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Abstract. Vibration control in structures is essential to guarantee the stability and safety of the people who use them.
For decades, several techniques have been developed to control vibration, recently, metastructures have attracted atten-
tion for their unique properties of controlling wave propagation in structures making them of great interest for modern
engineering. In this work, we investigate the use of metastructure to control vibrations in structures using the Spectral
Element Method (SEM) , Finite Element Method (FEM) and Wave Finite Element (WFE) method to analyze the dynamics
of metastructures. These metastructures are built with periodic unit-cells, which are made by two materials coupled with
local resonators. Forced responses are calculated to determine the attenuation regions along the frame structure. The
influence of the constituent properties of the structure on its formation is evaluated through band-gaps obtained. Ob-
tained results show frequency bands where the wave propagation does not occur (bandgaps), and the structure’s forced
response exhibited attenuation at the same range frequency. The present study made it possible to understand the behav-
ior of the presented structure, where the obtained results contribute to the expansion of the possibilities of application of
metastructure in the control of vibrations in structures.
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1. INTRODUCTION

Since the mid-20th century, the study of the theory of elastic wave propagation in periodic structures has generated
significant interest. The study of wave propagation in periodic structures was initiated by Mead (Mead, 1970). During this
period, the Bragg scattering mechanism was elucidated, revealing the formation of Bragg-type forbidden bands, known
as bandgaps, in the frequency range determined by Bragg conditions. In recent decades, phononic crystals (PCs), which
are artificially composed periodic structures, have received renewed attention.

Phononic crystals (PCs), as acoustic metamaterials or elastic metamaterials, have gained prominence in the fields of
acoustics, mechanics, materials science, and engineering. The fundamental idea behind these materials lies in their spatial
periodicity, phases, internal geometry, boundary conditions, or incorporation of multimaterials, along with the addition of
local resonators. These crystals are composed of a unit cell that is periodically spaced, creating a unique characteristic
of a bandgap. These regions of the frequency spectrum exhibit attenuation in propagation due to the effects of Bragg
scattering or local resonance (Hussein et al., 2014; Nanda and Karami, 2018).

Over the years, extensive research has been conducted on a variety of periodic structures, encompassing both one-
dimensional and two-dimensional structures such as periodic beams, truss structures, and plates (Goto et al., 2020; Zhang
et al., 2019; Zuo et al., 2016; Miranda Jr. and Dos Santos, 2018). These studies have focused on exploring the properties
of bandgaps in relation to design parameters such as structural lengths, number of cells, structural configurations, loading
conditions, and structural damping. To analyze the dynamic problems associated with periodic structures, various methods
have been proposed. Among them, notable methods include the Finite Element Method (FEM), the Wave Finite Element
Method (WFE), the Spectral Element Method (SEM), the Plane Wave Expansion Method (PWEM), and the Transfer
Matrix Method (TM).

In this work, an investigation was conducted on the wave propagation in a periodic metastructure composed of two
different materials, with the coupling of local resonators. The Finite Element Method (FEM), Spectral Element Method
(SEM), and Wave Finite Element Method (WFE) were employed for vibration control, bandgap formation, and parametric
variation analysis.
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2. THE PROPOSED STRUCTURE AND METHODS APPLICATIONS

The simplified basic structure evaluated in this work is shown in Fig. (1), where each member is composed of three
Euler-Bernoulli beams made of two distinct materials, with one resonator coupled at each junction of the beams. Each
color represents a material, assuming they are elastic, homogeneous, and isotropic materials. The structure can be arranged
in the form of an m×n matrix, where n represents the expansion of the structure in the x direction and m in the y direction,
with the periodicity occurring in the latter direction.
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Figure 1: Simplified physical model for the 1 × 1 frame.

Figure 2 corresponds to a 1 × n arrangement of the structure, showing the analyzed boundary conditions, which are
of the free-free type. A unit force with intensity Fo is applied at the beginning of the structure, and the point Q represents
the end of the structure where the measurement is taken. On the other hand, Fig. 3 shows the structural periodicity of m
× n, where Nc represents the number of structural cells.
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Figure 2: 1 × n frame structure model.
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Figure 3: m × n frame structure model.

2.1 Finite Element Method in Frame Structures

Considering a planar frame, as shown in Fig. 4, which is vibrating within its own plane. Each element of the frame is
capable of undergoing axial, transverse, and rotational deformations.
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Figure 4: Geometry of a plane frame element.

From the energy expressions in each element, in terms of the degrees of freedom, the mass and stiffness matrices are
obtained in the local coordinate system (M.Petyt, 2010).

k̄e =
EIz
2L3

e
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Where r2z = Iz/A represents the radius of gyration of the cross-sectional area about the z-axis, where Iz is the moment
of inertia of the Euler-Bernoulli beam and A is the cross-sectional area. Le is half the length of each element, and ρ is the
density of the material composing the beam (M.Petyt, 2010). For the structure shown in Fig.3 and Fig. 2, it is necessary
to perform the transformation from the local coordinate system to the global coordinate system using the local-to-global
coordinate transformation matrix (Ψ).

