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Abstract. Cylindrical panels are structural elements that have applications in many engineering fields as civil,
aerospatial, and mechanical engineering, among others. Generally, to prescribe their behavior and stability under
dynamic loads, the mathematical model must consider their geometric nonlinearities and contact with an elastic medium.
Thus, the objective of this work is to investigate the influence of a non-continuous, unilateral elastic base and an initial
geometric imperfection on the nonlinear vibrations of a simply supported cylindrical panel. The cylindrical panel is
described by the Donnell’s nonlinear shallow shell theory and is discretized using the Galerkin method. To reduce the
set of the discretized equations of the dynamical system, a perturbation method is employed to derive a reduced-order
model. The non-continuous elastic base model is represented by a Heaviside function, and the unilateral contact is
defined using the Signum function. To provide a thorough analysis, the study presents a dynamic analysis of the
cylindrical panel through backbone curves, bifurcation diagrams, phase portraits, and resonance curves. These results
provide a comprehensive understanding of the impact of the non-continuous, unilateral elastic base and the initial
geometric imperfection on the cylindrical panel. A two-degree-of-freedom efficient modal solution is employed to
sufficiently describe the nonlinear softening behavior of the cylindrical panel. The numerical results reveal that the non-
continuous, unilateral elastic base and the initial geometric imperfection have significant effects on the dynamic stability
of the cylindrical panel, showing some Neimark-Sacker bifurcation points in the resonance curves. Moreover, the stable
and unstable regions of the resonance curves exhibit important changes when compared with a cylindrical panel
featuring a non-continuous, bilateral elastic base. In conclusion, this study provides valuable insights into the effects of
non-continuous, unilateral elastic bases and initial geometric imperfections on the nonlinear vibrations of simply
supported cylindrical panels.
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1. INTRODUCTION

Cylindrical panels, also known as open circular cylindrical shells, are structural elements with applications in many
fields: engineering civil, aero spatial and mechanical engineering, among others. These structural elements usually are
slenderness, so it is necessary to consider their geometric nonlinearities in the mathematical model to describe their
behavior and stability under static and dynamic loads. Reviews of the literature about cylindrical panels are found in the
works of Amabili e Paidoussis (2003), Alijani e Amabili (2014), Martins et al. (2018) where these papers present several
cylindrical panels works under different loadings, strain fields, materials, boundary condition, among so many issues.

In the works of Younesian et al. (2019), Malekjafarian et al. (2021), Lamprea-Pineda et al. (2022) and Zhao et al.
(2022) the analyzes are for vibrations in different structural systems, such as beams, plates, cables, membranes, shells and
cylindrical panels, supported on an elastic foundation. The first studies on a unilateral foundation can be attributed to
Yechiel Weitsman (1971) where the analyzes were obtained for an Euler-Bernoulli beam, subjected to a concentrated
mobile load, and supported on a unilateral elastic base reacting only for compression. Since then, many works have
investigated the non-linear behavior of structures for different types of stiffness of the foundation or discontinuous elastic
base in the domain of the structural system, as the works of Amabili e Dalpiaz (1997), Tj et al. (2006), Silveira et al.
(2008), Kim (2015), Bahadori e Najafizadeh (2015), Bhattiprolu, Bajaj e Davies (2016), Yang et al. (2019), Babaei e
Eslami (2021), Song et al. (2022), Morais e Silva (2022).

This work aims to analyze the influence of a discontinuous unilateral elastic base in the nonlinear dynamic behavior
of a geometrically imperfect cylindrical panel. The cylindrical panel is described by Donnell's nonlinear theory,
discretized by the Galerkin method and a reduced order model obtained by a perturbation method. The discontinuous
elastic base with unilateral contact is described by a mathematical model that employs the Heaviside and Signum
functions.
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2. PROBLEM FORMULATION

