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Abstract. The lattice Boltzmann method (LBM) is a mesoscale numerical method that has been largely applied for
simulating multiphase and multicomponent flows, giving its facility for considering the interaction between different
phases and components. Many multiphase LBM models can be found in the literature. Assessing the limitations of those
models is of high relevance as it allows to select the strategy with the best balance between accuracy and computational
performance for each application. Because of this, the present work compares two multiphase LBM widely used in the
literature: 1) the pseudopotential LBM, and 2) the Cahn-Hilliard-based phase-field LBM. The simulations performed
correspond to a 1D liquid-gas phase change problem (the Stefan problem) ranging across three reduced temperatures
(0.97, 0.86 and 0.76), and two working fluids (water and R134a). In comparison with the analytical solution, the results
show that the pseudopotential LBM can capture the liquid-gas interface advance correctly only for the higher reduced
temperature (TR = 0.97), presenting unsatisfactory results for others TRs. On the other hand, the phase-field LBM was
able to capture the interface advance for the three simulated TRs with good accuracy. However, due to stability issues,
for this latter model it was necessary to adopt low values of ∆t and ∆x, decreasing the overall computational efficiency
of the model.

Keywords: Liquid-gas phase-change simulation, phase-field lattice Boltzmann method, Pseudopotential lattice Boltzmann
method, Cahn-Hilliard equation.

1. INTRODUCTION

The liquid-gas phase-change phenomenon has attracted a lot of attention in the last decade (Carey, 2020). Giving its
power for energy transferring, it can be used as an efficient heat transfer mechanism for refrigerating systems, particularly
when the size of the refrigeration devices is small, having to dissipate more heat power in less area. Thus, the study of
vaporization processes is of great importance for understanding liquid-gas phase-change, as well as for the development
of refrigeration systems.

There are several possible approaches for the study of boiling phenomena, including experimental observations, theo-
retical formulations and numerical analysis (Zuber, 1959; Son et al., 2002). This paper focuses in the last kind of study.
Many numerical methods for multi-phase flows were developed over last decades, being the most famous the Level Set
method (Osher and Sethian, 1988; Fedkiw, 2003) and the Volume of Fluid - VOF method (Hirt and Nichols, 1981; Ferrari
and Lunati, 2013). However, the consideration of phase-separation, and the interface dynamics represent cumbersome
challenges for these traditional methods, particularly in fluid-solid interactions Liu et al. (2016).

The lattice Boltzmann method (LBM) is a mesoscopic numerical method based on the discretization of the Boltzmann
transport equation which was developed in the second half of the 20th century from the Lattice Cellular Automata method.
The mesoscale nature of the LBM allows the consideration of necessary properties and physical phenomena to treat
multiphase flows in a natural way, like by means of intermolecular forces, or by means of potentials tailored from the
system’s free energy (Premnath et al., 2005). Consequently, the LBM is an attractive numerical alternative to traditional
methods when dealing with liquid-gas phase-change problems.

In the last three decades, several LBM models for multiphase flows were developed, such as the color-gradient method
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(Gunstensen et al., 1991), the free-energy-based models (Swift et al., 1996), the pseudopotential method (Shan and Chen,
1993), and the phase-field-based models (He et al., 1999). Therefore, it is important to evaluate the limitations and
advantages of each model in relation to the others.

In this paper, we present the comparison between the performance of the pseudopotential LBM model proposed by Li
et al. (2013) and the phase-field-based LBM model proposed by Lee and Liu (2010) with the modifications proposed by
Safari et al. (2013) to consider phase-change. The Stefan problem was considered for this analysis, along with two fluids
(water, and R134a) at three reduced temperatures (0.97, 0.86, and 0.76). The numerical results were compared with the
analytical solution for evaluating the accuracy of each method.

2. METHODOLOGY

In this section, we present a brief description of each LBM model considered in this work.

