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Abstract. Guyed structural systems are commonly used in different engineering areas, but their designs are heavily
dependent on stability criteria due to their high slenderness ratio. The cables used in these structures are highly efficient
when tensioned, which allows them to absorb a significant portion of the loads acting on the structures. However,
accidents involving cable-stayed towers are not uncommon, with cable rupture being a frequent cause of structural
failure. In this study, we aim to analyze the statical and dynamical nonlinear behavior of a discrete plane guyed tower
model by a two degrees of freedom model. We also pay special attention to the effect of unilateral constraints on the
nonlinear displacements of the guyed tower. Unilateral constraints are critical in this type of application as they affect
the capacity of the stays to resist only the tensile efforts, which modifies the statical and dynamical analysis of the
proposed structural system. To account for geometric nonlinearity, we define the equilibrium equations by observing the
deformed configuration equilibrium under the action of external loads and prestressing in the cables. We carry out a
parametric analysis of the influence of the unilateral contact of the stays on the critical load, the post-critical behavior,
and in the nonlinear vibrations. Our findings reveal a significant influence of the consideration of unilateral constraints
on the statical and dynamical stability of the model, leading to a marked decrease in the critical load of the structure
and changing the dynamical bifurcation diagrams, suggesting that geometric nonlinearities and the restriction of the
contact of stays significantly affect the nonlinear behavior of this type of structure, and these effects must be taken into
account in the design step.
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1. INTRODUCTION

The improvement of construction techniques, associated with the use of new materials and the development of new
technologies, has resulted in projects of increasingly slenderness and flexible structures. Guyed structural systems contain
these aspects and are widely used in many engineering applications. As the structural elements are designed with greater
slenderness, the structure becomes more susceptible to lateral vibrations. Thus, as evidenced by Del Prado et al. (2010),
geometric nonlinearities are associated with their static and dynamic behavior. Carvalho (2008) reports that the efficiency
of cable-stayed structures to support axial loads is due to the presence of cable elements, which present high efficiency
when subjected to traction, fully meeting the required architectural and structural concepts.

Del Prado et al. (2010) and Ballaben et al. (2017) investigate a guyed tower structure model under wind loading. The
authors found that the pre-tension of the cables is the most important parameter in the analysis of the dynamic transverse
displacements of the structure. Marques et al. (2021) and Cucuzza et al. (2022) analyze the effects of geometric
nonlinearities and the influence of cable on the response of the static and dynamic structure of a continuous structural
model of a guyed tower. The results indicate that the studied model presents a highly non-linear response, even under low
load levels, therefore, this must be considered carefully in the design. The uniform distribution of cables can give rise to
coincident buckling loads and vibration frequencies (Marques at al., 2021). Giving the importance of cable analysis,
Sequeira et. al (2022) report that many accidents occur in guyed towers due to cable rupture. Thus, the authors investigate
the sudden rupture of one or two cables, arbitrarily selected, in the linear and non-linear response of the guyed tower
under static and dynamic loads of a tower model studied via finite elements. The results show that this type of structure
is sensitive to physical and geometric nonlinearities and to rupture, indicating that this cable rupture should be considered
in the design of the tower structure because the cable failure produces a reduction in buckling load and vibration.

According to Barbosa (1986), some structures may be in unilateral contact, which are boundary conditions that resist
the displacements of bodies only in certain directions or prevent such displacements. In this context, it is noteworthy that
guyed towers are a class of structures in which the consideration of the hypothesis of unilateral contact of the cables -
which resist the displacements of the tower if tensioned - must be considered to obtain a more accurate mathematical
model. In this sense, this work intends to investigate the unilateral contact (boundary condition) in the non-linear
oscillations of guyed towers. The unilateral contact is manifested in this type of application from the consideration of the
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capacity of the cables resist only the tensile forces, which strongly modifies the static and dynamic analysis of the
proposed structural system. From this contextualization, the analysis of stability and non-linear vibrations of guyed towers
is carried out, considering the unilateral contact of cables in the equivalent mathematical model.

