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Abstract. When dimensioning the reinforced concrete structures, the engineer establishes an area of reinforcement steel
intending to, together with the compressed region of concrete, find the balance of the analyzed section. Concrete is a
brittle material and therefore does not have high tensile strength. For this reason, the introduction of reinforcement bars
in tensioned region is necessary so that the balance of the section is established. In this context, the knowledge of the
stress-strain diagram of materials is essential. In the case of concrete, its viscoelastic behavior still needs to be observed
in that context. Viscoelastic materials exhibit creep, characterized by the increase of strains over time, even if the stress
level is maintained unchanged. Creep modifies the stress-strain diagram of the concrete and, therefore, the internal lever
arm that defines the balance of forces in the section. In this work, the calculation of the reinforcement steel area of
sections in pure bending is studied by taking the stress-strain diagram of the concrete modified by the creep of the
material. A rectangular section, submitted exclusively to the action of a positive bending moment, is examined. The
definition of the reinforcement steel area is done for different time instants.

Keywords: Reinforced concrete structures, Stress-strain diagram, Pure bending, Creep of concrete, Reinforcement
steel area.

1. INTRODUCTION

Reinforced concrete is a composite material widely used in civil construction sectors, which combines concrete with,
in most cases, steel bars. The union of these two materials, with different mechanical characteristics, creates conditions
for structures in bending to be durable, resistant, and able to overcome large spans with relative economy and efficiency.
This is due to the combination of the mechanical properties of each of these materials. While concrete resists well to
compression, steel resists to both tensile and compressive stresses. Song and Hwang (2004) state that the brittle aspect of
concrete, which results in low tensile strength and low deformation capacity, can be compensated by adding steel
reinforcement.

In the dimensioning of reinforced concrete structures, the project engineer starts his work by conceiving a structural
arrangement, then accounts for the loads and subsequently performs the calculations considering preliminary dimensions
of a cross section. The aim is to establish a steel area that can lead, together with the compressed region of the concrete,
to the balance of the analyzed section.

Concrete is a brittle breaking material and therefore does not have a high tensile strength. Even its small resistance is
usually disregarded for design purposes. During the bending, a positive bending moment, for example, causes tension in
the fibers below the neutral line and compression in the superior ones. For this reason, the introduction of steel bars in the
tensioned region is necessary for the cross section to be balanced. This balance occurs due to the formation of internal
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forces that are mobilized due to the presence of steel and concrete. Horizontally, these forces compensate each other
because they are coplanar, but their positions are not collinear. This means that there is a distance, or lever arm, between
the resultant of tension, in the reinforcement, and that of compression, in the concrete. This gives rise to an internal
moment capable of promoting the cross-section equilibrium with respect to rotation. As the tensile strength is calculated
by the product between the yield stress of the steel and the total area of the reinforcement, the required area of steel is
calculated.

In this process, the knowledge of the stress-strain curve of the materials is essential. In the case of concrete, its
viscoelastic behavior still needs to be observed. Viscoelastic materials exhibit creep, characterized by the increase in
deformations over time, even if the level of stress is kept unchanged. This phenomenon occurs predominantly due to the
movement of water in the voids present inside the hardened concrete mass. Creep modifies the concrete stress-strain curve
and, therefore, the lever arm that defines the cross-section equilibrium. For this reason, the definition of the steel
reinforcement area of structures in bending should be made based on the concrete stress-strain diagram modified by the
creep of the material, as well as other properties that are intrinsic to it (Nicoletti et al., 2022). In this sense, in the design
of reinforced concrete parts, it is essential to have technical considerations and calculation routines that guide the
verification and design processes within the scope of structural analysis. The definition of the type of steel and concrete,
and the determination of loads are fundamental in this process. According to Giorlaa and Dunantb (2018), it is necessary
to know the short-and long-term behavior of concrete, including its viscous properties, since these change the initial
design conditions.

