0, 𝜂0) + ∑

1

𝜋
𝐺̅̅2,𝑝(𝑟, ν, 𝜂0)

∞
𝜈=1 ) + ∑

2

L
cos 𝜂𝑚𝑧  (

1

2𝜋
𝐺̅̅2,𝑝(𝑟, 0, 𝜂𝑚) +

∞
m=1

∑
1

𝜋
𝐺̅̅2,𝑝(𝑟, ν, 𝜂𝑚)

∞
𝜈=1 )   

(35) 

 

The function 𝐺̅̅2,𝑝 is defined as the transformation of 𝐺2,𝑝 in the 𝜙 and 𝑧 directions, by the CITT procedure, and is 

given by Eq. (36). The function 𝜉̅̅𝑝 gives the transformation of the orthonormal basis system 𝜉𝑝 in the 𝜙 and 𝑧 directions. 

 

𝐺̅̅2,𝑝(𝑟, 𝜈, 𝜂) = 𝜉̅̅𝑝
𝐽𝜈(𝑟𝜂𝑚)(𝑌𝜈−1(𝑟1𝜂𝑚)−𝑌𝜈+1(𝑟1𝜂𝑚))−(𝐽𝜈−1(𝑟1𝜂𝑚)−𝐽𝜈+1(𝑟1𝜂𝑚))𝑌𝜈(𝑟𝜂𝑚)

𝐽𝜈(𝑟2𝜂𝑚)(𝑌𝜈−1(𝑟1𝜂𝑚)−𝑌𝜈+1(𝑟1𝜂𝑚))−(𝐽𝜈−1(𝑟1𝜂𝑚)−𝐽𝜈+1(𝑟1𝜂𝑚))𝑌𝜈(𝑟2𝜂𝑚)
   (36) 

 

Using the same procedure used for the first auxiliary problem, considering the boundary conditions of the physical 

problem given by Eqs. (3)-(10), and the boundary conditions of the second auxiliary problem given by Eqs. (30)-(34), we 

obtain: 

 

𝑘2 ∫ [𝐺2,𝑝
ℎ2

𝑘2
(𝑌 − 𝑇∞) − 𝑌

𝜕𝐺2,𝑝

𝜕𝒏2
] 𝑑Γ2 Γ2

= −∫ 𝑘2Γ1
𝐺2,𝑝

𝜕𝑇2

𝜕𝒏2
 𝑑Γ1  

(37) 

  

The left side of Eq. (37) is defined as 𝑘2ℛ(𝐺2,𝑝,𝑘), where ℛ(   ) is the reciprocity functional. Then, it is possible to rewrite 

this expression as: 

 

𝑘2ℛ(𝐺2,𝑝) =   〈𝐺2,𝑝, −𝑘2
𝜕𝑇2

𝜕𝒏2
〉Γ1   (38) 

 

We assume, in Eq. (38), that interfacial heat flux can be written as a linear combination of the orthogonal functions  

𝛾𝑖, as described in Eq. (39), where 𝛾𝑖 is defined as in Eq.(40), and 𝛿𝑖 are the weighting coefficients to be determined. 
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(−𝑘2
𝜕𝑇2

𝜕𝒏2
)
Γ1

= ∑ 𝛿𝑖𝛾𝑖
𝑀
𝑖=1   (39) 

 

𝛾𝑖 = (𝐺2,𝑖)Γ1
  (40) 

 

Then, combining Eqs. (38) and (39) we can write the following linear system to determine 𝛿𝑖:  
 

𝑘2ℛ(𝐺2,𝑝) =   ∑ 𝛿𝑖
𝑀
𝑖=1 〈𝛾𝑖, 𝛾𝑝〉Γ1   (41) 

 

Once 𝛿𝑖 is found, the interfacial heat flux can be determined directly from Eq. (39). 

 

3.3 Expression of the thermal contact conductance 

 

The TCC can be determined in terms of the temperature jump, obtained from Eq. (27), and the interfacial heat flux, given 

by Eq. (39),  through the Eq. (42). 

 

ℎ𝑐𝑡𝑐 =
∑ 𝛿𝑖𝛾𝑖
𝑀
𝑖=1

∑ 𝛼𝑖𝛽𝑖
𝑁
𝑖=1

  
(42) 

  

4.  RESULTS AND DISCUSSIONS 

  

Numerical experiments were made to verify the estimates obtained by the method. The direct problem, described by 

Eqs. (1)-(10), was solved through the finite difference method (FDM) for a known distribution of ℎTCC to obtain the exact 

temperature distribution 𝑇FDM on the external surface Γ2. Then, synthetic temperature measurements, Y, were obtained as 

𝑌 = 𝑇FDM + 𝜖𝜎, where 𝜎 represents the standard deviation of the measurement and 𝜖 is a white random Gaussian sequence 

with unity standard deviation. In this work, three different values of 𝜎 were considered to investigate the robustness of the 

developed method: 𝜎 = [0°𝐶, 0.1°𝐶, 0.5°𝐶].  
In order to perform a quantitative comparison for each case, the root mean squared error (RMSE) was calculated using Eq. 

