DINAME 2023 - Proceedings of the XIX International Symposium on Dynamic Problems of Mechanics,
A.S. De Paula, A.T. Fabro and M.R. Machado (Editors), ABCM.
Pirenépolis, Go, Brazil, February 26" to March 39, 2023

Chaos Control in a Nonlinear Pendulum Using a Generalized Ex-
tended Time-Delayed Feedback Method

Arthur Rodrigues Queiroz', Aline Souza de Paula', Marcelo A. Savi?

! Universidade de Brasilia, Campus Universitario Darcy Ribeiro, Brasilia-DF - CEP 70910-900

2 Universidade Federal do Rio de Janeiro, COPPE - Mechanical Engineering, Center for Nonlinear Mechanics

Abstract: Chaos control is based on the stabilization of unstable periodic orbits (UPOs) embedded in chaotic behavior by
means of tiny disturbances. The Extended Time-Delayed Feedback Control Method is a continuous approach associated
with a scalar gain. This paper considers a generalization of the method, assuming a matrix controller gain instead of
a scalar, investigating its influence on the control efficacy. The control performance for different gains is compared in
terms of stabilization time and maximum control perturbation. A case study of a nonlinear pendulum is of concern,
which consists of a metallic disk with eccentrically concentrated mass, excited by a motor-spring-wire system. Lyapunov
exponents of the UPOs are employed as controller parameter criterion. Results show that matrix gain increases the
controlability when compared with the scalar gain.
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INTRODUCTION

Natural phenomena are full of nonlinearities where chaotic behavior is one of the possibilities with an intrinsic rich-
ness. The chaotic behavior has a strong dependence of initial conditions, which makes small perturbations to produce
huge, disproportional effects. Besides, chaos has a dense and infinite set of unstable periodic orbits (UPOs). This richness
makes chaos of special interest in dynamical system design, conferring flexibility that can be observed by quick changes
among different kinds of responses.

Chaos control takes advantage of these essential characteristics of chaotic behavior, stabilizing a specific UPO by
tiny perturbations. Chaos control may be divided into two stages: the learning stage, where UPOs are identified and the
controller parameters are evaluated; and the stabilization stage, where perturbations are employed to stabilize the desired
UPOs.

Chaos control methods may be classified as continuous or discrete. Historically, the OGY (Ott-Grebogi- Yorke) method
Ott et al. (1990) is the pioneer work related to the a discrete method that promotes the stabilization forcing the system to
stay at the stable manifold from perturbations in a controller parameter applied in a Poincaré section. Several improve-
ments of this method were developed in the literature (De Paula and Savi, 2011). On the other hand, continuous methods
tend to be more robust increasing the number of perturbations. The first method applying this idea was the time-delayed
feedback (TDF) control proposed by Pyragas (1992) where an UPO is stabilized by a continuous feedback perturbation
proportional to the difference between the present and the delayed state of the system. An improvement of TDF control
is the Extended Time-Delayed Feedback (ETDF) control which uses several delayed states of the system instead of one
(Socolar et al., 1994). Other improvements consider variable delays, (Jiingling et al., 2012), the modulation of the delays
(Gjurchinovski et al., 2013), and adaptive tuning of delay time (Pyragas and Pyragas, 2011, 2013; Selivanov et al., 2015).

Continuous methods are presented in a wide range of applications. TDF control was employed to attenuate quasi-
periodic oscillations and the negative-sequence component caused by the symmetry breaking in an electric AC/AC con-
version (Sanchez et al., 2018). It was also employed to suppress complex pulses oscillations modes in modular multilevel
converter of the high voltage DC transmission integration approach to large wind farms TDF control (Yu et al., 2020).
Tusset et al. (2021) treated atomic force microscopy, stabilizing a period-1 UPO of the chaotic state.

Chaos control takes advantages of its low energy consumption when stabilizing bi-stable cantilevers energy harvesters
systems (De and Ali, 2022). In quantum theory, the visibility of two photons emitted from a three-level system could be
enhanced significantly, boosting the energy-time entanglement using TDF control Barkemeyer et al. (2021). Regarding
biomechanics, irregular and chaotic heartbeat behaviors can be suppressed using ETDF control on electrocardiograms
signals (Ferreira et al., 2014). ETDF control can provide stabilization of thermomechanical vibrations of shape memory
alloy structures, showing its importance for the control of smart structures (Costa and Savi, 2018; Costa et al., 2019).