Ψ =


cos(θ) − sin(θ) 0 0 0 0
sin(θ) cos(θ) 0 0 0 0

0 0 1 0 0 0
0 0 0 cos(θ) − sin(θ) 0
0 0 0 sin(θ) cos(θ) 0
0 0 0 0 0 1

 (3)

Considering θ as the rotation angle in the local coordinate system, measured counterclockwise, the global stiffness matrix
(K) and global mass matrix (M) can be obtained through the local-to-global coordinate transformation matrix (Ψ).

K = ΨT k̄eΨ

M = ΨT m̄eΨ
(4)

The dynamic analysis of the structure is obtained from the dynamic stiffness matrix (D), as follows:

D(ω) = K− ω2M (5)

Where ω is the angular frequency, the displacements are obtained from the equation of dynamic equilibrium:

D(ω)u = F (6)

Where,

u =
[
u1 w1 ϕ1 u2 w2 ϕ2 . . . uJ wJ ϕJ

]T
F =

[
N1 V1 M1 N2 V2 M2 . . . NJ VJ MJ

]T (7)

Where u is the vector of degrees of freedom and F is the vector of nodal forces, with J being the total number of nodes
in the structure. ui, wi, and ϕi (i = 1, 2, . . . J) are the nodal components of axial displacement, transverse displacement,
and rotation, respectively. Ni, Vi, and Mi (i = 1, 2, . . . J) are the nodal components of axial force, transverse shear force,
and bending moments, respectively.

The dynamic stiffness matrix of the local resonator in a spring-mass absorber system on a beam was derived by (Xiao
et al., 2013).

Dr =

0 0 0
0 D0 0
0 0 0

 , D0 = −
(
ω2mr +

ω2krmr

kr − ω2mr

)
, fr =

1

2π

√
kr
mr

(8)

Where kr and mr are the effective stiffness and effective mass of the resonator, and fr is the resonance frequency
of the spring-mass absorber system. For the proposed structure, the resonators were added to the transverse degree of
freedom at the junction of the materials, resulting in the summation of the dynamic stiffness matrix of the structure from
Eq. (5).

2.2 Wave Finite Element Method

Developed by Mencik (2008), the method utilizes a wave propagation approach in a periodic structure. Starting from
the matrices in Eq.(5) of the structure in Fig.2, the structure is separated into inner degrees of freedom ()i, left ()l, and
right ()r.Dii Dil Dir

Dli Dll Dlr

Dri Drl Drr

ui

ul

ur

 =

0i

Fl

Fr

 (9)
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In which its order is reduced, known as the condensed stiffness matrix:[
Dll Dlr

Drl Drr

]{
ul

ur

}
=

{
Fl

Fr

}
(10)

Where Dll = Dll - DliD
−1
ii Dil, Drl = Drl - DriD

−1
ii Dil, Dlr = Dlr - DliD

−1
ii Dir e Drr = Drr - DriD

−1
ii Dir.

Rewriting the matrix from Eq. (10) in terms of a single generalized coordinate to avoid issues of ill-conditioning (Zhong
and Williams, 1995):

ql =

[
In 0

−Dll −Dlr

]
︸ ︷︷ ︸

Li

{
ul

ur

}
︸ ︷︷ ︸

ξi

and qr =

[
0 In

Drl Drr

]
︸ ︷︷ ︸

Ni

{
ul

ur

}
︸ ︷︷ ︸

ξi

(11)

where ql = ul Fl
T and qr = ur Fr

T , In is the identity matrix of the same order as the degrees of freedom on the left
(or right) side of the structure. Due to the periodicity of the structure, there is a relationship between consecutive cells m
and m+ 1, such that qr

m = qm+1
l . Substituting this relationship into Eq. (11) and using the Floquet-Bloch theorem, we

have:

eµLiξi = Niξi (12)

where µ = −jkL corresponds to propagation constant with j as imaginary number, k is the wave number , L cell length
and Lξi are the eigenvectors.

