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Abstract: Torsional vibrations are usually present in rotating machines, and it is one of the leading causes of mechani-
cal failures. This work investigates the performance of the vibration attenuation bandgap in a reciprocating compressor
shaft with concentrated constant inertias attached with identical resonators and rainbow metastructures under har-
monic excitation. Although the cylinder inertia has a nonlinear nature related to the shaft rotation, in the present work,
to simplify the analysis and provide insightful analytical solutions, the nonlinear interactions are neglected yielding to
constant inertia of the cylinder, which includes the crank-slider mechanism. Modal expansion theory is employed to
obtain natural frequencies and modes including the effects of concentrated inertia. The results show that identical res-
onators are able to attenuate a frequency range around the target frequency. On the other hand, rainbow metastructures
can produce an attenuation bandgap 600% wider than identical resonators with the same added inertia.
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INTRODUCTION

Torsional vibrations are the leading cause of failures in many rotating machines. The most common effects of un-
controlled vibrations are failed couplings, broken shafts, and worn gears, among others (Corbo and Melanoski, 1996).
In general, these vibrations are caused by the excessive forces and moments that vary cyclically with periodicity given
by system rotation speed (Wachel and Tison, 1994). Because of this, vibration control is a crucial subject and is widely
explored by the scientific community to provide a long work life to several mechanical systems.

In the literature, the mathematical models used to describe rotating machines with crankshafts can be arranged into
two main categories: linear and nonlinear. The first group considers that the inertia of the crank-rod-piston mechanism
is constant. This assumption can lead to errors regarding the geometric dimensions of the equipment and operational
conditions. On the other hand, Metallidis and Natsiavas (2003) and Huang et al. (2012) describe a better representative
model by taking into account that the mechanism of inertia varies with the rotation, culminating in nonlinear equations
of motion. Over the years, the influence of non-constant inertia effects has been investigated by several studies such as
Pasricha and Carnegie (1976, 1979) and Brusa et al. (1997).

Metamaterial structures have been used extensively to attenuate vibrations in the last two decades after the pioneering
works of Liu et al. (2000) and Sheng et al. (2003). This type of structure explores the coupling between local resonances
and propagating waves to avoid wave transmission over frequencies near resonances. This feature was termed bandgap
and it is one of the most researched interests in the literature field of vibration and acoustics control recently (Krödel
et al., 2015; Hu et al., 2017). Vibration suppression using metamaterials was carried out with different approaches:
using nonlinear metamaterial in beams, where nonlinear absorbers are attached to a linear system (Casalotti et al., 2018);
using rainbow metastructures that create multiple bandgaps around a target frequency (El-Borgi et al., 2020); exploring
nonlinear vibration attenuation through the employment of nonlinear energy sink (NES), which are lightweight single
or multi-degree of freedom system responsible for mitigating energy in a one way and irreversible process directly to a
cubic stiffness nonlinearity (Kani et al., 2016). Several other works in the literature have proposed methods to attenuate
vibrations using metastructures, such as Sugino et al. (2016, 2017) and Xia et al. (2020). Moreover, the advances in
metamaterials can increase the vibration attenuation bandwidth size with lightweight periodic structures.

This work presents an analysis of the torsional vibration of a single-cylinder reciprocating compressor’s crankshaft,
showing the effects of the attachment of identical and rainbow metastructures in the formation of bandgaps. This paper is
structured as follows. The next section describes the equations of motion of the crankshaft with the attached metastructure
and its analytical solution using modal expansion theory. Then, numerical results are presented and discussed, showing the
vibration attenuation of the system with identical resonators and rainbow metamaterials under a concentrated harmonic
excitation. The conclusions section summarizes the main achievements of this work.
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CRANKSHAFT MODEL AND RESPONSE USING MODAL COORDINATES

According to the model proposed by Metallidis and Natsiavas (2003), alternative machines are composed of two parts.
The first is the compressor itself and the second represents the load. This work considers a single-cylinder reciprocating
compressor, consisting of a shaft with two attached inertia, the first representing the cylinder’s inertia, Ie(θ), and the latter
the load’s inertia Il . Two external torques are considered, one represents the resistive torque produced by the cylinder, Tc,
and the other describes the electric motor torque, Tm, as shown in Fig. 1a. The cylinder inertia is determined by using the
equivalent crank-slider mechanism inertia, which is represented by Fig. 1b.
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Figure 1 – Model of a single-cylinder reciprocating compressor: (a) simplified model and (b) crank-slider
mechanism.