(43), where 𝒙 represents the evaluated quantity by the RMSE, and 𝑁𝑝  is the number of considered points in the evaluation 

 

𝑅𝑀𝑆𝐸 = √
1

𝑁𝑝
∑ (𝒙𝑒𝑥𝑎𝑐𝑡,𝑖 − 𝒙𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑,𝑖)
𝑁𝑝
𝑖=1

2
  

(43) 

  

The orthonormal basis functions 𝜓𝑝(𝜙, 𝑧) and 𝜉𝑝(𝜙, 𝑧) were taken as a combination of sines and cosines. These 

functions can be constructed as a combination of two orthonormal basis functions, where 𝜓𝑝(𝜙, 𝑧) = 𝜓𝑘(𝜙) ⊗ 𝜓𝑙(𝑧). 

The orthonormal functions are defined according to Tougri (2018), given as:  

 

𝜓𝑘(𝜙) =

{
  
 

  
   √

1

2𝜋𝑟2
                for 𝑘 = 1                      

 √
2

𝜋𝑟2
cos (

𝑘

2
𝜙)     for 𝑘 = 2,4, … , even

  √
2

𝜋𝑟2
sin (

𝑘−1

2
𝜙) for 𝑘 = 3,5, … , odd   

,  𝜓𝑙(𝑧) =

{
 

   √
1

𝐿
                     for 𝑙 = 0             

  √
2

𝐿
cos (

𝑙𝜋

𝐿
𝑧)   for 𝑙 = 1,2,3, …

  (44) 

  

For the numerical results, four different specimens were considered, composed of two different materials: 

3003Aluminum alloy, which is vastly applied to pipes for food and petroleum industry, having a thermal conductivity of 

154[W/mK]; and AISI 1020 Carbon Steel, which is used in a wide range of application, with a thermal conductivity of 

51.9[W/mK]. Table 3 describes the final assembled materials tested. 

Since there is no adequate method to justify the existence of an optimum number of orthogonal terms, the selection 

of the number of terms 𝑁 and 𝑀, in Eq. (42), for determining the temperature jump and the interfacial heat flux, involves 

testing a finite number of terms and calculating the relative error of ℎ𝑇𝐶𝐶 , that is considered known in this initial analysis. 

The number of orthogonal functions that result in the lowest relative error is applied to estimate the TCC in the findings 

of this paper. 
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Table 3. Configuration of specimens. 

 

Specimen Inner Pipe Material Outer Pipe Material 

1 Aluminum Alloy 3003 Aluminum Alloy 3003 

2 AISI Carbon Steel 1020 AISI Carbon Steel 1020 

3 AISI Carbon Steel 1020 Aluminum Alloy 3003 

4 Aluminum Alloy 3003 AISI Carbon Steel 1020 

 
Four different configurations of ℎ𝑐𝑡𝑐 were considered, all of which have discontinuous shapes, representing potential 

flaws in the tubes’ interfaces. Each shape can be viewed in the “a)” column of Figure 2, which represent the specimen 

number 1 from Table 3. The different test-cases for the ℎ𝑐𝑡𝑐 correspond to the first (test-case 1), second (test-case 2), third 

(test-case 3) and fourth (test-case 4) rows, respectively. Notice that the exact TCC varies from 0 to 1000[W/m2K]. The 

“b)” column represents the results considering 𝜎 = 0°C, “c)” column represents the results considering 𝜎 = 0.1°C, and 

the “d)” column represents the results considering 𝜎 = 0.5°C. 

 

    

    

    

    
  

Figure 2. Estimation of ℎ𝑇𝐶𝐶  for specimen number 1.  
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The root mean squared errors (𝑅𝑀𝑆𝐸) of the temperature jump, the interfacial heat flux, and the estimated TCC are 

presented in Table 4, along with the corresponding number of orthonormal functions used for each calculation.  

 

Table 4. RMSE and number of orthonormal functions for specimen 1. 