This article aims to investigate a generalization of the Extended Time-Delayed Feedback control method, exploring
its gain. Basically, the usual approach adopts a scalar gain. Here, a matrix gain is of concern. A case study of a nonlinear
pendulum is of concern, allowing one to exploit all the potentialities of the proposed approach.
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EXTENDED TIME-DELAYED FEEDBACK CONTROL

The ETDF control method proposed by Pyragas (1992) is based on a continuous-time perturbation to perform chaos
control. This controller is applied to dynamical systems modeled by a set of equations with the following form:

(1) = f(x,1) +B(1) (1)

where x(f) € R" is the state variables, f(x,7) € R" define the system dynamics and B(¢) € R" is associated with the control
action.

The ETDF control is based on feedback of the difference between the current and a delayed states, and the perturbation
is given by:

- 2

where 7 is the time delay, K € R"*" is the gain matrix, 0 < R < 1 is a controller parameter related to higher orders time
delays, x = x(¢) and x,,,; = x(t —m7). It should be noted that the use of the gain as a matrix K is a generalization of the
method since the literature usually considers a scalar gain k,,,. It is worth noting that for R = 0 the equation falls into the
TDFC method, where only a single delayed state is considered.

The UPO stabilization is achieved by choosing proper values of R and K. Furthermore, when the system reaches a
specific UPO, the Eq. 2 goes to zero since y(t —mt) = y(t) for all m if T = T;, where T; is the periodicity of the i’ UPO.

The controlled dynamical system, composed by Eqs. 1 and 2, is related to delay-differential equations (DDEs). The
solution of this set of equations is done by establishing an initial function yy = yo(f) over the interval (—mt,0). This
function can be estimated by a Taylor series expansion proposed by Cunningham (1954):

Ymr =y —mTy 3)
Therefore, the system is governed by:
%(t) = fx,1) +K[(1 —R)S; —x]
Sc = i R™ 'y —mzy] for (t—mt) <0 )

m=1

Numerical simulations are carried out employing the fourth-order Runge-Kutta method with linear interpolation on
delayed variables (Mensour and Longtin, 1998). During the learning stage, UPO identification is done by applying the
close-return method (Auerbach et al., 1987). Moreover, it is necessary to establish a proper value of controller parameters
R and K for each desired UPO. This determination can be done by considering Lyapunov exponents of the corresponding
UPO, which is discussed in the next subsection. After this stage, the control stage is performed where the desired UPO is
stabilized.

UPO Lyapunov Exponent

Time-delayed feedback control is based on a construction of a continuous-time perturbation in such manner that does
not change the desired UPO, but only its characteristics (Kittel et al., 1994). This is achieved when such characteristics
are modified to make the orbit stable. The Lyapunov exponent is a system invariant that measures the sensitivity to initial
conditions by monitoring adjacent trajectories. A negative Lyapunov exponent means that nearby trajectories converge.
Therefore, by changing controller parameters in order to force all Lyapunov exponents to become negative, leads to
the stabilization of the UPO (Kittel et al., 1995). Furthermore, only the largest Lyapunov exponent is enough to make
this analysis (Pyragas, 1995). The strategy to define the controller parameters is to change the parameters R and K,
monitoring the maximum exponent and seeking for negative values. In other words, it is necessary to find a situation
where A(R,K) < 0. The controller tends to be more effective, presenting faster convergence rate by considering the
smaller Lyapunov exponent as possible (Pyragas, 1995). This condition also ensures robustness with respect to noise.

Lyapunov exponent computation from DDEs is more complicated than ODEs due to the dependence on delayed states.
By considering three delayed states, the Eq. 1 becomes:

x = f(x,t) +B(t,x,X¢,X27,X37) 5

Therefore, the calculation of y = y(¢) for time instants greater than 7 implies that the function must be known over
the interval (# — 3s,¢). This is related to an infinite-dimensional system with an infinite number of Lyapunov exponents
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(Vicente et al., 2005). Concerning the stability analysis of the UPO, it is enough to determine only the largest Lyapunov
exponent (Pyragas, 1995).

