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Abstract. Flexible structures with coupled motors, used in transporting materials and people, especially in industries,
deserve attention, so that possible unwanted effects cause material damage and insecurity for people. A structure built
with a cantilever beam with a motor with an unbalanced mass on its axis at its free end was used as the object of study in
this article. Parametric excitation occurs in the beam, when the rotation of the motor axis increases, in a certain interval,
it will cross its natural frequency, where the vibration is captured, increasing its amplitude, keeping its frequency constant
until the moment of jump, a phenomenon known as the Sommerfeld effect, studied in energy systems with limited power.
A passive way of reducing this effect without changing the properties of the beam material was proposed in this work,
installing a permanent magnet on the free end of the beam, which will move inside with a resistance and a short-circuited
coil. An induced current develops a magnetic field that will oppose the movement. As it is a dynamic system with slow
oscillatory variations, an analytical modeling using the averaging theory was developed to estimate the dynamic behavior
to compare with numerical simulations of the model and with the laboratory experiment. The acceleration of the beam,
the current consumed by the dc motor and the angular speed of the motor shaft with the coil open, with a resistance
and short-circuited were monitored. The system developed the predicted effects, and the magnetic interaction caused a
perceptible reduction in the amplitude and time interval of the Sommerfeld effect.
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1. INTRODUCTION

The study of dynamic systems excited by a limited energy source has been emerging in the field of engineering to
overcome possible unwanted effects. A set of energy sources with limited power influenced by the vibrations of the
structure is called a non-ideal energy system Kononenko (1969). A typical example of a non-ideal system is a motor with
limited power coupled in a flexible structure, having an unbalance in its axis. In engineering, a turbine on an airplane
wing or wind power generators, a gantry crane, among others, can serve as motivating examples for this study.

This type of problem, whose first record was made by the Swedish engineer C. G. P. de Laval, reported in Balthazar
et al. (2003), where a turbine, when exceeding the natural frequency of the set, had reduced vibration amplitudes. This
phenomenon of resonance capture and frequency hopping was studied by Arnold Sommerfeld Sommerfeld (1902), whose
phenomenon is named after him. Kononenko (1969) made a profound study of non-ideal systems, and in his analyzes
he used the average method, developed by Krylov and Bogoliubov (1947) and improved by Mitropolsky (1965). This
method was applied in studies of relevant non-ideal systems such as Sanders et al. (2007); Nayfeh and Mook (2008);
Balthazar (2022).

In this work, the proposed model is a beam fixed at one end, with a dc motor coupled to the free end. This system was
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chosen because it is easily modeled and built, with modeling examples in Felix and Balthazar (2009), Gongalves et al.
(2014). Together with the dc motor, a magnet was fixed and immersed in the core of a coil, as done in Kuhnert (2020),
which used reactive circuits at the coil terminals to promote vibration damping. In this article, the coil will have at its
terminals only three different situations: open-circuit, with a resistance and in short-circuit.

The analysis is demonstrated with the motor rotation velocity starting statically up to the maximum rotation, passing
through the natural frequency of the system, with the Sommerfeld effect occurring, where the frequency jump occurs, in
which it escapes capture by resonance.

2. SYSTEM MODELING

A physical model can be represented as Fig. 1
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Figure 1: Representation of the simplified structure (a) and the physical model for the first mode (b)

where M is the concentrated mass of the beam and motor, the unbalanced motor shaft is represented by a small
mass m at a distance r from its center. The beam stiffness is represented by k and the damping coefficient is c. The
electromagnetic set is represented by the circuit with the induced electromotive force, the ohmic resistance R, and by the
ideal coil L coupled to the damping system.

2.1 Governing Equations of Motion

Considering Jy the moment of inertia of the rotor, ¢ the angular position of the shaft, = the vertical position of the car,
r the distance of the unbalanced mass to the center of the shaft, L the inductance of the coil and () the electric current,
expression of the kinetic energy 7' is obtained
1

1 1 .
T = 5(M +m)a? + 5(JO +mr?)e? + mripsin g + 5LQ2 1)

The potential energy U is
1 5 1 .

