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Abstract. Bevel-geared motors are electric motors with a gear reducer connected to their output shaft, commonly used in
industrial machinery requiring high torque. The efficiency of the reducer in a bevel-geared motor should be determined
during its design phase, as the efficiency quantifies how effectively the bevel-geared motor is converting the electrical
energy into mechanical power. This paper introduces an innovative approach to compute the efficiency of the reducer of
a bevel-geared motor. A standard reducer’s layout is considered, in which the reducer has two stages: the first corre-
sponding to a pair of cylindrical gears, and the second composed of a pair of bevel gears with perpendicular shafts. The
efficiency is determined via Davies’ method, an analogy of Kirchhoff’s voltage and current laws for solving the kinematics
and statics of mechanisms, based on graph and screw theories. The total efficiency of the double-stage reducer obtained
is equivalent to multiplying the individual stage efficiencies, the usual way to compute the efficiency of multi-stage trans-
missions. Thus, the paper’s result demonstrates the effectiveness of the method. To the best of the authors’ knowledge, it
is the first time that graph and screw theories are applied to compute the efficiency of the reducer of a bevel-geared motor.
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1. INTRODUCTION

Bevel gears have various applications in industry. They are usually found in bevel-geared motors, which are electric
motors with a gear reducer connected to its output shaft, commonly used in industrial machinery requiring high torque.
The standard layout of the reducer of a bevel-geared motor consists of two stages: the first corresponding to a pair of
cylindrical gears, and the second composed of a pair of bevel gears with perpendicular shafts. Ideally, the mechanical
efficiency of the reducer in a bevel-geared motor should be determined during its design phase, as the efficiency quantifies
how effectively the bevel-geared motor is converting the electrical energy it consumes into mechanical power output. Un-
fortunately, academic works on the efficiency of bevel gear reducers are scarce and focus on experimentally determining
the reducer performance. An equation for the efficiency of the reducer of a helical bevel-geared motor is experimentally
obtained by Carnogurské et al.| (2014), by measuring the torque and speed at the inlet and outlet of the gearbox and
applying dimensional analysis. [Stockman et al.| (2015) set up a measurement campaign to test a series of reducers of
commercial electrical motors, aiming to determine the gearboxes’ efficiency. Double and triple-stage reducers composed
of bevel gears are among the 13 gearboxes whose efficiency was measured. No work proposing a method to estimate the
mechanical efficiency of the reducer of a bevel-geared motor was found.

This paper aims to cover the need for more literature on the area by introducing an innovative approach to compute
the mechanical efficiency of the reducer of a bevel-geared motor. The efficiency is determined via Davies’ method, an
analogy of Kirchhoff’s voltage and current laws for solving the kinematics and statics of mechanisms, allying graph and
screw theories (Laus ef al.,|2012). Only meshing friction is considered in this paper, although nothing prevents including
other causes of loss in future analyses. To the best of the authors’ knowledge, it is the first time that graph and screw
theories are applied to compute the efficiency of the reducer of a bevel-geared motor. Moreover, it is the first time that the
Davies method is used to compute the efficiency of a gear train composed of cylindrical and bevel gears.
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The paper is structured as follows. In Sec. [J.the use of the Davies method to compute the efficiency of gear trains
is briefly explained. In Sec. [J. the overall efficiency of the reducer of a bevel-geared motor is determined via Davies’
method. Finally, some conclusions are drawn in Sec. B

2. CALCULATING GEAR TRAINS’ EFFICIENCY VIA DAVIES’ METHOD

This section briefly explains the use of the Davies method for computing the mechanical efficiency of gear trains. More
details are provided by |Laus et al.|(2012). In Davies’ method, gear trains are represented by graphs, whose edges stand
for the couplings and the vertices stand for the links. Once the graphs are defined, graph and screw theories are applied to
build homogeneous linear systems for the motion and action analyses of the gear train. Velocities, forces, and moments
are represented through screws. A screw $ is defined by an instantaneous screw axis (ISA) given by a unit vector 3, the
position vector Sy of one point belonging to the ISA, a pitch &, and a magnitude that quantifies the mechanical element
described. When the magnitude is not specified, the screw is said to be normalized and is indicated by $. §and Sp are
defined from a reference coordinate system Og,.. The number of non-null elements of the screw gives the minimum
order of the screw system A, which defines the dimension of the space where the coupling is represented.