In addition, just a finite dimension is considered (Farmer, 1982). Herewith, the function x;(¢), with i = 1,...,n, in the
range (¢t —37,¢) can be approximated by N samples of spacing At = 37/(N — 1). Therefore, the system goes from » state
variables to (N + 1) variables. A vector z is used to represent these state variables, where z,11,...,2,(v1) are related to
the time-phased states of x(¢) in the form:

(215225 yang1) = (X1 (0),x2(2)y - ooy X (2), 21 (E — AL), .., x1 (F — NAL), ..., x,(t — At),. .., x,(t — NAY)) (6)

In this work, the approach presented in Sprott (2007) is employed, where the DDE is replaced by a set of ODEs with
the form:

Z] :fj(zlazZa"'7Zn)+Bj(t7Z17'"7Zn7Zn+17"‘aZn(N+l)) para 1 S .] S n

Zup14(-1)N = N(2j = Zug21(j-1)n) /27 paral < j<n

Zugit(-N = N(@nit G-0)N—1 = Zntis (j-1)N+1) /27 para2 <i< (N—1) (7
el<j<n

ZnjN = N(znt jN-1 = Zntjn)/ T paral < j<n

where N =37/Ar+ 1 and T = 37. Therefore, this system can be solved by any of the standard integration methods such
as the fourth- order Runge—Kutta, and Lyapunov exponents can be calculated by using the algorithm proposed Wolf et al.
(1985).

NONLINEAR PENDULUM

As a mechanical application of the ETDF control method, a nonlinear pendulum, showed in Fig. 1, is considered
(de Paula et al., 2006). A mathematical model is developed to describe the pendulum dynamical behavior while the
corresponding parameters are obtained from the experimental apparatus. Numerical simulations are employed to obtain
time series related to the pendulum response assuming the uncontrolled situation, K;; = 0 for all i, j and R = 0. Unstable
periodic orbits are identified from this time series using the close-return method. Afterward, control parameters are
estimated for each UPO from the calculation of the Lyapunov exponents and their control is then simulated via extended
time-delayed feedback control.

The nonlinear pendulum consists of an aluminum disc (1) with a lumped mass (2) that is connected to a rotary motion
sensor (4). A magnetic device (3) provides adjustable energy dissipation. A string—spring device (6) provides torsional
stiffness to the pendulum and an electric motor (7) excites the pendulum via the string-spring device. An actuator (5) is
considered to provide the necessary perturbations to stabilize this system.
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Figure 1: Nonlinear pendulum. (a) Physical model: (1) metallic disc; (2) lumped mass; (3) magnetic damping device; (4)
rotary motion sensor; (5) actuator; (6) string—spring device; (7) electric motor. (b) Parameters and forces on the metallic
disc; (c) parameters from driving device; (d) experimental apparatus; and (e) actuator.
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The pendulum dynamics is treated from a mathematical model by describing the time evolution of the angular position,
¢. By assuming that @ is the forcing frequency, I is the total inertia of rotating parts, k is the spring stiffness, { represents
the viscous damping coefficient and u the dry friction coefficient, m is the lumped mass, a defines the position of the
guide of the string with respect to the motor, b is the length of the excitation arm of the motor, D is the diameter of the
metallic disc and d is the diameter of the driving pulley, the equation of motion is given by Eq. 8

{ . wsen(9) kd® mgDsin(9)
VA ST TR

o+ i = Af(1) @®)

where Af(t) = &4 [\/ a% + b2 —2abcos(®t) — (a — b)| represents the forcing excitation.