  

CASE 𝝈 [°C] 𝑹𝑴𝑺𝑬𝚫𝑻[°C] 𝑵𝝓𝚫𝑻  𝑵𝒛𝚫𝑻  𝑹𝑴𝑺𝑬𝒒[kW/m
2] 𝑵𝝓𝒒 𝑵𝒛𝒒 𝑹𝑴𝑺𝑬𝒉𝑻𝑪𝑪[W/m

2K] 

1 

0 3.033 28 21 8.890 30 11 136.5 

0.1 3.058 22 9 8.990 26 11 138.6 

0.5 3.261 10 9 9.555 14 11 150.3 

2 

0 3.088 28 21 9.143 30 13 142.8 
0.1 3.109 22 9 9.239 22 13 143.9 
0.5 3.271 14 9 9.785 14 13 151.2 

3 

0 2.405 20 21 8.943 28 13 132.9 
0.1 2.426 20 18 9.073 20 13 135.6 
0.5 2.828 12 9 9.462 12 13 145.6 

4 

0 2.582 24 29 9.421 28 12 143.7 
0.1 2.613 20 21 9.512 20 12 144.6 
0.5 2.770 12 10 9.741 12 10 146.0 

  

It can be observed that, in general, higher noise levels require fewer orthogonal functions to maintain stability. This 

trend is consistent with previous works that have employed the reciprocity functional method, such as Tougri et. al (2018) 

and Freitas (2019). Despite the increase in 𝑅𝑀𝑆𝐸 when noise levels are higher, it is still possible to observe the 

discontinuous shape in the estimated ℎ𝑐𝑡𝑐. This suggests that even with high noise levels, it remains feasible to detect 

potential flaws in the specimen through the estimated ℎ𝑐𝑡𝑐. 
In Figure 3, the 𝑅𝑀𝑆𝐸ℎ𝑇𝐶𝐶  divided by the total variation of ℎ𝑇𝐶𝐶  (Δℎ𝑇𝐶𝐶 = 1000[W/m2K]) for each specimen (Sp.) 

is shown, displaying all ℎ𝑇𝐶𝐶  configurations considered (test-cases 1,2,3, and 4), to indicate the errors associated with the 

estimate. As expected, the RMSE increases with the noise levels in all cases. However, it is noteworthy that the 𝑅𝑀𝑆𝐸 

did not show a significant increase for any case, indicating that the solutions remained stable. This stability allows for a 

qualitative analysis of the presence of flaws in the studied specimens, even under the influence of high noise levels. It is 

also evident from Figure 3 that, in general, the presence of more than one discontinuity in the specimen (test-cases 3 and 

4) does not significantly impact the estimating procedure. The 𝑅𝑀𝑆𝐸 for these cases are comparable to the cases where 

only one discontinuity is present (test-cases 1 and 2). This suggests that the methodology can effectively handle multiple 

discontinuities without a significant loss in accuracy.  

 

  

  
 

Figure 3. Estimation errors for each test-case.  
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The results from all different cases in this study demonstrated that the combination of the RF method with the CITT 

successfully recovered the distribution of the TCC in a three-dimensional steady-state problem, considering cylindrical 

coordinates, where the TCC configuration varies with the longitudinal and angular directions. 

 

5. CONCLUSIONS 

  

In this paper, the RF method combined with the CITT was applied to a steady-state three-dimensional heat conduction 

problem in cylindrical coordinates, aiming to estimate four different configurations of spatially varying thermal contact 

conductances (TCCs) between two contacting solids. Four different specimens were considered composed by two 

materials with different thermal conductivities. 

The method yields an analytical solution for the inverse problem, requiring only the dimensions of the studied body 

and temperature measurements taken on the outer surface of the tube to estimate the TCC. As a result, it offers a low 

computational cost and good accuracy. By avoiding the need for intricate numerical simulations or additional data, the 

approach streamlines the estimation process while maintaining a high level of precision in the results. This advantage 

makes the method well-suited for practical applications where computational resources and time efficiency are crucial 

considerations. 

Furthermore, the ease of implementation and good accuracy make it a valuable tool for reliably estimating the TCC 

in a wide range of engineering scenarios. However, the optimum number of orthonormal basis functions considered in 

the solution should be investigated in future studies, as it can potentially impact the solution’s stability. Careful 

exploration of this aspect ensures the robustness and reliability of the method in various practical applications. 

To assess the robustness of the method, we investigated three different noise levels of the measurements. The results 

obtained from the study demonstrated remarkable agreement with the exact solution, even when high noise levels were 

introduced. This enabled the identification of regions that potentially contain flaws in the studied body. The technique 

shown accurate results for the estimated TCCs. 
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