In the motion analysis, the screw is called twist, is represented by $™, and is composed of an angular velocity vector
{r, s, t}T and a linear velocity vector {u, v, w}T, according to Davies’ notation (Davies, [2006). $™ is defined according
to Eq. (I)), where o™ is the twist’s magnitude:
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The twists generate a homogeneous linear system through an adaptation of Kirchhoff’s voltage law, resulting in Eq. (2)),
where [My ] x F is the network unit motion matrix, v is the number of fundamental circuits of the graph, F is the gross
degree of freedom, and 1) contains the twists’ magnitudes.

[MN:| AUvXE {J}Fxl - [6:| Avx1 (2)

In the action analysis, screws are named wrenches, are indicated by $%, and consist of a moment vector { R, .S, T}T
and a force vector {U,V, W}T, following the Davies’ notation. $¢ is determined via Eq. (E]), where p® is the wrench’s
magnitude:
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The wrenches compose a linear system via an analogy with Kirchhoff’s current law, resulting in Eq. (@), where
[AN]xxxc is the network unit action matrix, x is the number of fundamental cutsets of the graph, C' is the gross degree
of constraint, and ¥ contains the wrenches’ magnitudes.

[AN} ArxC {\f}}Cxl - [6} ArXx1 (4)

2.1 Screw systems for motion and action analyses of gear trains

Some simplifying hypotheses are proposed by |Laus ef al.|(2012) to define the screw systems of the motion and action
analyses and are elucidated in their work. Consider a reference coordinate system O, .. In cylindrical spur gears, the
relative motions are angular velocities about axes parallel to the z-axis in the plane 2 = 0. Thus, the 2™ special 2-system
of screws is adopted in the motion analysis, having A = 2 (Hunt, |1978). In Davies’ notation, the twists are spanned by
the 2-system of screws {t, u}. So, the relative motions are represented by a twist with b = 0, ISA parallel to the z-axis,
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and angular speed magnitude ¢. The simplifying assumptions make that cylindrical spur gear trains transmit only forces
parallel to the z-axis in the plane z = 0 and torques parallel to the z-axis. So, the 2" special 2-system of screws is
also adopted in the action analysis, represented by {7',U} in Davies’ notation and with dimension A = 2. The forces
are represented by wrenches with h = 0, ISA parallel to x-axis, and magnitude U. Wrenches representing torques have
h — oo, ISA parallel to the z-axis, and magnitude 7T'.

In straight bevel gears, the relative motions are rotations whose ISAs pass through the origin of O, in the plane
x = 0, which makes all twists belong to the 1% special 2-system of screws |[Hunt| (1978). Following Davies’ notation, the
twists are spanned by the 2-system of screws {s, ¢}, with dimension A\ = 2. Thus, the relative motions are given by twists
with h = 0. When the twist’s ISA is parallel to the y-axis, its angular speed magnitude is indicated by s. When the ISA
is parallel to the z-axis, the angular speed magnitude is indicated by ¢. The simplifying hypotheses make that the actions
transmitted by straight bevel gear trains are forces parallel to the z-axis and torques parallel to the plane z = 0. Thus,
the wrenches belong to a 5™ special 3-system of screws and can be spanned by the 3-system of screws {S,T; U}, with
dimension A = 3. The forces are represented by a wrench with h = 0, ISA parallel to z-axis, and magnitude U, while the
torques are represented by wrenches with h — co. When the torque wrench’s ISA is parallel to the z-axis, its magnitude
is given by T'. When the torque wrench’s ISA is parallel to the y-axis, the magnitude is indicated by S.

To both action and motion systems of screws have the same dimension A, the motion system of screws is expanded
from {s,t} to {s,t;u}, the 4™ special 3-system of screws. The last coordinate is null for all the twists. Consequently, the
dimension of the action and motion systems of screws for straight bevel gear trains is A = 3.