The dry friction is modeled as a continuous function by assuming i sgn(¢) = % (arctan(q - ¢ ).Rewriting the equation
of motion in the form of a system of first-order ordinary differential equations as a function of the state variables (x1,x;) =
(¢,¢) and adding the controller action B:

X1 _ 0 , 1 X1 n B (1) ©
X _% —% X %Af(t) — '"fID sin(xy) — % arctan(gx;) + By (1)
where the controller actuation is given by:
Bl(t) ki1 ki (1 7R)Sr1 — X
B(t) = = 10
®) {Bz(t)} {km kzz] {(1 —R)Sp—x (10)

It is assumed the same parameters presented for all numerical simulations: ¢ = 1.6 x 107! m; b = 6.0 x 1072 m;
d=48x102m;D=9.5x10">m;m=1.47x 1072 kg; I = 1.738 x 10~* kg m?; k = 2.47 N/m; { = 2.368 x 107> kg
m? s~!; mu=1.272 x 1074 Nm; @ = 5.61 rad/s.

Usually, the literature brings the formulation where the controller acts as a torque. In this regard, the gain matrix K is
reduced to a scalar, being represented as follows:

_|Kn K| _ [0 0] _[0 O
K= [KZI K22:| a [0 K22:| B [O K:| (11

Which means that By =0 and B, = — %Al (t). The perturbations are provided by the linear actuator which represents
a variation in the length of the string Al(¢) (see Fig. 1(e) for details). Thus, from Eq. 10 can write the value of Al(z) as:

kd
—*AIZK[(I—R)STQ—XZ] (12)
21
This work proposes the full gain matrix K. The first line of the state function measures angular speed and the second
one measures angular acceleration. On this basis, the control can be evaluated for both states independently. From Eq.
10:

Bi(t)| _ [Kiu[(1=R)Se1 —x1]+Ki2[(1 —R)S2 — x2]
{Blm} - {Ki[(l R)S1 —xt] + Kna[(1— R)Sea —xi}} a3

The term Bj is related to angular velocity of the system. On the other hand, the control action for B, is given by:

kd
B, = —EAZ = Kz][(l —R)S]T —xl] —|—K22[(1 —R)SZT —xz} (14)

where Sz = x;(t — T) + Rx;(t — 7) + R*x;(t — T) com i = 1,2.

LEARNING STAGE

The first step of the chaos control is the learning stage where UPO are identified and the gains are determined from
the Lyapunov exponents of each UPO.

The system attractor has a infinity number of UPOs and their identification are found using the close returning points
method (Auerbach et al., 1987) with a tolerance of r; = 0.01. Different UPOs are selected and presented in in Figure 3:
period-1, period-2 and period-3.
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Figure 2: UPOs of the control rule;
l: period-1, @: period-2, A: period-3.
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(a) UPO period-1; (b) UPO period-2; (c) UPO period-3;

Figure 3: UPOs of the control rule.

The second phase of the learning stage evaluates the gains from the Lyapunov exponent analysis. This is the most
computationally expensive control phase. Table 1 presents Lyapunov exponent for each selected UPO without control,
showing its unstable characteristic from the positive values.

Table 1: Lyapunov exponent for selected UPOs without control.

Period Lyapunov Exponent

1 1.531
2 1.411
3 0.638

To verify the ETDF method capacity to perform the stabilization of an UPO, numerical simulation of the nonlinear
pendulum is performed, varying controller parameters. The evaluation is performed for values of R = 0.0, R = 0.2 and
R =0.4. Different aspects of the matrix K are of concern. The K3 and K3, values are varied from 0 to 2.5 with an interval
of 0.2. The same process is repeated for Ki; and Kj», and K;; and K5, values.

Higher periodicity UPOs tend to have more difficult stabilization, requiring greater values of R to reach negative
Lyapunov exponents (de Paula and Savi, 2009). The choice of the gains R and K are performed by the lowest Lyapunov
exponents. The minimum value of the exponent provides a higher rate of convergence of nearby orbits (Pyragas, 1995).
Smaller values of R and K implies in a less modified system, which is a desirable situation.