The shaft has diameter d, Elasticity’s modulus E, Poisson’s ratio ν , Shear’s modulus G = E/2(1+ν), cross-section
polar moment of inertia J = πd4/32, density ρ , and is free to rotate at both ends (x = 0 and x = L). The governing
equation of the undamped shaft, with the attached inertias, is obtained considering the torsional stiffness GJ constant and
neglecting the torsional displacement of the cylinder, as follows:

ρJ
∂ 2θ(x, t)

∂ t2 + Ie(θ)δ (x− xc)
∂ 2θ(x, t)

∂ t2 + Ilδ (x− xl)
∂ 2θ(x, t)

∂ t2 −GJ
∂ 2θ(x, t)

∂x2 = Tmδ (x− xm)−Tcδ (x− xc) (1)

where the variable cylinder inertia, as obtained by Metallidis and Natsiavas (2003) is given by:

Ie(θ) = Ic +m1r2 + I2κ
2(θ)+(m2 +mp)r2sin2(θ)[1+κ(θ)]2 (2)

being

κ(θ) =
λcos(θ)√

1−λ 2sin2(θ)
and λ =

r
l
, (3)

where Ic is the moment of inertia of the crank, mp is the piston mass, m1 is the mass of the big end, m2 is the mass of the
small end, r is the crank length, l is the total length of the connecting rod, I2 is the additional inertia from a simplified
double-mass system, δ (x) is the Dirac delta function, xc is the cylinder position, xl is the load position, and xm is the
electric motor position. In the present work, to simplify the analysis and provide insightful analytical solutions, the inertia
is considered constant and equal to Ie(θ) = Ie = 0.250 kg.m2.

The boundary conditions of the shaft are given by:

∂θ(0, t)
∂x

= 0,
∂θ(L, t)

∂x
= 0. (4)

System response can be obtained by using a modal expansion in Eq. 1 as suggested by Meirovitch (1997). The
torsional displacement of the shaft is:

θ(x, t) =
N

∑
r=1

ηr(t)φr(x) (5)
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where N is the number of modes considered in the expansion and ηr(t) is the modal weighting of the r-th mode without
the concentrated inertia. The mode shapes are inertia-normalized by Eq. 7 and lead to:

φr(x) =

√
2

ρJL
cos

(
(r−1)π

L
x

)
r = 1,2,3, . . . ,N. (6)

The orthonormalization conditions are satisfied as follows:

∫ L

0
ρJφr(x)φs(x)dx = δrs, r,s = 1,2, . . . (7)

∫ L

0
GJφ

′′
r (x)φs(x)dx =−ω

2
r δrs, r,s = 1,2, . . . (8)

where ωr is the natural frequency of the r-th mode of the shaft without the concentrated inertia, and ()′ denotes the
derivative with respect to the space variable x. Introducing Eq. 5 into Eq. 1 for free torsional vibration yields in:

N

∑
r=1

ρJφr(x)η̈r(t)+
N

∑
r=1

Ieφr(x)δ (x− xc)η̈r(t)+
N

∑
r=1

Ilφr(x)δ (x− xl)η̈r(t)−
N

∑
r=1

GJφ
′′
r (x)ηr(t) = 0. (9)

Then, multiplying Eq. 9 by φs(x), integrating over the domain from x = 0 to x = L, and applying the orthonormality
conditions presented in Eq. 7 and Eq. 8, one obtains:

(1+ Ieφr(xc)φr(xc)+ Ilφr(xl)φr(xl))η̈r(t)+ω
2
r ηr(t) = 0, r = 1,2,3, . . . ,N. (10)

The attached inertias Ie and Il affect the shaft’s mode shapes and natural frequencies. To include those effects in the
analysis, according to Gürgöze (1984) a harmonic solution for η̄r(t) is assumed:

η̄r(t) = Hreiω̄rt r = 1,2,3, . . . ,N (11)

where ω̄r is the natural frequency and η̄r(t) is the modal weighting of the uniform shaft with the concentrated inertia.
Introducing Eq. 11 into Eq. 10 results in:

ω
2
r Hr − (1+ Ieφr(xc)φr(xc)+ Ilφr(xl)φr(xl))ω̄

2
r Hr = 0. (12)

The problem can also be written in matrix form. Thus, introducing the quantities:

{
φ(x)

}
=
{

φ1(x) φ2(x) ... φn(x)
}T

,
{

H
}
=
{

H1 H2 ... Hn
}T

, (13)

[
A
]
=


ω2

1 0
ω2

2
. . .