An imperfect circular cylindrical panel, simply supported and of thin-walled, with radius R, thickness h, axial length
ax, circumferential length ay, and open-angle ®[=a4/R], is considered, as shown in Figure 1a. Its material is assumed as
linear elastic, isotropic and homogenous with Young’s modulus E, Poisson’s coefficient v, and density p. The
displacement fields in the axial, u, circumferential, v, and transversal, w directions are also represented in Figure 1a with
their cylindrical coordinates x, 6, and z, respectively. The Donnell’s non-linear shallow shell theory is considered, and the
nonlinear equation of motion and the compatibility equation of the cylindrical panel are given in terms of the transversal
displacement field w and the Airy’s stress function f, by:
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where ax is the fundamental frequency of the perfect cylindrical panel, 7 is the viscous damping factor, D[=Eh%12(1-
1A)] is the flexural stiffness. wo is an initial geometrical imperfection, p(t) is the time-dependent transversal load, and pk
is the reaction of the discontinuous unilateral elastic base, being described, respectively, by:
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where P is the magnitude of transversal load, e is the excitation frequency, and Ky and Kp are the Winkler and Pasternak
stiffness parameters, respectively. The discontinuous elastic base is described by the Heaviside function Hy = H(x-&) -
H(x- &) in the longitudinal direction with the contact region defined by 0< ei<e<L, Figure 1b, while for the
circumferential direction, the Heaviside function is Ho= H(&&3) - H(6&4) in the contact region with the limits 0< g<&<@,
Figure 1c. The Signum function, sgn, controls the unilateral contact of elastic base, i.e., when w presents positive values,
the reaction px becomes zero. For a discontinuous elastic base with bilateral contact, the term (1-sgn w)/2 in Eq. (2) is
replaced by 1.
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Figure 1. (a) Geometry, displacement field and coordinate system of the cylindrical panel. (b) Elastic foundation in the
longitudinal direction, contact region defined by 0< &;,&<L. (¢) Elastic foundation in the circumferential direction,
contact region defined by 0< &,&<0.
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Airy stress function, f, is obtained analytically for a particular transversal displacement field w. According to Morais
and Silva (2019), a consistent transversal displacement field is derived from a perturbation method, for a simply supported
cylindrical panel, with the following general modal solution: by:
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Replacing the modal expansion adopted by w and the obtained f in the nonlinear cylindrical equilibrium equation,
Eg. (1), and applying Galerkin's method, obtain a set of second-order nonlinear differential equations in terms of modal
amplitudes.

3. NUMERICAL RESULTS

In the present work, considers a cylindrical panel with the following geometrical and physical parameters: R=8.333
m, h=0.01 m, ax =1 m, a,=1 m, E =210 GPa, v = 0.3 and p=7850 kg/m3. The lowest natural frequency for this perfect
cylindrical panel without elastic base is wy=437.92 rad/s, occurring to wave numbers (m, n) = (1, 1). The presence of the
centered elastic base increases the natural frequencies due to the increase in the system stiffness. The study considered
the structure with Winkler base with Ky, = 46.15 MN/m?3 and without Pasternak base Ke = 0, and the presence of initial
geometrical imperfection in the shape of the fundamental vibration mode with amplitude equal to 0.05h. The analysis
also investigates three different contact area: a contact area of 1% (g:=0.45, £,=0.55, £3=0.054 and £4=0.066), 4% (£1=0.4,
£=0.6, £3=0.048 and €4=0.072) and 9% (e1=0.35, £,=0.65, €3=0.042 and £,=0.078). The results for the lowest natural
frequency of these cylindrical panels are shown in Table 1. A reduced order 2-DOF model (Cy11(t) and Cz22(t)) is
considered for the transverse displacement field in Eq. (3) because it is able to capture the softening static and dynamic
behavior of the cylindrical panel, as presented by Morais e Silva (2019, 2022). From this table, it is worth to note that the
presence of a positive initial geometrical imperfection reduces the natural frequency. On the other hand, the presence of
the elastic base increases the natural frequency. For the same panel’s area, this increasing is less in the unilateral contact
base than in the bilateral contact base.

Table 1. Natural frequencies in (rad/s) and non-dimensional frequency (w/w,) for imperfect cylindrical panels, with
elastic base of Ky = 46.15 MN/m?3 and different contact areas.

Elastic base o(rad/s) 0/®o
Without elastic base 437.18 0.998
Unilateral elastic base on 1% of panel's area 449.28 1.026
Unilateral elastic base on 4% of panel's area 477.23 1.089
Unilateral elastic base on 9% of panel's area 506.62 1.157
Bilateral elastic base on 4% of panel's area 515.39 1.177

Figure 2 displays the frequency-amplitude relation, obtained by the MatCont (Govaerts, 2019), a Matlab software
continuation package, for imperfect cylindrical panels, without elastic base (dark blue color), with an elastic base of
Winkler Ky = 46.15 MN/m?3 and unilateral contact: in 1% of the panel’s area (green), 4% of panel’s area (black), 9% of
panel’s area (dark blue) and also by bilateral contact in 4% of panel’s area (purple). Figure 2 shows the influence of the
elastic base and its area of application on the responses for frequency-amplitude relationship, showing a shifting of the
frequency-amplitude relationship curves to the right of the curve of the panel without elastic base (dark blue). It can also
be seen in Figure 2 that the non-linear behavior of the frequency-amplitude relationship changes the non-linear softening
behavior to an almost linear behavior when the bilateral contact base is considered instead of unilateral contact base.
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Figure 2. Influence of the elastic base and its area of application on the frequency-amplitude relationship for the
cylindrical panels: without elastic base (dark blue color), unilateral elastic base: in 1% of the panel's area (green), in 4%
of the panel's area (black), in 9% of the panel's area (dark blue) and bilateral elastic base in 4% of the panel's area

(purple).