Figure 4 presents the maximum Lyapunov exponent for period-1 UPO. Sub-figure 4a refers to Lyapunov exponent
considering a scalar K for R = 0.0, R = 0.2, R = 0.4, as showed in the literature (de Paula and Savi, 2009; De Paula
and Savi, 2011). Sub-figure 4b incorporates parameters Kj; and Kj; in the analysis. The influence of parameter K,
showed in Figures 4e and 4f, are related to a larger area of the negative Lyapunov exponent. The magnitudes are similar
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when comparing to scalar K. Sub-figures 4c and 4d indicate Lyapunov exponent considering both K; and K, for
R =0.0, R = 0.2 respectively. The Lyapunov exponents in Figures 4c and 4d showed a great influence of the parameter
K> resulting in larger area of negative exponents when compared to the use of K»; only. The maximum values of the
Lyapunov exponent considering the two parameters K»; and K> have magnitudes close to the case of scalar K . This
result is valid for the three R values analyzed.

Figure 5 presents the Lyapunov exponents for period-2 UPO. Figure 5a considers only a scalar K, showing negative
values for R = 0.2 and R = 0.4. Similarly, it does not show negative Lyapunov exponent regions by considering K>; and
K> for R =0.0. Sub-figure 5b refers to Lyapunov exponent considering both K>; and K, for R = 0.2. The selection of
the gain values K and K>> shows maximum Lyapunov exponent values on the same magnitude than those considering a
scalar gain K. For R = 0.2, there is a small influence of the parameter K> regarding the negative exponent area. Unlike
the period-1 UPO, smaller exponents are obtained for this UPO by using 2 parameters in he matrix gain K with respect to
a scalar gain K. Sub-figure 5c considers Lyapunov exponent evaluating both K71 and K, for R = 0.4 It shows an increase
in the area of negative Lyapunov exponents when compared to K>y and K. It also shows smaller Lyapunov exponent
values compared with the case with scalar gain K.

Figure 6 considers period-3 UPO. Figure 6 shows a small area for negative Lyapunov exponent by considering a scalar
gain K, increasing the area by considering both K> and K>, for the three values of R, and presenting smaller values of the
maximum Lyapunov exponent.

The selected Lyapunov exponent considering a scalar K and for matrix K are shown in Table 2, 3 respectively.

Table 2: Lyapunov Exponent selected for a scalar K.

Lyapunov
Exponent
1 00 19 -0.448
2 02 12 -0.108
3 02 0.6 -0.198

Period R K»

Table 3: Lyapunov Exponent selected for K matrix.

Lyapunov
Exponent
02 00 01 24 -0.445
00 02 00 14 -0.448
02 00 11 12 -0.158
02 00 02 06 -0.203

Period R K 11 K21 Kzz

W N = =

STABILIZATION STAGE

The stabilization stage is now of concern considering simulations during 100 forcing cycles. The equations are solved
using the fourth-order Runge-Kuta method with a discretization of 150 units per cycle. The initial conditions are null.

The controller performance is evaluated by considering the following criteria: it is evaluated whether the UPO is
stabilized; the time required to stabilize the UPO. The stabilization time is evaluated by considering the Euclidean distance
between ¢ and ¢ of the reference orbits and the controlled orbit. A threshold of the Euclidean distance is stimulated, being
1 for a period-1 UPO and 3 for period-2 and period-3 UPOs. Each case is treated considering phase spaces after 50 cycles
compared with the desired UPQO, time history of the response and the control signal.

This work compares different controller defined from the gain. The reference case is the classical scalar gain K = K»»,
usually employed in the literature (de Paula and Savi, 2009; De Paula and Savi, 2011). Matrix gain K considers two
different situations: using both K>; and K»; where only B; action occurs; using both Kj; and K>, which means that the
action has both B and B;.

Stabilization of period-1 UPO by considering controllers with scalar gain K and K3 and K3, is shown in Figures 8.
Note that a shorter time occurs when using K31 and K, compared with the scalar gain. The stabilization with K presents a
maximum actuation value of Al = 154.7 mm while for the scalar gain K presents Al = 129.4 mm. By considering both gain
parameters, it is possible to stabilize the system in a similar time using a smaller maximum actuation of Al = 127.6 mm.
Some other combinations of K>; and K, are able to stabilize the pendulum within less time or with an smaller actuation
than considering only the scalar gain, therefore it increases possible control gain choices bringing more flexibility to the
controller.
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R=0.0
R=0.2
R=0.4

Expoente de Lyapunov

(e) K1 and Ky, for R = 0.0. (f) K11 and K, for R =0.2.