0 ω2
n

 , [
I
]
=


1 0

1
. . .

0 1

 ,
[
B′]= Ie

{
φ(xc)

}{
φ(xc)

}T
+ Il

{
φ(xl)

}{
φ(xl)

}T
.

Eq. 12 can be rewritten as:

(
[
A
]
−
[
B
]

ω̄
2
r )
{

H
}(r)

=
{

0
}
, (14)

where

[
B
]
=
[
I
]
+
[
B′] . (15)

Note that matrices
[
A
]

and
[
B
]

are symmetric, thus, the eigenvalue problem has real and positive eigenvalues ω̄r and
eigenvectors

{
H
}r. Then, the r-th mode can be approximated as follows (Gürgöze, 1984):
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φ̄r(x) =
N

∑
i=1

φi(x)H
(r)
i r = 1,2,3, . . . ,N. (16)

The electric motor torque and the cylinder’s resistive torque can be represented by f (x, t) = Tmδ (x−xm)−Tcδ (x−xc).
The torsional displacement can be obtained by a modal expansion:

θ(x, t) =
N

∑
r=1

η̄r(t)φ̄r(x). (17)

Introducing Eq. 17 into Eq. 1 the following equation is obtained:

N

∑
r=1

ρJφ̄r(x) ¨̄ηr(t)+
N

∑
r=1

Ieφ̄r(x)δ (x− xc) ¨̄ηr(t)+
N

∑
r=1

Il φ̄r(x)δ (x− xl) ¨̄ηr(t)−
N

∑
r=1

GJφ̄
′′
r (x)η̄r(t) = f (x, t). (18)

Imposing the orthonormal conditions below:

∫ L

0
ρJφ̄r(x)φ̄s(x)dx+ φ̄r(xc)Ieφ̄s(xc)+ φ̄r(xl)Il φ̄s(xl) = δrs, r,s = 1,2, . . . (19)

∫ L

0
GJφ̄

′′
r (x)φ̄s(x)dx =−ω̄

2
r δrs, r,s = 1,2, . . . (20)

multiplying Eq. 18 by φ̄s(x) and integrating over the domain from x = 0 to x = L, one obtains the equations of motion in
modal coordinates:

¨̄ηr(t)+ ω̄
2
r η̄r(t) = qr(t), r = 1,2,3, . . . ,N (21)

where qr(t) is:

qr(t) =
∫ L

0
f (x, t)φ̄r(x)dx. (22)

Bandgap formation using modal analysis

This section presents the analytical formulation when resonators are attached to the system using modal expansion
theory showing the bandgap formation. Two cases are studied, one with identical resonators and the other with a rainbow
arrangement. In the first case, all resonators are tuned to the same frequency. In the second case, it is considered different
sets of resonators, each set tuned to a different frequency. This latter approach has the goal to produce vibration reduction
on a broader bandwidth. The attached crankshaft with evenly distributed resonators is represented in Fig. 2.
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Figure 2 – Crankshaft with resonators.
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Identical resonators

Based on the formulation presented in Sugino et al. (2017), the equation of motion of the crankshaft, previously
presented in Eq. 1, with distributed resonators attached is given by:

ρJ
∂ 2θ(x, t)

∂ t2 + Ieδ (x− xc)
∂ 2θ(x, t)

∂ t2 + Ilδ (x− xl)
∂ 2θ(x, t)

∂ t2 −GJ
∂ 2θ(x, t)

∂x2 −
S

∑
p=1

kpθp(t)δ (x− xp) = f (x, t) (23)

and the equation of motion of each resonator is defined as:

Ipθ̈p(t)+ kpθp(t)+ Ipθ̈(xp, t) = 0, p = 1,2,3, . . . ,S (24)

where kp is the torsional stiffness of the p-th resonator, Ip is the inertia of the p-th resonator, θp(t) is the torsional
displacement of the p-th resonator, xp is the position of the p-th resonator, S is the total number of resonators and f (x, t)
is an external torque density.

Assuming that the system is under a concentrated harmonic excitation f (x, t) = Fδ (x− xe)eiωt , then employing the

modal expansion with N modes as θ(x, t) =
N

∑
r=1

η̄r(t)φ̄r(x) and using the orthonormalization conditions presented in Eqs.