2.1 Pseudopotential Lattice Boltzmann Method

The pseudopotential method bases on the addition of forcing terms in the traditional LBE in order to mimic the
interaction between the particles of the fluid (and eventually, between fluid-solid particles). The traditional LBE for a
generic collision matrix Λij with a forcing scheme similar to the proposed by Guo et al. (2002) can be given by the
following equation (Krüger et al., 2017),

fi(x+ ei∆t, t+∆t)− fi(x, t) = −∆t
[
M−1ΛM

]
ij

[
fj − feqj

]
(x,t)

+∆tM−1
ij

(
Iij −

∆tΛij
2

)
Sj |(x,t), (1)

where Iij is the identity matrix.
The macroscopic variables such as density and momentum are given by the moments of the distribution functions fi:

ρ(x, t) =
∑
i

fi(x, t), (2)

ρu(x, t) =
∑
i

eifi(x, t) +
∆t

2
F(x, t) , (3)

where F denote the forces acting on the fluid. Also, the equilibrium distribution functions are defined by

feqi (x, t) = ρ(x, t)ωi

[
1 +

ei · u(x, t)
c2s

+
(ei · u(x, t))2

2c4s
− u(x, t) · u(x, t)

2c2s

]
, (4)

where cs the sound speed, ωi the lattice weights and ei the discrete particle velocities, which depends of the velocity
scheme chosen (Qian et al., 1992).

Over the years many collision schemes have been developed. One of them is the BGK collision operator (Bhatnagar
et al., 1954), which assumes that the collision matrix Λij is a diagonal matrix with all its diagonal elements equal to 1/τ ,
where τ is a time relaxation parameter. Emplyoing the Chapman-Enskog analysis (Chapman and Cowling, 1952), it is
possible to relate this time relaxation parameter with the fluid kinematic viscosity as ν = (τ −∆t/2)c2s.

However, this linear collision operator can be more prone to unstable behavior. The Multiple-relaxation-time (MRT)
collision operator can be utilized to overcome this issue. First, the collision process is transformed to the momentum
space multiplying Eq. (1) by the transformation matrix M (see Krüger et al. (2017)). The collision matrix for the MRT
is defined also as a diagonal matrix with each element of the main diagonal related to one moment of the distribution
function. For example, for the D2Q9 velocity scheme: Λij − diag(τ−1

ρ , τ−1
e , τ−1

ζ , τ−1
j , τ−1

q , τ−1
j ,

τ−1
q , τ−1

ν , τ−1
ν ). After processing the collision process, the post-collision distribution functions f∗i can be obtained by

multiplying the post-collision moments m∗ by the inverse of the transformation matrix (f∗ = M−1 ·m∗).
The interaction force Fm is the key concept used by the pseudopotential LBM to deal with the phase-change process,

representing the interaction forces between the molecules of the fluid. Following Chen and Doolen (1998), this force can
be defined by Eq. (5). In that equation, wi are weights defined as wi = 1/3 if |ei|2 = 1 and wi = 1/12 if |ei|2 = 2
(Sbragaglia et al., 2007). Also ψ(x, t) is the pseudopotential field, and G corresponds to the interaction strength.

Fm(x, t) = −Gψ(x, t)
∑
i

wiψ(x+ ei∆t, t)ei (5)

The pseudopotential term can be defined as a function of the thermodynamic pressure from a non-ideal equation of state
(EOS), as indicated in Eq. (6). With this equation, G no longer stands for the intermolecular strength, being used only to
guarantee a positive value inside the square root. The value G = −1 was adopted in this work.
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ψ(x, t) =

√
2 [pEOS(x, t)− ρ(x, t)/3]

G
(6)

The thermodynamic pressure is modeled in terms of the Peng-Robinson EOS (7), where Tc is the critical temperature,
γ is the acentric factor, R is the universal gas constant, a = 0.45724R 2T 2

c /pc, b = 0.0778RTc/pc, and pc is the pressure
at the critical point.

pEOS(x, t) =
ρ(x, t)RT (x, t)

1− bρ(x, t)
−

1 +
(
0.37464 + 4.54226γ − 0.2699γ2

) (
1−

√
T (x, t)/Tc

)
1− 2bρ(x, t)− b2ρ(x, t)2

(7)

The forcing term Si is defined defined as (Jaramillo et al., 2022):

S =



0

6 (u · F) + 12σ(Fm·Fm)2

ψ2(τe−∆t/2)

−6 (u · F)− 12σ(Fm·Fm)2

ψ2(τζ−∆t/2)