2. MATHEMATICAL FORMULATION

Consider a discrete plan tower model with a central mast comprising two pinned rigid bars. The lower bar of length
h, has a rotational spring at its lower end, and a spring at the upper end that connects it to a consecutive rigid bar of length
h,. The lateral displacements are restricted by translational linear springs, representing the cables and responsible for
ensuring the stability of the structure. These springs with stiffness coefficients k., k,, k5 and k, are fixed at anchor points
arranged at a distance L from the tower. The tower is subjected to four loads, being an axial load P and a concentrated
mass m applied at the end of the tower, and axial loads p, and p,, corresponding to the self-weight of the bars of length
h, and h,, respectively. The system has two rotational degrees of freedom denoted by 6, and 6,, that represent the
rotations associated with rotational springs with stiffness coefficients k,, and kg,, respectively. Therefore, each bar has
a unique degree of freedom, and the structure is characterized by the series of these two variables that uniquely determine
its position in the deformed configuration. In Figure 1(a), the tower is shown in the fundamental equilibrium configuration
while Figure 1(b) presents the deformed configuration of the structure.
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Figure 1. Geometric model in (a) initial and (b) deformed configuration.

The structural stability is based on the energy criterion that relates the internal energy of deformation and the work
done by the external forces of the structure. The variation of the spring length, Al;, is expressed by the sum of an initial
cable elongation Al,, caused by the prestressing force acting on the springs, and a cable elongation, 4lp, that it is a
function of the rotations of the bars when they undergo the action of external load. Then Al; is written in the form:

Al; = (Alp); + (Alp)y, @
where the elongation due to the prestressing of the stays is given by:

(Aly); = —(Fo)i / k. @

It is noteworthy that the angles 6, and 6, are considered positive in the direction of rotation indicated by Figure 1b.

The expressions of Alp, when calculating the variation between the final and initial lengths of the four analyzed springs
and considering the proposed rotation, are given by:

Al, =[R2 +2Lhysin6, + 12 —Jh? + 1>, Al, =h?—2Lh;sin6, +1? —\[h? + 12,

Al,, =\/h? + h% + 2 hy hycos(0, — 6,) + 2L (hysinB, + hy siny) + L2 — VH? + L2, (3)

ALy, =\[hf + h3+2hy hycos(0, —0;) — 2L (hysin6, + hysin6,) + L? — H? + L2,
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The internal deformation energy of the system considers the contributions of the energy referring to each translational
spring, and the related rotational springs. The work of external loads considers the effects of loads P, p,, p, and the
concentrated mass m applied to the structure. So, the sum of these energies results in the variation of the total potential
energy:

& , 1 , 1 ) h, hy cos6;
FSi ki (Alg; + Alp))* + = kg 07 + 5 Koz (6, —01)* — Dy <_ - —>
Z ’ 2 2 2 2 @
i=

h, h, cos 8,
—p2<H—?—h100591—T>—(P+mg)(H—hlcosel—hzcosez),

N| -

A =

where the parameter FS; represents the Signum function, introducing in this formulation the consideration of unilateral
contact. This function is a mathematical consideration that extracts the sign of a real or complex number and, when applied
to the terms of the internal deformation energy referring to the springs, fulfills the objective of disregarding such elements
subjected to compression. In this context, to perform an analysis that considers the unilateral contact, FS; must assume
the following expressions:

signum (Aly; + Al,; 1
F5i=< g (201 pl)+§

),i=1,2,3,4. 5)

However, for an analysis that does not consider this restriction of unilateral contact, that is, the effects of all springs
will be accounted in the study of the behavior of the structural system (bilateral contact), FS; must assume a unit value.