19 and 20, Eqs. 23 and 24 yield to:

¨̄ηr(t)+ ω̄
2
r η̄r(t)−

S

∑
p=1

kpθp(t)φ̄r(xp) =
∫ L

0
F φ̄r(x)δ (x− xe)eiωtdx, r = 1,2,3, . . . ,N (25)

−ω
2IpΘp + kpΘp −ω

2Ip

N

∑
r=1

φ̄r(xp)Hr = 0. (26)

Second to Sugino et al. (2017), the steady-state responses η̄r(t) and θp(t) can be described by harmonic functions as
η̄r(t) = Hreiωt and θp(t) = Θpeiωt . Inserting the harmonic solutions η̄r(t) and θp(t), and their derivatives, into Eqs. 25
and 26, one obtains respectively:

(ω̄2
r −ω

2)Hr −
S

∑
p=1

kpΘpφ̄r(xp) = F φ̄r(xe) (27)

Θp =
ω2

ω2
p −ω2

N

∑
r=1

Hrφ̄r(xp). (28)

Combining Eqs. 28 and 27, the following equation is obtained:

(ω̄2
r −ω

2)Hr −µω
2

N

∑
r=1

S

∑
p=1

ω2
p

ω2
p −ω2 (ρJ+ Ieδ (x− xc)+ Ilδ (x− xl))φ̄r(xp)φ̄r(xp)∆lHr = F φ̄r(xe), (29)

where ω2
p = kp/Ip, Ip = µ(ρJ + Ieδ (x− xc) + Ilδ (x− xl))∆l and µ is a constant inertia ratio. By assuming identical

resonators, one obtains:

(ω̄2
r −ω

2)Hr −µω
2

N

∑
r=1

ω2
p

ω2
p −ω2

(
S

∑
p=1

(ρJ+ Ieδ (x− xc)+ Ilδ (x− xl))φ̄r(xp)φ̄r(xp)∆l

)
Hr = F φ̄r(xe), (30)

and for a large number of resonators, the following approximation is considered (Sugino et al., 2017):

lim
S→∞

S

∑
p=1

(ρJ+ Ieδ (x−xc)+ Ilδ (x−xl))φ̄r(xp)φ̄r(xp)∆l ≈
∫ L

0
ρJφ̄r(x)φ̄r(x)dx+ φ̄r(xc)Ieφ̄r(xc)+ φ̄r(xl)Il φ̄r(xl) = 1. (31)

Thus, Eq. 30 is simplified to:
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Hr =
F φ̄r(xe)

(ω̄2
r −ω2)−µω2

(
ω2

p
ω2

p−ω2

) . (32)

As addressed by Sugino et al. (2017), for identical resonators and a large number of them, the response in the frequency
domain, αre(ω), in physical coordinates is:

αre(ω) =
Θ(xr,ω)

F(xe,ω)
=

N

∑
r=1

φ̄r(xr)φ̄r(xe)

ω̄2
r −ω2

(
1+µ

ω2
p

ω2
p−ω2

) , (33)

where xr is the position where the response is obtained, xe is the position where the concentrated excitation is applied, ω

is the harmonic excitation frequency, ω̄r is the natural frequency of the r-th mode, µ is the constant inertia ratio between
the total inertia of the resonators and the total inertia of the shaft and ωp is the natural frequency of the resonators.

Rainbow metastructures

The bandgap formation for rainbow metastructures is similar to the previous case. The core idea is to tune different
sets of resonators in different frequencies without adding more inertia to the structure when compared with identical
resonators, i.e., µ is constant and equal to the case with identical resonators. To accomplish this, the stiffness of each
arrangement of resonators (kp) is multiplied by a factor εn, which follows the profile (Brandão et al., 2022):

εn = 1+0.1

(
2n
Sn

−1

)
, n = 1,2,3, . . . ,k (34)

where Sn is the number of resonators of the n-th set and k is the total number of set of resonators. The factor εn gener-
ates a variation from -10% to +10% in the stiffness of each array of resonators, which yields different tune frequencies
responsible for broadband vibration suppression around the target frequency.