Fx
−Fx
Fy
−Fy

2(uxFx − uyFy)
uxFy + uyFx


. (8)

The subscripts x and y indicate the coordinate directions of F and u. The parameter σ is used in the forcing term to ad-
just the thermodynamic consistency of the pseudopotential model (Lycett-Brown and Luo, 2015). A correction term C =

M−1
[
0, 1.5τ−1

e (Qxx +Qyy) ,−1.5τ−1
ζ (Qxx +Qyy) , 0, 0, 0, 0,−τ−1

ν (Qxx −Qyy),−τ−1
ν Qxy

]
is added to Eq. (1) to

tune the surface tension in the LBM model, guarantying its value matches the surface tension of the simulated fluid
(Jaramillo et al., 2022). In this additional term, Q is defined as Q = κG2 ψ(x, t)

∑
i wi [ψ(x+ ei∆t, t)− ψ(x, t)] eiei,

where κ is the tuning parameter.
In the simulations considered in this work, a two-dimensional domain was setup by utilizing the D2Q9 scheme. To

preserve the symmetry of the problem, the top and bottom boundaries were considered adiabatic rigid walls. For more
details about the pseudopotential model used in the simulations the interested reader is referred to Jaramillo et al. (2022).

2.2 Cahn-Hilliard-based Lattice Boltzmann Method

The phase-field model considered in this work corresponds to the multi-phase LBM developed by Lee and Liu (2010),
with the modification proposed by Safari et al. (2013) for the consideration of the phase-change process. Defining ϕ as
the phase concentration, it is assumed that ϕ = 1.0 for the liquid phase, and ϕ = 0.0 for the gas one. Then, the LBE for
recovering the Cahn-Hilliard equation can be defined as follows,

hi(x+ ei∆t, t+∆t)− hi(x, t) = −∆t

τ
[hi − heqi ](x,t) + ...

∆t (ei − u) ·
[
∇MDϕ− ϕ

ρc2s

(
∇MDp+ ϕ∇MDµ

)]
(x,t)

+ ...

∆t

2

(
MΓi∇2µ− ṁ′′′

ρl

)
(x,t)

+
∆t

2

(
MΓi∇2µ− ṁ′′′

ρl

)
(x+ei∆t,t)

,

(9)

being p(x, t) the hydrodynamic pressure of the system, ρ(x, t) the local density,M the mobility, µ the chemical poten-
tial, and ṁ′′′ the volumetric source of vapor mass. The parameter Γi is defined as Γi = ωi

[
1 + ei·u

c2s
+ (ei·u)2

2c4s
− u·u

2c2s

]
(x,t)

.

The equilibrium distribution functions are defined as Eq. (10).

heqi (x, t) = ωiϕ

[
1 +

ei · u
c2s

+
(ei · u)2

2c4s
− u · u

2c2s

]
(x,t)

−∆t

2
(ei − u) ·

[
∇CDϕ− ϕ

ρc2s

(
∇CDp+ ϕ∇CDµ

)]
(x,t)

(10)
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The macroscopic liquid concentration ϕ can be recovered from the distribution functions hi by its zero-order moment as:

ϕ(x, t) =
∑
i

hi(x, t). (11)

The density field can be calculated as a linear function of the concentration: ρ(x, t) = ϕ(x, t)ρl + (1− ϕ(x, t))ρv .
For the fluid momentum conservation equation, the LBE with the BGK collision operator can be defined by Eq. (12).

gi(x+ ei∆t, t+∆t)− gi(x, t) = −∆t

τ
[gi − geqi ](x,t) + ...

∆t (ei − u) ·
[
∇MDρc2s (Γi − Γi(0))− ϕ∇MDµΓi

]
(x,t)

+ ...

∆t

2
ρc2sṁ

′′′
(

1

ρv
− 1

ρl

)
Γi(0)|(x,t) +

∆t

2
ρc2sṁ

′′′
(

1

ρv
− 1

ρl

)
Γi(0)|(x+ei∆t,t)

(12)

The equilibrium distribution function for the pressure distribution functions gi can be defined as,

geqi (x, t) = ωi

{
p+ ρc2s

[
ei · u
c2s

+
(ei · u)2

2c4s
− u · u

2c2s

]}
(x,t)

− ...