where £ is the spring constant, B is the magnetic induction modulus, and / is the coil length.
The Lagrange equations have the form

d <8£> oL .
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The terms L(¢) and H () represent the drive torque and the resistive torque of the system respectively. The La-
grangian being £ = T — U, substituting into Eq.(??), considering 5 = B¢, M(p) = L(p) — H(¢) and V as the potential
difference applied to the electromagnetic circuit, the equations of motion are obtained
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(M +m)i + ci + kx — BQ = mr(@sin ¢ 4+ ¢ cos )
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LQ + RQ + i =V @)
3. APPROXIMATE ANALYTICAL SOLUTION

To perform the Averaging Method, it is convenient to rewrite the equation in the form of Eq.(5) due to a small
pertubative parameter €. This parameter will be in first order, since only slow variations are analyzed, for other time scales
it would be necessary to use the Multiple Scales Method

i+ wlr = e(gapsing + qa cos( ) — hd + qug)
¢ = €(gsi sin (p) + M)

Q = (a7 — 593 — qo) 6))
where
2 __ k. mr mr _ c . _ B . _ R. _ B.
W = i €92 = myars €43 seh = s €44 = i €45 = 1,5 €46 = T

m(
emz%;eim:—f),Q— %a: g——%

The new variables have slow variation as a function of time, A is the oscillation amplitude, = the angular phase shift
between x and the excitation force and 6 the angular velocity of the shaft rotation of the engine, so it is convenient to write
them

d . d
a::Acos(cp—FE);d—;C = —Awsin (¢ + Z); Q = —gAwsin (¢ + Z); df 0 (6)
dA d= df dI
Solving the terms of the system of equations for the derivatives — and —, considering the first order terms

dt’ dt’ dt dt’
of ¢, the system of equations in standard form is obtained

% = €[M(0) — g30 Aw cos (¢ + =) sin ()]

% fi [(hAw + eguga A) sin (¢ + E) + ga cos (9)6?] sin (¢ + E)

% — ¢ {Oéo — ﬁ [(ehAw + eguwqsA) sin(p + E) + g2 cos (0)8%] cos (¢ + E)}

Ccll% = €[qr + gsgAwsin (¢ + ) + gg Awsin (p + E)] ™

Perturbation is applied in the form ¢ = Qt + e®(t) where e®(t) is a small periodic function of ¢.

After performing the average, the system is obtained according to Eq.(9)

dQ 1 .

ik <93?(Q) + 5(13@0(19 sin (5))

da ¢ 7292 sin ()

+="3 <ha+ag(I4+w

g o — Q%gy cos (€)

at € 2aw

dI

o = ©)

The necessary conditions for the existence of stationary motions are equating the terms of Eq.(9) equal to zero for
Q£ 0.
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Substituting the auxiliary variables, the oscillation amplitude equation is then obtained.

O2mr

a
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The expression of the oscillation phase is

tan (§) = 2mo (2 — w)

Bg —c

10)

(1)

12)

To verify the curves, the parameters according to table 1 were used, inspired by the values of the items involved in the

experiment.

Table 1: Beam parameters with motor and magnet

Parameter description Symbology Value Unit
Young’s modulus of beam E 210 x 10° N/m
Beam density p 8500 kg/m?®
Beam Width b 25 x 1073 m
Beam thickness h 1.5 x 1073 m
Cross-sectional area of beam S 3.45 x 107° m?
Beam Length l 9.9 x 1072 m
Magnet mass m; 63.8 x 1073 kg
Equivalent damping coefficient c 0.2 Ns/m
Equivalent mass of the first way M 120.3 x 1073 kg
Equivalent stiffness of the first mode k 3.7117 x 103 N/m
Engine mass M 25.1 x 1073 kg
Motor imbalance mass m 4.8 x1073 kg
Unbalance distance r 0.02 m
Moment of Inertia Jo 8 x 1076 Nm?
Motor constant ks 11.46 x 102 Nm/A
Armature Resistance Ra 33.6 Q
Maximum armature stress va ) \Y%
Coil transductance parameter B 59 Wb/m
Coil inductance L 10.8 H
External voltage source on coil V 0 v
Total electrical resistance in the coil R variable Q

In order to conclude the approximate solution of steady-state motion, it remains to obtain the terms €U (¢, €2, a, £),
eUs(t,Q,a,€) and eUs(t, 2, a, ) from Eq.(8). 6, A and = will be replaced by the approximate values €, a and & in

Eq.(7).
Eq.(8) can be rewritten
Cfl—f = Q- T cos (201 +)
Amar oo 4 ) 2 2+ 6)
E=¢- i WTZW sin (20t + ) — < Blg(z\;oi(igt +9)