Creep is a physical phenomenon characterized by progressive deformation as a function of time, even under constant
loading (ACI-209R-08, 2008). This phenomenon occurs due to gradual atomic rearrangements inside the materials and
the movement of retained water after the hardening of the fluid mass. The atomic rearrangement, the shape of the
aggregates, and the movement of water between voids can potentiate this phenomenon. Su et al. (2017) call the attention
for the fact that the creep behavior of concrete has not yet been fully studied. Pena et al. (2022) state that creep
deformations are the reflection of internal micro-mechanisms that occur in concrete structural elements when they are
loaded. According to Zhou et al. (2022), the creep deformation of concrete is subject, among other aspects, to the duration
in which the load is applied. On the other hand, Wei et al. (2018) state that creep also depends on the type of loading that
the parts of concrete are subjected to. Creep reduces the product of inertia of structural concrete components in bending
when subjected to long-term loading (Elaghoury and Bartlett, 2019).

In general, concrete structures are exposed to environmental conditions, and therefore subject to variation in humidity
and temperature levels. These factors directly interfere with the occurrence of creep (Magalhdes et al., 2022). Other
aspects such as the high water/aggregate ratio and low concrete strength are also determining factors. According to Yu et
al. (2020), when concrete is subjected to elevated temperatures, there is an increase in the rupture speed of the material
microstructures, which enhances the phenomenon. Zamaliev and Zakirov (2018) confirmed this mechanism when
analyzing the stress-strain state formed in reinforced concrete slabs when subjected to long-term loading. In turn,
Boumakis et al. (2018) affirm that that the creep of concrete is a phenomenon that directly contributes to the decrease in
durability of structures made with this material.

In the context of what was previously exposed, the present article aims to evaluate the steel reinforcement area
required for a reinforced concrete beam in pure bending, taking into account the concrete creep in the balance of internal
forces in the section. For this, a rectangular section, submitted exclusively to the action of a positive bending moment, is
examined in the definition of the steel area considering different instants of time.

2. CONCRETE STRESS-STRAIN DIAGRAM CONSIDERING CREEP

When dimensioning reinforced concrete cross sections, the primary objective is to find the area of reinforcement steel
required for the part to resist the forces to which it is subjected. Steel and concrete work together to produce the balance
of the cross sections. In general, concrete is responsible for holding compressive stresses and steel the tensile stresses. To
size the steel area, it is necessary to know the stress-strain diagrams of the two materials, and their inverse, in the case of
concrete.

In case of concrete, it is also necessary to consider the creep of the material, since it produces changes in the original
diagram that is defined for the initial instant of loading. This makes the analysis become time-dependent, since the strain-
stress diagram of concrete becomes a time function due to the gradual increase in strains. Time-dependent movements in
structural concrete indicate that there is a continuous change in strains regimen, with stress transfer from one material to
another (Ali and Forth, 2023). Figure 1 presents the stress-strain and strain-stress diagrams of concrete, letters (a) and (b),
respectively, by considering the creep phenomenon, there represented by the so-called creep coefficient, ¢(¢).

The curve that represents the stress-strain diagram of concrete can be divided into three well-defined parts, which are
related to the distinct stages of the mechanical behavior of the material. First, there is a stretch linear corresponding to the
elastic behavior, followed by a typically nonlinear one and continued by a third phase, which characterizes the plastic
behavior of the material, which extends to the ultimate limit state.

The elastic state, therefore, is composed of two phases: the linear elastic and the non-linear elastic phase. In the linear
elastic phase, the stress increases proportionally to strain up to &1, and Hooke's Law can be observed (Magalhies et al.,
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2022). In the non-linear elastic phase, the relationships between stresses and strains are no longer proportional, and the
curve assumes a parabolic shape up to &.. At this stage, the first micro-cracks appear inside the material.

In the plastic state, the concrete strength reaches its maximum value at &». Beyond this value, pre-existing and new
micro-cracks increase in size and accumulate, becoming larger cracks due to the increase of stresses at the ends of the
micro-cracks. In this state, the concrete loses a large part of its resistive capacity and is no longer able to recover its
original state. At this point, the structure begins to show visible signs of failure. The end of the plastic state is known as
the ultimate limit state and occurs at &.. In the ultimate limit state, there is a general failure of the concrete, which occurs
in a fragile way, without prior notice, due to the progressive growth of cracks.
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Figure 1. Stress-strain (a) and strain-stress (b) diagrams illustration creep considering.