∆t

2
(ei − u) ·

[
∇CDρc2s (Γi − Γi(0))− ϕΓi∇CDµ

]
(x,t)

.

(13)

The macroscopic pressure and momentum of the fluid are recovered by the moments of the distribution function as:

p(x, t) =
∑
i

gi(x, t) +
∆t

2
u · ∇CDρc2s, (14)

ρu(x, t) =
1

c2s

∑
i

eigi(x, t)−
∆t

2
ϕ∇CDµ. (15)

Considering the BGK collision operator, it is possible to recover the conservation laws (mass and momentum) from
the LBE by employing the Chapman-Enskog analysis. Doing so, the relaxation can be related to the kinematic viscosity
of the fluid as ν = (τ −∆t/2) c2s.

The spatial derivatives ∇CD (central difference), ∇MD (mixed difference), and ∇2 are calculated in the same way as
suggested by Lee and Liu (2010).

The chemical potential can be calculated from the free energy function as µ = ∂ϕψ − κ∇2ϕ (Bray, 1994), being ψ
the volumetric free energy. In the neighborhood of the critical point, a simplification for the volumetric free energy can be
adopted: ψ(ϕ) = βϕ2(1−ϕ)2 (Rowlinson and Widom, 1982). Although this approach assumes that the fluid is isotherm,
it is still a reasonable approach when considering heat transfer problems, as it will be verified by the results in this paper.

The final expression for the chemical potential is: µ = 4βϕ(ϕ − 1)(ϕ − 1/2) − κ∇2ϕ. The constants β and κ are
related with the surface tension of the fluid σ and the interface width W as κ = 3

2σW and β = 12σ
W . Because the model is

based on the consideration of a diffuse interface between the fluid phases, in all the simulations of this paper we assumed
an interface width of W = 5∆x.

The volumetric mass source of vapor is derived assuming that all the heat transferred do the liquid-gas interface is
consumed for vapor generation. Then according to Safari et al. (2013),

ṁ′′′ =
kg∇CDT

hlv
· ∇CDϕ. (16)

For this method, D1Q3 velocity scheme was adopted in the simulations, along with the wet-node boundary approach.

2.3 Thermal Lattice Boltzmann Method

The two population model was adopted in order to model energy transfer, such model considers an additional dis-
tribution function si for the thermal energy propagation. Neglecting the viscous dissipation and compression work, and
considering incompressible flows and constant fluid properties (density, specific heat and conductivity), the LBE with the
BGK collision operator for the energy equation can be expressed as (Krüger et al., 2017):



27th ABCM International Congress of Mechanical Engineering (COBEM 2023)
December 4-8, 2023, Florianópolis, SC, Brazil

si(x+ ei∆t, t+∆t)− si(x, t) = −∆t

τs
[si(x, t)− seqi (x, t)] . (17)

And the following linear equilibrium distribution function was considered:

seqi (x, t) = ωiT (x, t)

[
1 +

ei · u(x, t)
c2s

]
. (18)

Then, the temperature distribution on the domain can be recovered according to:

T (x, t) =
∑
i

si(x, t) (19)

The relaxation time is related with the thermal diffusivity of the domain by the relation α = (τs −∆t/2) c2s.
For one-dimensional simulations with wet-node boundary scheme, the Dirichlet’s boundary conditions can be imple-

mented as suggested by Mohamad (2019). For example. considering a fixed temperature Tw, the unknown function at the
boundary node xw, indicated by the label "unk", can be calculated as siunk

(xw, t) = Tw −
∑
i ̸=iunk

si(xw, t).

3. RESULTS

The main goal of this paper is the comparison between the performance of two lattice Boltzmann models for liquid-gas
phase-change problems: the pseudopotential model and the Cahn-Hilliard-based model proposed by Lee and Liu (2010).
Then, similar to Welch and Wilson (2000) a simple vaporization problem with analytical solution was selected as test for
this comparison: the Stefan problem. The existence of an analytical solution allows for a better analysis of the results
provided by each method, favoring a quantitative comparison of the results.