The system of nonlinear statical equilibrium equations is obtained by deriving the expression of the total potential
energy, indicated by Eq. (4), as a function of the generalized coordinates, 8, and 6,:

4

1 d h,sin@

2 D [FSisg (e @t + 80,0%)| - P22~y by sin 6, + oy 6, = Ko (6, = 0)
i=1

06, 2 (6)
—(P+amg)hy;sinf; =0,
4
1 d 5 p2hy sin 6, .
Z Z [FSl-— (ki (Alog + ALy )] Pl S (0, —6,) — (P +am g) hysinb, = 0.
2 L 20, 2 (7)
i=

The statical equilibrium path of the system is determined using the standard Newton-Raphson method to solve the
equations (6) and (7), obtaining a series of values for P, 8, and 8, that represent the non-linear equilibrium trajectory.

To obtain the nonlinear dynamical equation, the Lagrangian approach is used, involving the kinetic energy and the
total potential energy. Obtaining the kinetic energy - that comprises two rigid bars with the density of the material, p, and
that the cross-sectional area, A - the nonlinear damped equilibrium equations assume the form indicated by Egs. (8) and

9).

A N pAR} pARS . dall
+mh1 91+ (mhthCOS(el—ez)) 92+2 3 + 3 w691+d_61=0, (8)

pAh}
3

3

N pAh3 5\ s pAR3 pARS . dan
(mhthCOS(Ql—GZ))Gl-l- 3 +mh2 92 + 2 3 + 3 a)€92+d—9220. (9)

The second order differential equations set, Egs. (8) and (9), are transformed into a system of first order differential
equations of motion. Then these systems are integrated in time using the 4™ order Runge-Kutta method. It is important to
notice that from the set of first order differential equations of motion, a Jacobian matrix can be obtained. The classification
of equilibrium points is determined by the eigenvalues 4,, 4,, 45 and 1, of the Jacobian matrix. Ricardo (2009) approaches
the classification of the stability of fixed points from the numerical characteristic of 1;. According to the author, if all the
eigenvalues have the real parts equal to zero, and the imaginary parts are not zero, there is a stable center. If all the
eigenvalue real parts are negative, the point is stable, and if at least one eigenvalue has a positive real part, it is classified
as unstable. A node and a focus are different equilibrium points where the first one all imaginaries parts of eigenvalues
must be null while the focus has its imaginary part of eigenvalues not null. The saddle is characterized by having real
eigenvalues with opposite signs.
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In this work, the nonlinear dynamic analysis of forced vibration is performed by assuming that the load P is a time-
dependent function, that is, it is considered that the tower is excited by a harmonic axial load in the form:

P = F; +F,cos(1), (10)

where F, and F, are threshold load ratios, and Q is the harmonic loading excitation frequency.

The brute-force numerical method was used to obtain the bifurcation diagrams due to its programming simplicity and
its scope to find several types of solutions, such as fixed points, periodic solutions, quasi-periodic solutions and chaotic
motions. Basically, in the brute force method, to identify the attractor associated with a given control parameter, a set of
initial conditions is chosen and the system is integrated for a sufficiently long time to arrive at the Poincaré mapping of

the permanent response (Del Prado, 2001).

3. NUMERICAL RESULTS

To obtain the numerical results, the following values corresponding to the parameters involving the model were
considered: hy =h,=5mH=30m,L=15m,p, =p, =49KkN,k =50kN/m,F, =5KkN,m = 1000kg, g =

9.81 m/s?,kg; = 10 kN /rad and kg, = 10 kN /rad.

3.1 Nonlinear Static Analysis

Figure 2 shows the nonlinear equilibrium path of the structural system under bilateral contact, projected in the two
orthogonal planes, P x 6, and P X 6,. The continuous lines correspond to the stable equilibrium configurations and the

dashed lines to the unstable configuration.
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Figure 2. Post critical path (bilateral contact): (a) in the A x 6, plane (b) in the 4 x 6, plane.