2.2 Power flow, efficiency, and power losses

The solutions of Egs. () and (@) are used to compute the power flowing through the gear train. The power expended
by a wrench $3? at a coupling j that allows a twist $§” to occur can be calculated as the inner product shown in Eq. (§):

Pj=87 -8 =rR+sS +tT +uU + vV + wW ®)

If power enters the system through coupling j, P; > 0 Otherwise, P; < 0.
The gear train’s overall efficiency is given by the ratio between the power P,,; that leaves the gear train through the
output and the power P;,, that enters into the gear train via the input:

Pout
="p (6)
The effect of losses in gear trains is equivalent to a pure torque when the shafts are contained in the same plane (Laus
et al.,[2012). In this paper, the meshing friction on the gear pairs is quantified by the Coulomb friction model. Assuming
that power losses are not high enough to induce changes in the power flow direction, the meshing friction torque magnitude

or, according to the Coulomb friction model is computed as:

or = GU; @)

where U; is the force along x direction transmitted by the gear pair 7 and ¢; is the Coulomb friction factor of gear pair
1, introduced by [Laus| (2011). ¢; has unit of length to convert U; into a torque. The losses that either occur at constant
velocity or are independent of any motion are represented by (;, which can be defined in terms of gears’ pitch radii (rq4
and r, the pitch radii of the driver gear and the follower gear, respectively) and the ordinary efficiency 7); of the gear pair.
For cylindrical spur gears, ¢; is calculated according to Eq. (8) (Souza et all [2017):

T‘dT'f(]. — T]i)

G = rq Ty

®)

The sign in the denominator of Eq. (8) depends on the meshing type: the plus sign is adopted for external meshing and
the minus sign, for internal meshing.
For straight bevel gears with perpendicular axes and external meshing, (; is calculated according to Eq. (9) (Souzal

2022):
T’dT’f1/T§+T’J2£(1—m) .
Ci - 7”3 i 771T]2c ( )

After calculating ¢;, the equality sign(¢;) = —sign(U;) sign(p!™) must be checked, where o} is the magnitude of the
angular speed of gear pair 4. If the equality is not respected, (; must be recalculated using 7, ! instead of 7; in Eq. @) or
Eq. (9). This verification is done to confirm if the roles of driver/follower on the gear pair are correct.
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3. EFFICIENCY OF THE DOUBLE-STAGE REDUCER OF A BEVEL-GEARED MOTOR

A double-stage reducer of a bevel-geared motor is shown in Fig. [I] FigurdIfa) shows the CAD model of the reducer
and Fig.[T[b) shows its schematic representation. The reducer is composed of four links: a fixed link (link 0), a drive gear
(link 1), a complex gear (link 2), and an output gear (link 3). In Fig. [I(b), the drive gear is a cylindrical spur gear with
pitch radius 7, while the output gear is a straight bevel gear with pitch radius r3. The cylindrical spur gear at the left side
of the complex gear has pitch radius 5, while the bevel gear at the right side has pitch radius 3, . The shafts of the bevel
gear at the right side of gear 2 and the bevel gear 3 are perpendicular.

Q T

®

(a) (b)
Figure 1: (a) CAD model and (b) schematic representation of a bevel-geared motor reducer.

The couplings in Fig.[T[b) are labeled from a to e. Couplings a, b and c are revolute pairs, while couplings d and e are
gear pairs. A reference frame Oy, is attached to the intersection point of the axes of gears 2 and 3. The y-axis is parallel
to the output gear’s shaft, while the z-axis is parallel to the shafts of gears 1 and 2. The coupling graph of the gearbox
presented in Fig. [T]is shown in Fig. 2[a).

(a) (b)

Figure 2: Bevel geared motor’s reducer: (a) coupling graph and (b) action graph.

3.1 Motion analysis

Before starting the motion analysis, the screw system for this particular case must be specified. As seen in Sec. [2.]l, the
2-system of screws {¢,u} is adopted in the motion analysis of cylindrical spur gear trains. For straight bevel gear trains,
the motion system of screws is {s, ¢, u}. Since the reducer is composed of bevel and cylindrical gears, the screw system
adopted is {s, t, u}, as it comprises the system of both cases.