According to ABNT NBR 6118:2014, the linear elastic phase is valid up to 50% of the design strength of concrete,
fea. The non-linear elastic phase is comprised between 50% and 85% of the design strength of concrete, that is, 0.5fcq and
0.85f:a. The plastic state is comprised between the strain at the initial point of yielding, &, and the ultimate concrete
strain, &,. Finally, the ultimate limit state occurs at the point of rupture, i.e., at the ultimate strain of concrete.

3. MATHEMATICAL PROCEDURE

To obtain the reinforcement steel area, it is necessary to use the equation that defines the stress-strain diagram of
concrete provided by ABNT NBR 6118:2014, described by Eq. (1):
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fea is the design strength of concrete, which is equivalent to its characteristic strength, fi, reduced by a safety factor, %,
which considers the uncertainties regarding the material. In the previous equations, o and & are, respectively, the concrete
stress and strain, with » = 2 admitted for concrete with characteristic strengths up to 50 MPa. According to ABNT NBR
6118, &2 =2%o0, &u =3.5%0 and 3 =1.4.

After defining the diagram, it is necessary to calculate the area below the curve, 44, and the position of the centroid,
&, to establish, respectively, the contribution of the compressed portion of the concrete and the distance of this portion
to the neutral line, which is done in the form of Eqs (4) and (5), respectively:
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After carrying out the corresponding integrations, Eqs (6) and (7) are found for the area and the centroid of the
diagram, respectively:

1
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As seen, Eq. (6) defines the area below the curve of the strain-stress diagram of Figure 1(b), which represents the
distribution of stresses in the compressed region of the section. On the other hand, Eq. (7) defines the centroid of this
same curve, that is the place where the resultant of these stresses is sheltered, and consequently, its lever arm in relation
to the geometric center of the reinforcement to be positioned in the tensioned region. With the introduction of concrete
creep, the physical parameter portrayed in the equations, affected by this phenomenon, is the concrete strain, &, which
becomes a time-dependent quantity. This promotes changes in both, the area of the diagram and in the position of its
centroid. According to Magalhaes et al. (2023), when implementing creep strains in concrete, there will be an important
change in the constitutive relationship of the material, because creep modifies the stress-strain relationship of the concrete.

In order to determine the creep strains, it is important to take into account the slow and fast strain of concrete. The
rapid strain is irreversible and occurs during the first twenty-four hours after the structure is subjected to loading. On the
other hand, slow strain can be irreversible or reversible. The total strain of concrete, &(¢), which includes the creep portion,
is calculated by:

g(t) =e(1+ (Df(t)) (®)

where the creep coefficient, ¢(f) is composed of three parts in order to include, respectively, the fast, slow irreversible
and slow reversible deformations associated with the phenomenon. Thus, it is possible to write that:

Dp(t) = Da(t) + B () + () )

The creep coefficient parcels are defined in the set of equations from (10) to (16).
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where ¢ is the time when the analysis is performed; #, is the initial time, or the loading time, which, in the present case, is
adopted as being 28 days after the production of the material; H represents the ambient humidity, in percentage; 4 is the
area of the concrete section; P is the perimeter of the section in contact with the environment; and ¢4y is the fictitious
thickness.

After defining the creep coefficients, it is possible to obtain the total strain of the concrete and, consequently, to
promote changes in the strain-strain curves, and vice-versa, and calculate the new areas and their centroids at the instant
when the analysis should be performed. For this, it is necessary to rewrite Eq. (2) in terms of Eq. (8):

(1+0,)[1 - 0 <o, < 0.85f,

g(t) = (17
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With this, it is possible to obtain the area below the curve and the centroid for different time instants throughout the
aging of the structure. On the other hand, for dimensioning the reinforcement steel area, as recommended, it is necessary
to define the design strength of the steel, f.4, used in the reinforcement, which is done in accordance with Eq. (18):

fsa =j:f—f (18)

where s is the material safety factor, defined as 1.15.
The design bending moment, My, is established by increasing the characteristic value of the force, M, by a safety
factor, ym, related to permanent actions, which is 1.4, according to Eq. (19):

Mg =y M (19)