As expected, due to the symmetry of the system, the right and left branches of the nonlinear statical equilibrium path
are equal and there is the presence of a critical load (bifurcation point) in the fundamental equilibrium path (6, = 6, =
0). As the compressive load increases, a non-linear stable path is observed with increasing effective stiffness up to the
first maximum limit point. The limit point is followed by an expressive decreasing in stiffness until a minimum point,
and from this, the stiffness increases again. In this work, the load parameter P = 40 kN was adopted, in order to classify
all points along the non-linear trajectory of equilibrium submitted to this load. Note that there are five static equilibrium
configurations corresponding to this load: a center corresponding to the stable equilibrium position along the fundamental
path (CE1 — Stable Center 1), two unstable focus equilibrium along the path (FI1 — Unstable Centers 1), and two centers
related to stable equilibrium positions (CE2 — Stable Centers 2).

Considering the unilateral contact of the stays, the non-linear equilibrium paths are shown in Figure 3. Analogously,
to the post-critical path obtained for the bilateral contact, it is noted that the non-linear equilibrium trajectories along the
displacements are symmetrical. However, in this case there is no presence of critical loads, therefore, the non-linear
equilibrium path has a limit point associated with the rotations 6, e 8, (P;;;, = 52 kN). It is noteworthy that P;;,, is lower
than the critical load obtained in the analysis of the system with bilateral contact, given by P.. = 200 kN. Therefore,
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when considering the unilateral contact, it is found that there is a considerable decrease in the load that causes the process
of loss of stability due to the loss of stiffness of the structural system.
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Figure 3. Post critical path (unilateral contact): (a) in the 1 x 6, plane (b) in the A x 6, plane.

6, (rad)

34

o
w

Figure 4. Potential energy surface curves (unilateral contact).

When comparing the trajectories presented for the two forms of contact of stays, as shown in Figure 2 (bilateral) and
in Figure 3 (unilateral), it is notable that the stable path do not precisely comprise the same interval in both cases, since
few stable intervals are correspondents. For unilateral contact, there is a greater restriction for displacements related to 9,
compared to bilateral contact. On the other hand, there are larger intervals of stable 6, in the case where unilateral contact
is considered. The destaked points for the load parameter P = 40 kN, indicated in Figure 3, as well as in the potential
energy surface curves for the same case are shown in Figure 4. Note the existence of six static equilibrium configurations
for the analyzed load: two centers corresponding to stable equilibrium positions under small displacements (CE1), two
focus related to unstable equilibrium positions along the trajectory (FI1) and two related centers to stable equilibrium

positions with large displacements of 8, (CE2). The classification of these points is carried out based on the analysis of

the study of stability according to Lyapunov.
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3.2 Nonlinear Dynamic Analysis

In order to carry out the investigation of nonlinear oscillations and dynamic instability of a discrete guyed tower
system that considers unilateral contact, some nonlinear dynamics tools are used, such as phase portraits and bifurcation
diagrams. From the analysis of Figure 3, the unilateral contact modifies the statical nonlinear behavior of the guyed tower,
and it is expected important changes in the dynamic nonlinear behavior of this same tower.

For structures under dynamical loads, it is important to carry out a detailed study of the system response in the space
of the control parameters to detect the unstable regions. The following parameters are adopted: £ = 0.01,4 = 0.1 m? e
p = 0.01 kg/m3. Initially, the natural frequencies of the discrete guyed tower model are evaluated. For this, the
dynamical equilibrium equations, Egs. (8) and (9), are linearized around the vertical position of the tower (6; = 8, = 0),
and then the degrees of freedom are discretized in time as 6; = 6, cos(wt) and 8, = 8, cos(wt), leading to an eigenvalue
problem where w is the natural frequency of the discrete model. In this way, the natural frequencies w, = 7,07 rad /s e
w, =4,62rad/s are obtained for the bilateral and unilateral contact, respectively. When comparing the natural
frequency values for these two cases of contact, it is observed that the tower model subjected to bilateral contact has a
higher natural frequency compared to the model that considers unilateral contact. As some cables can be disregarded
during free vibration due to the unilateral contact of the stays, there is a decrease in the global stiffness of the structure
and, for this reason, the natural frequency is also reduced.