The rotation axes of couplings a, b, and d are parallel to the z-axis and their twists have magnitude t,, t;, and ¢4,
respectively, representing pure angular speeds. The twist of coupling c also represents a pure angular speed, but around
y-axis, so its magnitude is s.. The ISAs of the gear pair e is a straight line connecting the position of coupling e to the
origin of Og,.. The magnitude of the twist of coupling e is given by p.. The motion parameters described herein are
summarized in Tab. I} where the ISA direction is given by the unit vector $.

The twists are built through the data listed in Tab.|1|and Eq. (I}, generating the network unit motion matrix [M N6x5

shown in Eq. (T0):
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Table 1: Twists” parameters of the bevel geared motor

Coupling Plar;ar locatl;)n ISA dlgectlon Twist’s magnitude
a ro, +11 0 {0;0; 1}T ta
b 0 0 {0,0;1)7 ty
¢ 0 0 {0;1;0}T Sc
d o, 0 {0;0; 1}T ta
T
e —Ta, —rg {O; —7r9,/ r%b + 73 —rs/ r%b + r%} De

>
>
>
>
>

o AR A M !
r0 0 0 0 0 1
1 -1 0 1 0 ¢
- jritre, O 0 2 0 l.u.
[MNlexs = 0 o 170 _#%2 5 (10)
0 1 0 ———L |t
Vra?tra,?
L0 0 0 o0 0 1w

where the column labels on the top of [M N|6x5 indicate the normalized twist to which each column is related.

Equation is the coefficient matrix of Eq. (2), which requires one primary variable to be solved since the reducer
has 1 degree of freedom. Considering the speed of the drive gear (link 1) in relation to the fixed link as the primary
variable, i.e. selecting ¢, as the primary variable, the solution of the motion analysis is given by the vector {1/_;}5X 1, which
contains the twists’ magnitudes. Equation (TT)) shows the transpose of {@E}M 1

ta 123 Se ta Pe
W= {t. —taz g g by vt (an
T2, 372, T2, 372,

where the column labels indicate the magnitude to which the vector element corresponds.
The gear ratio of the bevel-geared motor reducer is obtained through the ratio between the input speed and output
speed. Since coupling a is the input and coupling c the output, the gear ratio ¢ pg s of the reducer is:

. t r3re,
ipom = — = =22 (12)
Sc r17r2,
where s. comes from Eq. (TT).
The solution shown in Eq. (TT)) leads to the motion matrix [M]35 for the reducer of the bevel-geared motor:

$777 $Z)77, $7'7L $gl $I}n
0 0 T1T2; 0 T1T2; s
3724 372,
Mlsss =ta| 1 _m o _titr) |, (13)
T2, T2, T2,
r1+ 1o, 0 0 — (Tl + ?"ga) 0 U

where each column corresponds to a coupling’s twist, as indicated by the columns’ labels over [M]3xs5.
3.2 Action analysis

The selection of the screw system for the action analysis follows the same reasoning used in the motion analysis. It is
stated in Sec. that the 2-system of screws {7, U} is adopted in the action analysis of cylindrical spur gears. The action
analysis of straight bevel gears requires the screw system {S, T, U}. So, in the action analysis of the reducer shown in
Fig.[1] the system {S, T, U} is adopted to compute the actions of both types of gear.
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The action graph of the reducer is shown in Fig.2[b). U;, i = a, b, ¢, d, e is the magnitude of the reaction forces, along
x direction, transmitted by the couplings. T}, and S, are magnitudes of the torque source and torque sink. S, and S; are
the magnitudes of the reaction torques on y direction, while T is the reaction torque on z direction. T, and P, are the
magnitudes of the friction torques on the gear couplings d and e. The wrenches representing friction torques have the
same direction as the twists representing the motion of the respective coupling. So the friction torque on coupling d is
parallel to z-axis and the friction torque on gear pair e is parallel to the line connecting the origin of Oy, to the position
of coupling e. Tab. 2] summarizes the data extracted from the screw-system definition and Fig.[I] such as the couplings’
position and the wrenches’ ISAs direction, given by the unit vector 3.