Considering a concentrated harmonic excitation f (x, t) = Fδ (x− xe)eiωt as in the previous case, applying the modal

expansion as θ(x, t) =
N

∑
r=1

η̄r(t)φ̄r(x) and the orthonormalization conditions (Eqs. 19 and 20) in the Eqs. 23 and 24, one

obtains:

¨̄ηr(t)+ ω̄
2
r η̄r(t)−

S

∑
p=1

εnkpθp(t)φ̄r(xp) =
∫ L

0
F φ̄r(x)δ (x− xe)eiωtdx, r = 1,2,3, . . . ,N (35)

−ω
2IpΘp + εnkpΘp −ω

2Ip

N

∑
r=1

φ̄r(xp)Hr = 0. (36)

Introducing the harmonic solutions η̄r(t) and θp(t) into Eq. 35, then:

(ω̄2
r −ω

2)Hr −
S

∑
p=1

εnkpΘpφ̄r(xp) = F φ̄r(xe). (37)

Substituting Eq. 28 into Eq. 37:

(ω̄2
r −ω

2)Hr −µω
2

N

∑
r=1

S

∑
p=1

ω2
p

ω2
p −ω2 (ρJ+ Ieδ (x− xc)+ Ilδ (x− xl))φ̄r(xp)φ̄r(xp)∆lHr = F φ̄r(xe), (38)

where ω2
p = εnkp/Ip, Ip = µ(ρJ+ Ieδ (x− xc)+ Ilδ (x− xl))∆l, µ is a constant inertia ratio.

According to El-Borgi et al. (2020), the rainbow metastructure is arranged in k periodic cells that present an array of
resonators tuned in different target frequencies, which can form K number of bandgaps. Each cell presents Sk resonators
tuned in the resonant frequency ωk, therefore, the Eq. 38 can be rewritten in this form:



Dias, N. S., De Paula, A. S.

(ω̄2
r −ω

2)Hr −µω
2

N

∑
r=1

(
ω2

1

ω2
1 −ω2

S1

∑
p=1

(ρJ+ Ieδ (x− xc)+ Ilδ (x− xl))φ̄r(xp)φ̄r(xp)+
ω2

2

ω2
2 −ω2

S2

∑
q=1

(ρJ+ Ieδ (x− xc)+

Ilδ (x− xl))φ̄r(xq)φ̄r(xq)+ · · ·+
ω2

k

ω2
k −ω2

Sk

∑
k=1

(ρJ+ Ieδ (x− xc)+ Ilδ (x− xl))φ̄r(xk)φ̄r(xk)

)
∆lHr = F φ̄r(xe), (39)

where S is:

S = S1 +S2 + · · ·+Sk. (40)

Assuming that each set of resonators has a sufficiently large number of periodic cells and that the resonators are evenly
well distributed, the following approximation can be considered (El-Borgi et al., 2020):

lim
Sn→∞

Sn

∑
n=1

(ρJ+Ieδ (x−xc)+Ilδ (x−xl))φ̄r(xn)φ̄r(xn)∆l ≈
∫ L

0
ρJφ̄r(x)φ̄r(x)dx+ φ̄r(xc)Ieφ̄r(xc)+ φ̄r(xl)Il φ̄r(xl)= 1,

(41)

with n = 1,2,3, . . . ,k.

This Riemann sum approximation simplifies Eq. 39 as follows:

(ω̄2
r −ω

2)Hr −µω
2

k

∑
n=1

ω2
n

ω2
n −ω2 Hr = F φ̄r(xe), (42)

and leads to:

Hr =
F φ̄r(xe)

(ω̄2
r −ω2)−µω2

(
k

∑
n=1

ω2
n

ω2
n−ω2

) . (43)

As showed by El-Borgi et al. (2020), for a sufficiently large number of periodic cells with a set of k rainbow resonators
and evenly well distributed along the structure, the frequency response function, αre(ω), is given by:

αre(ω) =
Θ(xr,ω)

F(xe,ω)
=

N

∑
r=1

φ̄r(xr)φ̄r(xe)

ω̄2
r −ω2

(
1+µ

k

∑
n=1

ω2
n

ω2
n−ω2

) . (44)

RESULTS AND DISCUSSION

This section presents results obtained considering the system’s response in the steady state under harmonic excitation,
with the goal of identifying the critical zones, associated with higher vibration amplitudes, as well as evaluating the
performance of the metastructure in vibration reduction. Two cases are analyzed, in the first, all the resonators are
assumed to be identical, with the same inertia, Ip, and the same torsional stiffness kp. In the second case, a rainbow
arrangement is considered with sets of resonators, each set associated with one tuned frequency. In both cases, it is worth
mentioning that the added inertia is the same. Table 1 presents system’s parameters used in numerical simulations.
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Table 1 – System parameters.