13)
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Reversing the variables = and dz/dt given in Eq.(6) we have the approximate solution equation

B Qmr (M + m)w?a?
x=acos(QU+E)+ oM ) ( - SRS cos () (14)
B> 2
alc+ %) . mrwa
mSlﬂ(Qt"‘é‘)"‘ SJOQ COS(SQt+2§)

In this way, the temporal history is obtained by increasing the rotation frequency, as seen in Figure 2. This figure
represents the amplitude variations with the increase of the signal frequency as a function of time. There is a stronger
increase in amplitude from 120 seconds onwards, at which point there is resonance capture. There are no frequency
jumps, as only stationary movements were considered.
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Figure 2: Graphics of time history of oscillation amplitude as a function of time in seconds

Integrating the Eq.(9), using the Matlab numerical computation application, with relative and absolute error tolerance
values of 1 - 10710, initial step size and final step size of integration respectively of 1 - 107!2 and 1 - 10~3, from adopted
initial conditions, one obtains the non-stationary conditions when passing through the resonance shown in the Figure 3. In
Figure 3b it is possible to observe the capture by resonance at 28Hz and the frequency jump, whose time interval depends
on the magnetic damping.
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Figure 3: Graphics of non-stationary movements with increasing frequency as a function of time in seconds with the
three resistance values

4. NUMERICAL SOLUTION

The naming of the variables from previous chapters is maintained, x is the vertical displacement of the structure, ¢ is
the angular position of the motor shaft and gq is the electrical load. For system-order reduction, rewrite the state variables
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of Eq.(4), adopting y; =, Y2 = 2, Y3 = @, Ya = @, Y5 = q and yg = ¢, as follows:

U1 = Yo
U3 = Ya
Us = Y (15)
The matrix form of the accelerations is obtained
M 4+ mr —mrsin(ys) 0] {9 —cys — kx + mr cos(y3)y3r + Bys
—mrsin(yz)  mr?2+J0 0| || = M(ys) (16)
0 0 L| |ys —Bys; — Ryg +V

Inverting the matrix on the left side and multiplying by the matrix on the right side in Eq.(16), one obtains the state
equations in Eq.(17) suitable for using the computational method of integration

L(mr? 4 Jo)(—cyz — kx +mcos (y3)yir + Bys) + LmM(ys) sin(ys)r

v L(m + M)(mr2 + Jy) — Lm? sin (ys)°r?
s = Lmsin (y3)r(—cys — kz + mcos (y3)yir + Bys) + L(m + M)DM(y4)
! L(m + M)(mr? + Jo) — Lm?sin (y3)*r2
((m + M) (mr? + Jo) — m?sin (y3)2r2) (—By2 — Rys +V)
J6 = (17)

L(m + M)(mr2 + Jo) — Lm? sin (y3)°r?

Numerical simulations are done with the ODE45 command, which is a solver integrated in the MATLAB library that
uses a variable step technique based on the Dormand and Prince (1980) method. The simulations were performed with
relative and absolute error tolerance values are 1 - 10719, initial step size and maximum integration step size respectively
1-10712 and 1 cdot10~3. The initial values will be considered zero for all variables, the results are presented with
three resistance values of the electromagnetic circuit, open circuit R = oo, with total resistance of 50 k) and with total
resistance of 3300 €.
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Figure 4: Graphs resulting from numerical simulations (a) speed, (b) displacement, (c) frequency and (d) current in the
coil, all as a function of time in seconds, with increasing frequency direction and with different resistance values

The losses in the motor were not considered, the beam was considered with homogeneous and isometric density, and
any non-linearities that could compose the dynamics of the beam, the electrodynamics in the conductors and the magnetic
interaction of the structure with the coil were also neglected.

5. EXPERIMENTAL RESULTS

The experimental tests were carried out at the Laboratory of Acoustics and Vibration of the Sdo Paulo State University.
The set is formed by a wooden base for fixing and supporting the test elements, the base is on an inertial table without
additional fixation, only with its weight, a stainless steel beam with the specifications described in the Table 1. The
complete system is shown in Figure 5, it can be seen that the permanent magnet is almost entirely immersed in the coil
core. The coil was wound on a printed support in the laboratory, it has 27000 turns, resulting in an inductance of 10.8 H.
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Figure 5: System photo (a) side and (b) front

The PWM output has an average voltage amplitude in the range of 0 to 5 V, the treatment of values is done in percentage
of the work cycle time, “Duty Cycle”, of the PWM signal, where the amplitude of 5 V corresponds to 100%. The range
used in this experiment is from 18% to 60%, with steps of 0.8%, the duration of each step is 5 s, resulting in each series
of measurements 53 steps performed in 265 seconds.