Table 2: Wrenches’ parameters of the differential gearbox

Coupling Plar;ar locatl;)n Action ISA dl;ectlon Magnitude

Torque {0;1;0}7 Sa

a rr, +71 | 0 | Torque {0;0;1}7 T,
Force {1;0;0}7 U,

b 0 o | Torque {0;1;0}T Sy
Force {1;0;0}T Uy

Torque {0;1;0}T Se

c 0 0 | Torque {0;0; 1}T T
Force {1;0;0}7 U.

d vy o | Torque {0;0;1}7 T,
o Force {1;0;0}7 Uq

T

. r, iy Torque {0; —ra, /773, + 135 —13/\/73, + r%} P,
Force {1;0;0}" U.

The wrenches are built by applying the data shown Tab. to Eq. (3) and create the network unit action matrix [fl Nox12.
Two constitutive equations, defining the friction torques’ magnitudes in the gear pairs, are appended to [A Nlox12 to
generate an augmented action matrix [D 4]11x12 that is used as the coefficient matrix of Eq. (@). The constitutive equations
are defined from the Coulomb friction model, given by Eq. (7), for gear pairs d and e:

Ty = CaUq

Pe:CeUe

where (4 and (. are the Coulomb friction factors.
The resulting augmented action matrix [D 4]11x12 is:

r 1l 0
0 1
0 0
0 0
0 0

[Daliixiz2=1 0 0
0 0
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Using Eq. (T6) as the coefficient matrix in Eq. (@) generates a homogeneous linear system that requires a single primary
variable to be solved. The chosen primary variable is Ty, the torque source connected to the drive gear (link 1), resulting
in a solution vector that leads to the condensed action matrix [A]3x5 shown in Eq. (T7):

a a a a a
$a $b $c d $e
0 az(a1T3+7‘2bCe) 7012(a17‘3+7‘2bCe) 0 az(OélT3+T2bCe) S
O¢17‘2b—7“3Ce aﬂ‘zb—""aﬁe (le"zb—V‘sCe.
[Alsxs = | —a2 0 o —a —ar T (17)
T, 7Ta(al"‘Za"!‘al"‘Qb_a1Cd_T3Ce) oo T,  ajan U
r1+Ca (r1+Cd)(a1r2b—r3Ce) 172, —T3(Ce r1+Cd a1rz, —r3e

where ay = /132 + 13,2 and ap = T, (r20—=C¢a) Bach column of [A]3x5 is a coupling’s wrench.

@ ri+Ca
Equations (I3) and (I7)) are used to compute power flow and the overall efficiency of the reducer.

3.3 Power flow and efficiency

The twists composing the motion matrix shown in Eq. (T3)) and the wrenches of the action matrix in Eq. (I7) are used
to compute the power that enters or leaves the reducer through its input/output and the overall efficiency of the gearbox.
Link 1, the drive gear, is the input link of the mechanism, so power enters into the reducer through coupling a and is
calculated as:

Pu = S §0 = Tut, (18

where $7* and $¢ are the first columns of Egs. (I3)) and (I7), respectively. Since power enters the network through coupling
a, P, > 0 and T, and ¢, have the same sign.
Link 3 is the output gear, thus, power leaves the reducer through coupling ¢ and is determined as:

173, (Tza —Ca) (7“3\/ r3? + 7"252 + szﬁe>
r3ra, (11 + Ca) (sz /132 41, % — 7‘3Ce)

where $7 and $¢ are the third columns of Egs. and (T7), respectively. The output power P, is negative as Tyt, > 0

and r3, > (g in practice, what is coherent, since coupling c is the reducer’s output.
The reducer’s overall efficiency 7 is the ratio between output and input power and is calculated using Eq. (6):

P.=8"-82 = —T,t, (19)

P, 1T (ro, —Ca) (7"3 Vrs? 41,2+ 7"2bCe>
’)’] = —_——=
Pa rara, (11 + C4) (7”2b 3?4712 — 7“3Ce)

where P, and P, come from Eqs. and (T9), respectively.