Length of the shaft, L 1 m
Diameter of the shaft, d 0.06 m

Elasticity’s modulus of the shaft, E 221 GPa
Density of the shaft, ρ 7800 kg/m3

Poisson’s ratio of the shaft, ν 0.3
Inertia of the load, Il 0.165 kg.m2

Equivalent inertia of the cylinder, Ie 0.250 kg.m2

Inertia of p-th resonator, Ip 0.012747 kg.m2

Number of modes in modal expansion, N 10
Number of attached resonators, S 10

At first, the case with identical resonators is of concern. Figure 3a shows the shaft’s response in the frequency domain
to a concentrated harmonic excitation with N = 10, thus, the first 10 natural modes are considered in the modal expansion.
In the figure, the continuous blue line represents the system’s response without resonators, while the continuous orange
line represents the shaft’s response with the attached resonators. The shaded area represents the estimated linear locally
resonant bandgap for finite and continuous metastructures as addressed by Sugino et al. (2016, 2017):

ωi < ω < ωi
√

1+µ (45)

where ωi is the lower limit of the bandgap and µ is the inertia ratio given by:

µ =
∑

S
p=1 Ip

ρJL+ Ie + Il
=

IpS
ρJL+ Ie + Il

. (46)

It is considered that the inertia ratio is µ = 0.3 and the resonators are tuned in ωi = 4000 Hz so that the bandgap is
centralized in the target frequency ωt = 4281 Hz related to the fourth resonance peak. Figure 3b shows an enlargement
in the region of the linear bandgap formation produced by the resonators according to Eq. 45. Usually, the vibration
attenuation bandgap range can be increased by adding more resonators (i.e. raising the value of µ), however, there is a
saturation point where adding more resonators will not make the bandgap larger.

(a) (b)

Figure 3 – Frequency response function with identical resonators: (a) frequency response and (b) bandgap area.

Figure 4 shows the dispersion curve when identical resonators are added to the system. The continuous blue line
represents the torsional wavenumber (kT ) and the shaded area is the linear bandgap formation. The curve presents discon-
tinuity around ωi = 4000 Hz, the resonator tuning frequency. In this frequency, propagating waves are suppressed by the
resonators creating an attenuation band until ωi = 4560 Hz. This result is coherent with bandgap limits defined by Eq. 45
and with the frequency response shown in Fig. 3.
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Figure 4 – Torsional wavenumber for the crankshaft with identical resonators

In recent works by Beli et al. (2019), Meng et al. (2020), Xia et al. (2020), El-Borgi et al. (2020), and Brandão
et al. (2022), the use of rainbow metastructures and phononic crystals has been successfully used to increase the vibration
attenuation bandwidth using lightweight structures. To enlarge the bandgap, ten sets with 10 resonators each are attached
to the shaft, every set with a different tuned frequency, consisting of a rainbow arrangement, and the same added inertia
of the previous case (µ = 0.3). Figure 5a presents two curves, the continuous blue line represents the steady state system
response without rainbow metamaterials, and the continuous orange line is the response when the rainbow resonators
are added. Figure 5b presents an enlargement in the bandgap region, showing that the rainbow metastructure produces a
bandgap seven times bigger than identical resonators. This effect happens because each set of resonators follows a specific
profile to change the target frequency. On the other hand, the use of rainbow arrangements can not be applied in some
cases that require compact designs due to space restrictions.

(a) (b)

Figure 5 – Frequency response function with rainbow metastructures: (a) frequency response and (b) bandgap
area.

CONCLUSIONS

This work investigates the torsional vibration reduction of a reciprocating compressor crankshaft. A continuous model
represented the shaft with concentrated inertia elements and harmonic excitation. The mode shapes and natural frequen-
cies were obtained from modal expansion theory. Two different configurations of the metastructure were considered. In
the first, identical resonators were attached to the shaft, and in the second, a rainbow arrangement was considered with
sets of resonators, each array associated with one target frequency. Results showed that identical resonators successfully
attenuated vibration amplitudes in the neighborhood of the target frequency. Moreover, the analysis shows that rainbow
metastructures can increase the bandgap seven times without adding more inertia to the system, which is a limiting point
for enhancing the bandgap in the case of identical resonators.
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