It is considered that the guyed tower is subjected to a harmonic axial load, as presented by Eq. (10). The term referring
to the static force of this load is considered F; = 0,4 P.., for the case in which bilateral contact, or F; = 0,4 Py, for the
analysis of unilateral contact. An analysis of the bifurcation diagrams corresponding to the excitation frequency 2 = 1wy,
or (1w,), for the bilateral and unilateral contact, respectively, are presented by Figures 5a and 5b. The bifurcation
diagrams, with emphasis on the solutions of 8, around the vertical position of the tower mast, are obtained through the
brute force algorithm, and have as control parameter the amplitude of the dynamic force, F,. Figure 5a indicates that by
increasing the amplitude of the dynamic force, the permanent response tending to the trivial solution (rotations equal to
zero) starts to present multiple periods as well as it loses stability and jumps to a non-trivial stable solution with a greater
amplitude of vibration. The equilibrium path in blue is symmetrical to the equilibrium path in red. It is noteworthy that
Figure 5 displays only the bifurcation diagram of 6: because the sequence of bifurcation for 6 is the same. So, for
simplicity and brevity to show the numerical results, we decided to present only the first bifurcation diagrams.

Regarding the analysis of unilateral contact, it is observed that there are no trivial solutions, since the system is
characterized by absence of fundamental path in these cases. Note that, when varying the values of F,, the bifurcation
diagram, shown in Figure 5b, presents several bifurcation points with sequences of branches with periodic, quasi-periodic
and chaotic vibrations. In terms of complexity and variety of dynamical solutions presented in the bifurcation diagram,
the unilateral contact of the stays causes a behavior similar to the case of the bilateral contact of the stays. However, for
small values of F2, the absence of trivial solution is the main change provoked by the unilateral contact.
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Figure 5. Bifurcation diagrams for (a) bilateral contact (b) unilateral contact

In Figures 6a and 6b, the phase portraits and the Poincaré sections of the points present in the bifurcation diagrams of
Figure 5 are illustrated. The same value of F, is considered in order to compare the phase portraits of the two hypotheses
of stays contact. The chosen value is F, = 100 kN. Figure 6a shows that the tower with bilateral contact assumes two
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non-trivial stable solutions of period 1T, indicated by the Poincaré sections A and C, and one trivial solution B. However,
the phase portrait of tower with unilateral contact, Figure 6b, indicates the presence of two stable responses of period 3T
for the permanent dynamical response. In other words, the dynamical behavior is strongly affected by the unilateral
contact hypothesis. The same behavior were observed in the plane 6,xd6./dt and it can be omitted without losing relevant

information about dynamic behavior.
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Figure 6. Phase plan and Poincaré Map for F, = 100 kN considering (a) bilateral contact (b) unilateral contact

Figure 7a shows that multi-period responses, represented by the Poincaré sections D, E, F and G, Figure 5a, are
obtained in the region around F, = 420 kN. These answers obtained through the consideration of bilateral contact show
the presence of quasi-periodic solutions. The quasi-periodic responses also are found for the bifurcation diagram related
to unilateral contact, as shown in Figure 7b, referring to the phase portrait of sections H and 1, as illustrated in Figure 7b.
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Figure 7. Poincaré Map for (a) F, = 420 kN (bilateral contact) (b) F, = 46 kN (unilateral contact)

4. CONCLUSIONS

A mathematical discrete model capable of considering only the cables that are effectively tensioned was developed
for a discrete plan guyed tower system. The presence of static loads and, mainly, dynamic loads in nonlinear structural
systems, such as the investigated tower model, are factors that make a meticulous analysis of the behavior of these
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structures necessary. As evidenced in the static and dynamic results, the consideration of unilateral contact in the analysis
of the stability of the structural system is responsible for strongly changes in the nonlinear equilibrium responses, since
there is a considerable loss of stiffness of the structural system.
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