Figure 2 presents the static scheme and the diagrams of internal forces mobilized by the bending moment, M, acting
on the cross section. The action of the bending moment makes the resultant forces appear in the compressed concrete
region, R., and in the tensioned reinforcement region, R,. The first one, is positioned at the centroid of the concrete strain-
stress diagram, and the second one, at the geometric center of the reinforcement. The distance between the most
compressed fiber of the section to the geometric center of the reinforcement is defined by the effective height, d. Usually,
this distance is assumed to be d = 0.94, with / being the section height. The flat section hypothesis is admitted for this
loading condition, even though the section is formed by two materials, as indicated in Figure 2. This hypothesis states
that a section that was considered originally flat remains flat after deformation, including that of creep. It is important to
note that, due to creep, all parameters related to concrete become implicit functions of time, as established in equations
&) e (17).

The resultant force of compression, R., is obtained by:

R. = Agb, (20)

where Aq is the area of the stress-strain diagram and by, is the width of the beam. The resultant force on the reinforcement
is given by:

Rs = fsaAs @b
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where fq is the design steel yield strength and A is the total reinforcement area to be calculated. In the horizontal static
balance, the resultants of concrete, R., and steel, R, are equal, because there is no movement of the section in that
direction. Thus, it can be written that:

R, = R; (22)

Therefore, from the equality derived from Eq. (22), the reinforcement steel area can be defined by Eq. (23):
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Figure 2. Rectangular beam sizing.

For the complete balance of the section to be established, the internal forces of concrete and reinforcement need to
be equivalent, coplanar, but not collinear. This condition ensures the balance regarding both translational and rotational
movements. The necessary condition for the equilibrium in rotation is that:

My =R.z =R,z (24)

where z represents the orthogonal distance, or lever arm, between the resultant forces of concrete and reinforcement, as
indicated in Figure 2. With this, it can be written that:

Md = AdeZ (25)

Observing Figure 3, obtained from Figure 2, it is possible to establish geometrical relationships between heights and
strains, in the section, which are:

X=X f-r:u-.'?c ; R
= C
________________ X ememmemims ey e Rl - —
X e 3 - :
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Figure 3. Rectangular beam sizing.
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where x represents the distance related to strain &, x is the distance from the neutral line to the most compressed fiber

of the concrete, corresponding to strain &, and Xz is the centroid position, taken with reference to the neutral line. The
area of the strain-stress diagram is obtained by replacing the strains in Eq. (6) by the respective distances in Eq. (26).
With this, Eq. (27) is obtained:

cl(1- ) - . @7)

cu

&
Ad = 085fcdx{1 +

The orthogonal distance between the line of action of the resultant force of concrete and that of steel is given by:
z=d— (x — xz) (28)

Then, from Eq. (26), it can be done that:

£
z=d—-x(1-——) (29)

cu

With the previous expressions, Eq. (25) can be represented by a quadratic equation in the form of Eq. (30):

Ix® + Jx — M, = 0, (0 < x < 0.5h) (30)
where:
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ABNT NBR 6118 establishes that the distance from the neutral line to the most compressed fiber, generally, cannot
be greater than 50% of the cross-section height, in order to ensure the ductility of the structure. Therefore, the only
admissible root of Eq. (30) is that between the null value and 0.54. Egs. (31) and (32) represent the dependent / and J
coefficients of the quadratic equation.

With the distance from the neutral line defined according to Eq. (30), it is necessary to return to Eq. (24) to obtain
the expression for calculating the reinforcement steel area, 4, in order to include the action of the bending moment. Thus:

g

My = fsaAsld = Xeeu (1 = )] (33)
scu

Therefore, the reinforcement steel area can be obtained from the expression in Eq. (34):

My

Ay = =
fuald =x(1 = 9]

(34)

which is a function of the bending moment on the section and the concrete strain-strain diagram parameters. The
reinforcement area established by Eq. (34) is obtained without considering creep. To include it, Eq. (34) must express
time dependence because concrete strains are, as in Eq. (17). Thus, the neutral line position also becomes a time-dependent
one. Therefore, Eq. (34) must be written in the form of the Eq. (35):

Mg

fuald = 21 - 2]

Ag(t) =

(35)
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4. NUMERICAL SIMULATION

Taking into account the considerations described in the previous items and the need to include creep in the design of
reinforced concrete structures in order to establish a reinforcement steel area compatible with the modified concrete
diagram, a programming routine in Python language was used to implement the formulations described above. The

parameters adopted in the simulation are shown in Table 1.