Figure 4: Period-1 UPO and the largest Lyapunov exponent for different control parameters.

The controller that employs the gains Kj; and K»; is presented in Figure 8, comparing with the scalar gain K. Figure
8a shows a comparison of phase space, while Figure 8b shows time history of control signal for a scalar gain K and for
each B and B, control signals for both K;; and K;. Control using both K;; and K, gains, the stabilization is achieved
in a similar time. Maximum actuator length for B; is Al = 96.9 mm, about 75% of Al by considering a scalar gain K.

Stabilization is achieved in similar time lengths when comparing the influence of parameter K;; with K»;. The actuator
maximum length was 25% smaller when the controllergain K is considered.

Figure 9 presents the stabilization of the the period-2 UPO. Although the control signal is bigger, the system can
stabilize the UPO in a faster way.

Period-3 UPO control is now in focus. Figure 10 shows the controller action and, similarly to period-1 UPO, it
is possible to stabilize the period-3 UPO within a smaller time when using both controller gains K and K>, than by
considering the scalar gain K. Although the maximum actuator lengths are similar, Al =40.6 mm for only K and Al =40.5
mm for both K>; and K»;.
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Expoente de Lyapunov

R=0.0 ~

(b) K21 and K22 for R =0.2.

(c) K11 and Ky for R =0.4.

Figure 5: Period-2 UPO and the largest Lyapunov exponent for different control parameters.

Expoente de Lyapunov

0.7

0.6

R=0.0
R=0.2 |
R=0.4

(a) Scalar K with multiple R. (b) K»1 and Ky for R=10.2.

Figure 6: Period-3 UPO and the largest Lyapunov exponent for different control parameters.

Table 4 shows the maximum Al of actuator of the controller with a scalar gain K while Table 5 shows the same

information using the controller with matrix K.
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Figure 10: Control comparison for only K>, with both K> and K5, for period-3 UPO.

Table 4: Maximum actuation using a scalar K.

Period R K Lyapunov Exponent Al [mm]
1 00 1.9 -0.448 129.4
2 02 12 -0.108 77.1
3 0.2 0.6 -0.198 40.6

Table 5: Maximum actuation in the controller using K.

Period R K1 Ky K» Lyapunov Exponent Al [mm]
1 00 00 02 1.7 -0.284 117.6
1 00 00 0.1 1.8 -0.413 123.5
1 02 00 01 24 -0.445 154.7
1 00 02 00 14 -0.448 96.9
1 00 02 00 1.6 -0.448 119.6
1 00 02 02 14 -0.442 96.5
2 02 00 07 12 -0.152 81.5
2 02 00 16 1.1 -0.169 76.5
3 02 00 03 0.6 -0.197 40.5
3 02 00 02 0.6 -0.203 40.5

50

CONCLUSIONS

This paper presents a generalization of the extended time-delayed feedback (ETDF) control method with a matrix K
gain, establishing a comparison with the classical scalar gain. The control method is applied to a nonlinear pendulum in
order to stabilize some UPOs embedded in the chaotic attractor. The learning stage is developed by identifying UPOs and
employing the maximum Lyapunov exponent to define controller parameters. The search for Lyapunov exponents using
the parameters K1 and K>, or Kj; and Kj; revealed a larger region of negative values for the exponent when compared
with the case with a scalar gain K. Lower maximum values are observed in UPOs of period-2 and period-3 evaluated when
considering 2 controller gains. Moreover, there is a larger area of negative Lyapunov exponent increasing the number of
possibilities for successfully control, therefore making it more versatile. Regarding the stabilization stage using both K
and K7y, it is able to choose controller gains that reduce maximum actuation and time to stabilize. The stabilization using
K11 and K3 can be achieved in smaller times. Therefore, the use of the generalized ETDF with controller gains associated
with its matrix form brings great flexibility to the system, defining a controller with best efficacy than the original one.
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