2.2.1 Wave mode expansion

Considering a periodic structure composed of Nc cells and Nc + 1 interfaces, we can express the displacement and
nodal forces of each unit cell (m) as follows:

u(m) = Q(m)Φuµ
(m−1) +Q⋆(m)Φ⋆

uµ
(Nc+m−1)

F(m) = Q(m)ΦFµ
(m−1) +Q⋆(m)Φ⋆

Fµ
(Nc+m−1)

(13)

Where Φ and Φ⋆ are the eigenvectors of Equation (11), and Q and Q⋆ are the wave amplitudes at interface m, with
m = [1, Nc + 1]. There are 2n eigenvalues and eigenvectors representing the modes of wave propagation, separated into
incident waves µj ≤ 1 and reflected waves µ̄⋆

j = 1/µj , with j = 1, 2, . . . , n. Similarly, their respective eigenvectors are:

Φj =

{
Φuj

ΦFj

}
,Φ⋆

j =

{
Φ⋆

uj

Φ⋆
Fj

}
(14)

By applying the Neumann and Dirichlet boundary conditions, the wave amplitudes can be obtained based on the boundary
conditions.[

Q
Q⋆

]
=

[
In Φ−1

F Φ⋆
Fµ

(Nc)

Φ⋆−1
u Φuµ

(Nc) In

]−1 { −Φ−1
F F0

Φ⋆−1
u uo

}
(15)

Where F0 and u0 are the boundary conditions of the structure.

2.3 Spectral Element Method for frames

The spectral element model of the frame (Sf ) is obtained by combining the spectral elements of rods and beams to
form the spectral dynamic stiffness matrix. Authors such as (Lee, 2009; Doyle, 1997) have explored this method, which
is based on solving the partial differential equations of each element. The spectral dynamic stiffness matrix of the beam
(SB) is given by (Lee, 2009):

SB(ω) =
EIz
L3

=


SB11 SB12 SB13 SB14

SB12 SB22 SB23 SB24

SB13 SB23 SB33 SB34

SB14 SB24 SB34 SB44

 (16)

Where,
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SB11 = SB33 = ∆BL̄
3(cos L̄ sinh L̄+ sinh L̄ cosh L̄)

SB22 = SB44 = ∆BL̄
3k−2

B (− cos L̄ sinh L̄+ sinh L̄ cosh L̄)

SB12 = −SB34 = ∆BL̄
3k−1

B sin L̄ sinh L̄)

SB13 = −∆BL̄
3(sin L̄+ sinh L̄)

SB14 = −SB23 = ∆BL̄
3k−1

B (− cos L̄+ cosh L̄)

SB24 = ∆BL̄
3k−2

B (− sin L̄+ sinh L̄

∆B =
1

1− cos L̄+ sinh L̄

L̄ = kBL

kB(ω) =
√
ω

(
ρA

EIZ

) 1
4

Where kB is the wave number of the beam element. The spectral dynamic stiffness matrix of the rod (SR) is defined as
follows (Lee, 2009) :

SR(ω) =
EA

L

[
SR11 SR12

SR12 SR22

]
(17)

Where,

SR11 = SR22 = (kRL) cot(kRL)

SR12 = − (kRL) csc(kRL)

kR(ω) = ω

√
ρ

E

Where kR is the wave number of the rod element. Finally, the spectral dynamic stiffness matrix of the frame is obtained
by combining equations (16) and (17).

Sf =


SR(1, 1) 0 0 SR(1, 2) 0 0

0 SB(1, 1) SB(1, 2) 0 SB(1, 3) SB(1, 4)
0 SB(2, 1) SB(2, 2) 0 SB(2, 3) SB(2, 4)

SR(2, 1) 0 0 SR(2, 2) 0 0
0 SB(3, 1) SB(3, 2) 0 SB(3, 3) SB(3, 4)
0 SB(4, 1) SB(4, 2) 0 SB(4, 3) SB(4, 4)

 (18)

To transform from the local coordinate system to the global coordinate system, the rotation matrix given by Eq. (3) is
used as follows:

S = ΨTSfΨ (19)

The equation of dynamic equilibrium remains the same as in the FEM, given by Eq. (6), and the dynamic matrix of the
resonators is given by Eq. (8), which takes into account that the resonators are in the degree of freedom of the transverse
displacement at the junction node of each material.

3. RESULTS AND DISCUSSION

The presented methods are used for the proposed structure, where numerical simulations are performed. Tab. 1
presents the structural geometric parameters and material properties used in the simulation.

To validate the calculated results, the transmittance between the points Q and the applied force were calculated using
the FEM, WFE, and SEM methods. Fig. 5 shows the transmittance and dispersion diagram of a 6x2 structure, where
all three methods converge to the same result. The properties of the structure are described in Tab. 1, with a structural
damping coefficient of η = 0.01 and a free-free boundary condition, a force of Fo = 1 N is applied.