3.1 The Stefan Problem

The Stefan problem consists in a resting saturated liquid in contact with a super-heated wall with constant temperature
Tw at the left boundary. The excess of energy coming from this boundary triggers the vaporization of the liquid, since
Tw > Tsat (being Tsat the saturation temperature of the fluid). As the emerging gas phase transfers the heat to the liquid-
gas interface, more vapor is generated and the interface advances towards the liquid region. Fig. 1 shows a scheme of this
physical setting.

Figure 1: Ilustration of the Stefan problem for a liquid-gas interface.

Both phases are assumed to be incompressible, and the liquid is assumed to remain at saturation temperature, meaning
that all the heat transferred by the gas phase is consumed in the vaporization process (Stefan boundary). Thus, there is
only heat diffusion in the vapor. Considering a one-dimensional formulation, the mathematical equations that model the
problem are presented in Eq. (20), being ρ the density, k the thermal conductivity, α the thermal diffusivity and hlv the
latent heat of vaporization. The subscript v indicates the properties for the vapor phase.


∂tT = αv∂xxT, if 0 ≤ x ≤ xi(t)

T (0, t) = Tw

T (xi(t), t) = Tsat

ρvui(t)hlv = −kv∂xT |xi(t)

(20)

From this set of equations it is possible to obtain a solution for the interface position in time, xi(t), as well as its
velocity, ui(t). This solution is given by (Hahn and Özişik, 2012):

xi(t) = 2λ (αgt)
1/2

, (21)

being λ a constant determined by the transcendental Eq. (22), with cp,g being the specific heat of the gas at constant

pressure. The interface velocity can be obtained from Eq. (21), and it reads ui(t) = ∂txi(t) = λ
(
αvt

−1
)1/2

.
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(a) (b)
Figure 2: Interface position (a) and velocity (b) for saturated water, considering Tr = 0.76.

(a) (b)
Figure 3: Interface position (a) and velocity (b) for saturated water, considering Tr = 0.86.

λeλ
2

erf(λ) =
cp,g (Tw − Tsat)

hlv
√
π

=
St√
π
, (22)

where St = cp,g (Tw − Tsat) /hlv is the Stefan number.

3.2 Numerical Solutions and Discussion

The properties of water and R134a, such as ρ, cp, k, hlv, σ (surface tension), and ν (kinematic viscosity), were taken
from the CoolProp library (Bell et al., 2014). The wall temperature Tw was assumed in such a way to configure a Stefan
number about St = 0.1 for all the simulations. The same temporal and spatial discretization were used for both LBM
models: ∆t = 3.0 · 10−11s and ∆x = 5.0 · 10−8m. The simulations stop at the time for which the analytical solution for
the liquid-gas interface position reaches 5.0 µm. Then, the real time simulated can be expressed as:

tstop =

(
5 · 10−6

2λ

)2

α−1
v .

The left boundary was considered as a stationary wall modeled by the bounce-back rule for fi, gi and hi (see Guo and
Shu (2013)). The right boundary was considered an open outlet, implemented by the first order extrapolation method, see
Mohamad (2019). For the thermal related LBM, according to the Stefan Problem described in Sec. 3.1, the left boundary
remains at a constant temperature, implemented as mentioned in sec. 2.3. Whereas for the right boundary a first order
extrapolation method employed.
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(a) (b)
Figure 4: Interface position (a) and velocity (b) for saturated water, considering Tr = 0.97.

(a) (b)
Figure 5: Interface position (a) and velocity (b) for saturated R134a, considering Tr = 0.76.

An important aspect of the implementation of the phase-field LBM is that, in order to consider the liquid phase
temperature field constant (at Tsat), the thermal distribution functions si in the liquid region were assumed to be at
equilibrium with si = seqi (Tsat), similarly to what was adopted by Safari et al. (2013). Also, the choice of the mobility
parameter was the same as in Lee and Liu (2010), being M = 0.02/β. In addition, the phase-field model is not able to
generate the first amount of vapor from the initial saturated liquid in contact with the superheated wall. Thus, a small vapor
layer must be set on place at the beggining of the simulation. Whereas the pseudopotential method is able to generated
the first amount of vapor by itself (provided the thermodynamic conditions for it).