Now, a time-dependent transversal harmonic distributed load with magnitude P. = 2.5 kN/m2 and excitation
frequency ., viscous damping 71 = 0.01, are applied in the imperfect cylindrical panels with centered elastic base, for
different panel’s area, and without elastic base. Figure 3 presents the resonance curves of this cylindrical panels, obtained
with MatCont, following the same colors used in the analysis of the frequency-amplitude relationship of Figure 2. The

Figures 3a and 3b demonstrate the maximum vibration amplitude of the modes |C1,1amax(t)|/h and |C222max(t)|/h varying
with the frequency ratio w./mo, respectively.
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Figure 3. Resonance curves for different elastic base contact area. (a) |Ci,11max(t)}/h and @i/ay and (b) |Ca,11max(t)|/h.

The influence of the elastic foundation on the imperfect cylindrical panel, simply supported, is observed in the
resonance curves illustrated in Figure 3. The cylindrical panels without elastic base and with unilateral elastic base contact
present similar behavior, when increasing the value of the excitation frequency a vibration amplitude also increases, until
it finds an LP bifurcation point (Cycle Limit Point). Then, the resonance curves follow an unstable region (red color),
with lower excitation frequency values and higher vibration amplitude, until they find other bifurcation points: LP or
Neimark-Sacker bifurcation (NS). After reaching the peak of resonance, the amplitude of vibration shows a smooth decay
with increasing excitation frequency. The cylindrical panel with elastic base with unilateral contact in 4% of its area
presents a singularity after the resonance peak, an unstable region is found, demarcated by two NS bifurcation points. The
cylindrical panel with bilateral elastic base, in 4% of its area, presents an almost linear behavior without bifurcation points.
Comparison between the resonance curves for the five cylindrical panels shows how the resonance peaks are shifted to
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the right as the contact area with the elastic base increases due to increasing of the natural frequency. The diagrams for
the modes |C1,11max(t)[/h and |C2,11max(t)[/h have similar behavior, Figures 3a and 3b. However, the |C1,11max(t)|/h
mode has greater amplitudes, because it influences more the nonlinear dynamic behavior of the cylindrical panel.
Analyzes of the dynamic behavior and instability of cylindrical panels with unilateral elastic base were studied through
phase plane and Poincaré sections by the fourth-order Runge-Kutta method, are illustrated in Figure 4.
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Figure 4. Phase-plane and Poincaré section for: (a) unilateral contact in 1% of panel’s area, o./ap= 0.9657;
(b) unilateral contact in 9% of panel’s area, o/ = 1.0600; (c) unilateral contact in 4% of panel’s area w./ap = 1.02;
(d) unilateral contact in 4% of panel’s area @/ag= 1.0272.

Figures 4a shows the phase plane and Poincaré section of the cylindrical panel with unilateral contact in 1% of the
area for the ratio m./am = 0.9657, for this frequency ratio there are two stable periodic orbits with a period 1T. The
cylindrical panel with unilateral contact in 9% of the area also presents phase plane and Poincaré section with a stable
periodic orbits with period 1T for the ratio a./ax = 1.0600, as shown in Figure 4b. Figures 4c and 4d illustrate the phase
plane and Poincaré section for the cylindrical panel with unilateral contact in 4% of the area for the ratios w./amo = 1.0200
and a/amo=1.0272, respectively. These phase planes present different behavior. There are a stable periodic orbit with a
period 1T for the frequency ratio a/aop= 1.02 (Figure 4c). However, for the frequency ratio a/an = 1.0272, Figure 4d,

the Poincaré map describes a closed orbit, that it is a characteristic of a quasi-periodic response, representing a Neimark-
Sacker region.
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4. CONCLUSION

The influence a non-continuous, unilateral elastic base and an initial geometric imperfection on the nonlinear
oscillations and stability of cylindrical panels was studied in this work. The study presents analysis for frequency-
amplitude relationship, resonance curves, phase portraits, and Poincaré section for different areas of application of the
elastic base. The analyzes consider a modal solution with two degrees of freedom, a consistent model to describe the
nonlinear softening behavior of the cylindrical panel. The numerical results demonstrate the impact of the unilateral elastic
base applied in different areas of the cylindrical panel, the natural frequency increases with the increase in the area of
application of the elastic base, making the system more rigid. However, this increase in natural frequency is less in one-
sided contact than in two-sided contact. The frequency-amplitude curves present a shiftning to the right of the panel
without an elastic base and change their behavior from non-linear to almost linear as the elastic base changes from
unilateral to bilateral hypothesis. The study also shows the influence of the unilateral elastic base on its dynamic stability.
The increase in the application area of the unilateral elastic base may present resonance curves with greater instabilities,
Neimark-Sacker bifurcation points and Poincaré map with an almost periodic closed orbit. Thus, this work shows the
differences that the behavior of cylindrical panels can present for the discontinuous and unilateral elastic foundation, with
the presence of geometric imperfections.
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