With the parameters indicated in Table 1, and assuming standard conditions for the concrete production, it was
possible to generate the graphs in Figure 4, (a) stress-strain and (b) strain-strain, both considering the creep of the material.
The results of the reinforcement area for different time instants, defined, in the present simulation, by mere convenience,

can be seen in Table 2.

Table 1. Input parameters.

Parameter

Value

Concrete characteristic strength C30 (fe)

Steel grade CA50 (fix)

Unfactored bending moment (M)

Cross section width (by)
Cross section height (%)
Relative humidity of air (H)

30 MPa
500 MPa
250 kNm

30 cm
65 cm
70 %

Table 2. Stress-strain diagram parameters and reinforcement steel area.

Figure 4. Stress-strain (a) and strain-stress (b) diagrams of concrete considering creep.

t (day)
Output parameter 0 28 100 500 1000 4000 20000
o, (MPa) 0.5fzd 10.71 10.71 10.71 10.71 10.71 10.71 10.71
¢ 0.85f. 18.21 18.21 18.21 18.21 18.21 18.21 18.21
&l 0.72 0.72 1.10 1.23 1.26 1.28 1.29
& (x 10'3) &2 2.00 2.00 3.07 3.44 3.51 3.57 3.60
Eeu 3.50 3.50 5.38 6.03 6.14 6.25 6.29
£ (x 107 2.04 2.04 3,14 3.52 3.58 3.65 3.67
A, (MPa) 51.61 51.61 79.31 88.85 90.49 92.08 92.76
A, (cm?) 1542 | 1542 23.70 26.55 27.04 2752 | 2172
0.007
— t=0
—— t=28 days
0.006{ —— t=100 days
—— t=500 days
—— t=1000 days
18.21 0.005 t=4000 days
—— t=20000 days
0.004
— t=0
;é: 1871 — t=28days o
s —— t=100 days “ 0.003
[ —— t=500 days
—— t=1000 days
# centroid t=4000 days 0.002
0.00 . —— t=20000 days
0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.001
&
0.000
0.00 10.71 1821
o.(MPa)
(@) (b)
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Figure 5 describes the evolution of the steel reinforcement area calculation over time. For this simulation, the loading
used refers to percentages ranging from 25% to 100% of the bending moment value defined in Table 1.

—— Calculation Bending Moment 100%
—— Calculation Bending Moment 75%
—— Calculation Bending Moment 50%
—— Calculation Bending Moment 25%

271
25+
234
214

o
o

25

—

w U N
| 1 ) .

0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000
t(day)

Figure 5. Steel area graph varying according to bending moment and time.

Table 3 details the results presented in the graph of Figure 5. It is possible to verify that, with the variation of time,
the area of the stress-strain diagram increases and, consequently, the reinforcement steel area. As the structure ages, there
is a need for a larger reinforcement area due to the transfer of stresses from concrete to reinforcement due to the material
creep (Wahrhaftig, 2020; Wahrhaftig et al. 2023). Furthermore, there is a trend towards convergence of the calculated
value of the reinforcement area around 4000 days after the structure is loaded.

Table 3. Reinforcement area according to the bending moment and time (cm?).

t (day)

Ma (KNm) 0 28 100 500 1000 4000 20000
87.5 3.53 3.53 5.42 6.07 6.18 6.29 6.34
175.0 7.25 7.25 11.14 12.48 12.71 12.93 13.03
262.5 11.20 11.20 17.21 19.28 19.63 19.98 20.13
350.0 15.42 15.42 23.70 26.55 27.04 27.52 27.72

5. CONCLUSIONS

In this paper has been evaluated the change in the reinforcement steel area required for the balance of a reinforced
concrete cross-section over time. The temporal analysis of the reinforcement area was necessary due to the inclusion of
concrete creep in calculation. In the studied case, it was verified that there were variations in the reinforcement area
throughout the analyzed period, reaching a maximum variation of 44% in relation to that calculated at the moment of
loading. Another finding worth noting is the tendency for the steel reinforcement area to converge after 4000 days of the
structure being put into service.
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