The Coulomb friction factors (; and (. are computed via different equations. Coupling d connects two cylindrical
gears, so Eq. (8] is used to compute (4. Equation (9) is used to compute (., as the gear pair e connects two straight bevel
gears with perpendicular axes. Since coupling a is assumed as the input, so 7q = r1 and ry = ro, in Eq. (§):

(20)

7172, (1 — Neg)
r1 + NegT2,

Ca = 2y

where 1.4 is the ordinary efficiency of a spur gear pair with external meshing and can assume the value of 0.98 (Glover,
1965)). The plus sign is adopted in the denominator of Eq. (ZI)) as coupling d is a gear pair with external meshing.

For coupling e, the right side of the complex gear 2 is the driver gear and the output gear 3 is the follower gear of
coupling e. However, [Souza (2022) deduced Eq. (9) using the simple bevel gear train shown in Fig.[3] Note that gear 2 is
at the right side of O, in Fig.[3| so the z coordinate of coupling c is positive.

In Fig. b), the right side of gear 2 is at the left of O, ., so the z coordinate of coupling e is negative, as indicated
in Tabs. [[|and 2] Therefore, the negative sign of the z coordinate of coupling e must be compensated, so ry = 73, and
ry = —rz in Eq. (9), leading to:
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Figure 3: Simple bevel gear train with perpendicular axes.

: r2,731/73, + 13(1 — NMhew) s
e — — ( )
Tgb + 7]1)61)7‘%

where 7y, is the ordinary efficiency of a straight bevel gear pair with perpendicular axes and 7., can assume a value of
0.98 (Pathak ez al.,[2016).

Replacing {4 by Eq. and (. by Eq. in Eq. gives Eq. 23):

71 = NegMbev (23)

By inspecting Eq. (23), it can be noted that the efficiency of the bevel geared motor’s reducer depends exclusively
on the ordinary efficiencies when only meshing friction is considered. The overall efficiency of the double-stage reducer
obtained through Davies’ method and shown in Eq. (23)) is equivalent to the result generated by multiplying the individual
stage efficiencies, the usual technique to compute the efficiency of multi-stage transmissions (Bartlett e al.| |2018)). Thus,
the paper’s result demonstrates the effectiveness of the method.

The outcome shown in Eq. (23) may seem obvious for experienced engineers, but the simplicity of the result is due
to the fact that meshing friction is the single cause of loss considered in this paper. Although gearing losses constitute a
substantial proportion of total power loss in industrial gearboxes, accounting for 50% to 70% of the losses (Carnogurské
et al.l[2014])), other notable causes of loss are bearing and seal friction, swirling oil, and ventilation. When provided with
a suitable friction model, the Davies method enables the incorporation of multiple loss causes simultaneously into the
efficiency calculation. By taking into account these additional causes of loss, the resulting equation for the efficiency of
the reducer of the bevel geared-motor may not be as self-evident as Eq. 23).

4. CONCLUSIONS

This paper proposed an innovative approach to determine the efficiency of multi-stage reducers of bevel-geared motors
in the design phase, instead of estimating experimentally the efficiency. The approach consists of applying the Davies
method to generate an analytical expression for the mechanical efficiency of the gearbox. A double-stage reducer, in
which the first stage is composed of spur cylindrical gears and the second stage consists of a pair of straight bevel gears,
is the case study of this paper.

The overall efficiency determined via Davies’ method for the case study is equivalent to expressions found in the
literature on power transmission. Therefore, this paper’s results prove that the Davies method is a suitable tool to compute
the efficiency of gear trains composed of different types of gears and can be applied to reducers with more complex
geometries.

Future works include incorporating other causes of loss, such as bearing friction, to estimate the efficiency of the
double-stage reducer shown in Fig. [T(a), and calculating the efficiency of gearboxes composed of cylindrical and bevel
gears with epicyclic gearing.
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