Figure 5a shows the attenuations caused by the local resonance effect between 1100 Hz and 1600 Hz in the first gray
region, due to the coupled local resonators in the structure. For the subsequent three highlighted regions, the destructive
Bragg effect can be observed, which is generated by the impedance mismatch created by the composition of the phononic
crystal. Fig. 5b displays the dispersion diagram, composed of a real part (red) and an imaginary part (blue). The dispersion
diagram is obtained from the wave number in Eq. (12) and illustrates the wave propagation in a structure with an infinite
number of cells. The real part represents the propagating waves, while the imaginary part represents the evanescent waves.
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Table 1: Structural Parameters and Material Properties.
Geometry/Property Value
Steel density (kg/m3) 7800
Steel Young’s module (Pa) 210 · 109
Polyacetal density (kg/m3) 1140
Polyacetal Young’s module (Pa) 2.41 · 109
Cross-sectional area (m2) 8 · 10−4

Beam Length (m) 0.3
Steel beam length (m) 0.09
Polyacetal beam length (m) 0.12
L (beam length) (m) 0.3
β (polyacetal composition %) 40

(a) Transmittance. (b) Dispersion diagram.
Figure 5: Transmittance and dispersion diagram for a 6 x 2 structure. The spring stiffness is kr = 1 × 107 Pa and
mr = 0.1233 kg, and the resonator’s natural frequency is 1433.5 Hz.

The bandgaps occur when the real part is equal to zero or π (Bragg limit). In this structure, the four formed bandgaps are
represented in the frequency ranges of attenuation in the forced response. The attenuations caused by the Bragg effect due
to the composition of the phononic crystal in the structure occur at frequencies above 1000 Hz. The coupling of a local
resonator in the structure allows for the control of vibrations at frequencies below 1 kHz. Fig. 6 presents a comparison
between the forced responses of the structure with and without the resonator. The highlighted region in Fig.6a illustrates
the attenuation caused by the local resonance of the coupled resonator, between 700 Hz and 1050 Hz. In this frequency
range, the control is mainly influenced by the mass of the resonator, as described in Eq. (8). Fig. 6b displays the dispersion
diagram with the highlighted bandgap region of the resonator.

(a) Transmittance. (b) Dispersion diagram
Figure 6: Transmittance and dispersion diagram for a 6x2 structure with and without local resonators. The spring stiffness
is kr = 1× 107 Pa and the mass of the resonator is mr = 0.3082 kg, with a natural resonant frequency of 906.63 Hz.
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Figure 7 presents the results of the WFE method for the attenuations near the resonant frequencies of the resonator,
as a function of its mass, which was varied from 5% to 25% of the mass of each Euler-Bernoulli beam. These results are
consistent with other authors, such as (Xiao et al., 2013; Zhang et al., 2019). The attenuations occur due to the interaction
between the added mass and the vibrational properties of the resonator. Increasing the mass causes a shift in the resonant
frequency, resulting in different levels and frequency ranges of attenuation. This enables greater vibrational control at
lower frequencies.
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Figure 7: Transmittance for a 6 x 2 structure. The spring stiffness is kr = 1 × 107 Pa. The resonant frequencies of each
resonator, respectively : 1434 Hz, 1170 Hz, 1014 Hz, and 906 Hz.

Figure 8 shows two structural parametric variations obtained using the WFE method. In Figure 8a, there is a variation
in the composition of polycetal in each Euler-Bernoulli beam, ranging from 10% to 60%, while the mass of the resonator
is kept at 10% of the beam’s mass. It can be observed that for compositions below 25% of polycetal, the resonator does
not have a significant effect, and the Bragg effect occurs only at high frequencies. With an increase in the polycetal
composition (β), local resonance arises at lower frequencies, and the attenuation band widens. Additionally, the Bragg
effect, caused by the impedance difference in the structure, emerges at frequencies between 2 kHz and 3 kHz.

(a) Variation in material composition. (b) Variation in the length of the Euler-Bernoulli beam.
Figure 8: Transmittance for a 6 x 2 structure. The spring stiffness is kr = 1× 107 Pa..

For the variation of the length of the Euler-Bernoulli beam between 0.1 m and 1 m, with β = 40% and the mass
of the resonator at 10% of the mass of the beam, Fig. 8b shows that the local resonance occurs above 0.25 m in the
frequency range between 1.0 kHz and 1.8 kHz. These local resonances add to the first attenuation region of the Bragg
effect, providing attenuation in the frequency range between 1.8 kHz and 6.0 kHz.

4. CONCLUSION

This work presented a metastructure composed of different materials, forming a phononic crystal with local resonator
coupling. The FEM, WFE, and SEM methods were implemented, and the results obtained demonstrated convergence
among them, indicating that the structure can be analyzed using any of these methods.

The results identified the frequencies of bandgaps in the dispersion diagram and attenuation in the transmitance,
formed by the effect of the resonator and the Bragg effect. The Bragg effect occurs at higher frequencies, while the local
resonators assist in vibration control at lower frequencies. The width of the attenuation band can be controlled through
the mass of the resonators.

For the proposed standard structure, it was found that compositions above 25% of polyacetal in the Euler-Bernoulli
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beam exhibit a local resonance effect. Furthermore, it was observed that with the increase in the structure’s length, the
effect of the resonators acts in conjunction with the Bragg effect, expanding the attenuation range.
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