The data acquisition equipment is the National Instruments, model USB-4431, which has four simultaneous data input.
The first input is used to monitor an accelerometer from PCB Piezotronics, model 352A59, the second input monitors the
voltage produced in the coil, the third input monitors the voltage applied to the motor and the fourth input monitors the
optical switch, tests were carried out on several batteries to include the measurement of the electric current consumed by
the motor indirectly.

The set of sensors, signal processing and PWM actuator can be seen in general in Figure 6.
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Figure 6: Test bench

The monitoring of the motor allowed producing the graph of the power consumed as a function of the rotation speed
of its shaft, shown in Fig 7a. The waveform generated by the accelerometer, with the details shown in Fig. 7b.

The accelerations as a function of time for many resistors with increasing voltage applied to the motor are presented in
Figure 8a, it is noticed that each graph with its respective resistance coupled, starts practically at the same instant , having
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Figure 7: Graphics of the monitoring of the (a) motor power as a function of normalized frequency and (b) the
acceleration as a function of time in seconds, with waveform detail.

the jump, at the end of the capture, determined by the resistance value. The time histories of the frequencies, with the
resistance variations and with the increasing voltage applied to the motor, in this graph, shown in Figure 8b, it can be seen
that the natural frequency of the system where the resonance capture occurs is around 28 Hz.

5 50 [
e
—R=00 Q + R=00 #*ﬁ?k
—R=50 kQ2 40| * R=50kQ ke
—R=3300 * R=3300 0

— 30+

J— N
=0 = ﬁwMW :
" 9 ¥

20 [ ***

***,x*
*
10 [ ¥
)K**+
-5 : : : : : 0+ : : : : :
0 50 100 150 200 250 0 50 100 150 200 250
Time [s] Time [s]
(a) Acceleration as a function of time (b) Rotor frequency as a function of time
Figure 8: Monitoring the behavior of the structure with increasing voltage and changing resistances as a function of time
in seconds

6. FINAL CONSIDERATIONS

To demonstrate the effectiveness of the dynamic damper as a function of different currents controlled by purposely
added external resistances, the study is carried out close to the resonant frequency, since the phenomena that occur in this
spectrum range offer a non-linear response, behavior caused by the Sommerfeld effect .

Approximate analytical solutions, solutions resulting from numerical simulations and experimentally obtained data
were described.

Initially, the oscillation amplitude of the structure during the observation interval is compared. For the analytical
solution, the envelope obtained by integrating the equation of motion in non-stationary amplitude is used, for the numerical
solution, the waveform obtained from successive numerical integrations is used for the displacement in x, and for the
experimental solution, the acquired waveform, with double integration. For a better exposition, the amplitude results were
superimposed as a function of time and shown in Figure 9a.

There is a little noise in the experimental result, actually a subharmonic, but the reading is not affected. Another point
to be considered in the experimentally measured wave is the discretization, which occurred in the voltage applied to the
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armature in small steps caused by the PWM resolution, giving the appearance of steps. The waveforms are very similar to
each other, in addition to the aforementioned amplitude, the engine speed is displayed as a function of time in Figure 9b.
It is shown that the frequency hopping amplitudes present some differences, caused by neglected nonlinearities in the
experimental apparatus, however the damping effect is consistent in all forms.
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£ 0 Toa0t ,‘ Numerical
a "S- I | Simulation
T
Experimental
. 20 ++++++++
5t Numerical ++++
Simulation ey
0 50 100 150 200 250 0 50 100 150 200 250
Time [s] Time [s]
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Figure 9: Comparison of results obtained for amplitude (a) and frequency (b) as a function of time, between analytical,
numerical and experimental solutions, for the direction of increasing frequency.

The time histories of the results of numerical and experimental simulations have great similarities in waveforms and
values, both for acceleration and for the angular velocity of the motor shaft. The Sommerfeld effect was well exposed,
and through this effect it is possible to verify the performance of the electromagnetic circuit, reducing the amplitude of
oscillation of the beam and reducing the size of the jump in frequency.
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