For the evaluation of the results’ accuracy, the L2 norm error was considered. This error was defined by (Roy, 2005):

EL2χ =

√∑N
i=1

(
χanaliti − χnumerici

)2
N

, (23)

where χ stands for some generic variable evaluated at N points of the domain.
The numerical results for both the interface position and velocity are presented in Fig. 2, Fig. 3, Fig. 4 (for the saturated

water system), Fig. 5, Fig. 6, and Fig. 7 (for the saturated R134a). The dashed lines in these Figures represent the analytical
solution presented in Sec. 3.1.

By a first evaluation of the graphics in Fig. 2, Fig. 3 and Fig. 4 for water, and in Fig. 5, Fig. 6 and Fig. 7 for R134a, it
is possible to observe that the phase-field model was able to recover the position and velocity of the liquid-gas interface
coherently for all the three reduced temperatures simulated. On the other hand, the pseudopotential model had difficulties
for recovering correctly xi(t) and ui(t) for the lowest values of TRs considered.

A more quantitative comparison between the numerical solutions can be seen in Fig. 8, where the L2 errors are
represented for each TR. For both TR= 0.76 and TR= 0.86, the errors related with the pseudopotential method are about
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(a) (b)
Figure 6: Interface position (a) and velocity (b) for saturated R134a, considering Tr = 0.86.

(a) (b)
Figure 7: Interface position (a) and velocity (b) for saturated R134a, considering Tr = 0.97.

one or even two orders of magnitude above the errors related with the phase-field model. Only at TR= 0.97 the errors of
methods are comparable.

In summary, the errors are higher for the pseutopotential than for the phase-field model, excepting for the case of
saturated water at TR= 0.97, where the both methods present almost the same error.

Thus, the best results were obtained when employing the Cahn-Hilliard-based phase-field LBM proposed by Lee
and Liu (2010) with the Safari et al. (2013) modifications for considering the phase-change process. However, it is
important to notice that the low values of temporal and spatial discretizations used in this paper (∆t = 3.0 · 10−11s
and ∆x = 5.0 · 10−8m) represent computational limitations of this LBM model (it was not possible to achieve numerical
stability for higher values of ∆x and ∆t). This limitation was not observed for the pseudopotential model, which was able
to simulate the Stefan problem with coarser discretization values. These results for the pseudopotential are not presented
here since we limited our exposition to cases with the same spatial and temporal grids.
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(a) (b)
Figure 8: Errors for the numerical results in comparison with the analytical solution for the interface position xi (a) and
interface speed ui (b).

4. CONCLUSIONS

In this paper, the numerical solution of the Stefan problem was studied by the application of two different lattice
Boltzmann methods for simulating phase-change processes: the pseudopotential model, and the Cahn-Hilliard-based
phase-field model. It was considered two working fluids, namely water and R134a, at three reduced temperatures: 0.76,
0.86 and 0.97. The numerical results were quantitatively compared with the analytical solution of the problem in order to
evaluate the performance of each model.

The results show that the Cahn-Hilliard-based phase-field model used in this work achieved the better solutions,
presenting numerical results with good accuracy. However, this method suffers of stability issues, requiring to set low
values for the time and space discretization parameters, ∆x and ∆t, decreasing the computational efficiency of the method.

Despite of presenting worse results for lower TRs, the pseudopotential method reached a reasonable accuracy for
TR= 0.97. Moreover, opposite to the phase-field model, the pseudopotential method is not so sensitive to stability issues
related to ∆t and ∆x, allowing the use of coarser grids. An other advantage is that the pseudopotendial LBM can initialize
the nucleation process, unlike the phase-field LBM.

In future studies, it is important to expand the scope of phase-change problems considered in order to conduct a more
comprehensive analysis of the performance of Lattice Boltzmann Method (LBM) models. Additionally, the exploration of
alternative LBM models, such as the Allen-Cahn-based phase-field models or other Cahn-Hilliard-based and pseudopo-
tential models, would provide valuable insights. Other possibility is the inclusion of different collision operators, such as
the two- or multiple-relaxation-time operators, which could enhance the understanding of the capabilities and limitations
of the LBM applied to heat transfer.
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