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Abstract: This paper presents the design of a gain scheduling controller based on the 56 performance for trajectory
tracking of a cart-pendulum system. The nonlinear dynamics of the cart-pendulum system are used to model an over-
head crane. The gain scheduling is a flexible technique that allows a controller to be designed for a nonlinear system
based on a set of linearized subproblems. For each operating condition, a local linear controller is designed using the
6 control problem, in which weighting functions are properly chosen to minimize tracking error and control effort.
The resulting local linear controllers are activated according to a scheduling variable. Numerical results show the
benefits of the proposed approach.
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INTRODUCTION

The cart-pendulum system dynamics can be used as a simplified model for the dynamics of more complex nonlinear
mechanical systems, such as the two-dimensional motion of a rocket, the translation of a Segway, among other applications
(Hauser et al., 2005). The cart-pendulum system is also commonly used as a simplified model of overhead cranes (Auernig
and Troger, 1987; Singhose et al., 2000), which consists of a moving trolley with a payload attached to it by a rope (Fang
et al., 2012). As the trolley moves, it creates a pendulum-like swinging motion on the payload, which can be undesired
due to the possibility of cargo damage. For higher performance, a fast and precise payload motion is desired (Auernig and
Troger, 1987; Fang et al., 2012).

The trajectory tracking problem involves designing a control law that forces the mechanical system to follow a pre-
scribed reference trajectory. This class of control problem is used in everyday applications, such as autonomous quad-
copters (Hoffmann et al., 2008; Zuo, 2010; Bonna and Camino, 2015), underwater vehicles (Repoulias and Papadopoulos,
2007), inverted pendulums (Ha et al., 1996), helicopters (Mahony and Hamel, 2004), among others. For overhead cranes,
the tracking problem can be used to force the cart or the payload to follow a desired position or velocity profile.

Gain scheduling is a technique used to design controllers for nonlinear systems, that consists in dividing the nonlinear
problem into a set of linear subproblems by making successive linearizations at distinct operating conditions and then
designing local linear controllers for these operating points (Leith and Leithead, 2000; Rugh and Shamma, 2000). The
gain scheduling technique has applications ranging from process control to aerospace engineering. According to Rugh
(1991), some advantages of gain scheduling include the possibility of using classical and versatile robust control design
techniques to deal with uncertainties and to provide fast response capacity upon changes in operating conditions.

In the gain scheduling approach, any control design strategy can be used to design the local controllers. For our
application, the %3 control problem, that minimizes the 7% norm of the closed-loop system, is used for the local designs
(Doyle et al., 1989; Stoorvogel, 1993; Saberi et al., 1996). The .74 problem has been largely used in many engineering
applications (Rotea, 1993; Wang and Wilson, 2001; Kwakernaak, 2002; De Caigny et al., 2010; Camino and Santos,
2018). To obtain the desired performance and robustness, it is necessary to incorporate appropriately into the design
weighting functions to shape the loop gain, the sensitivity, and the complementary sensitivity functions (Grimble and
Biss, 1988; Postlethwaite et al., 1990; Zhou and Doyle, 1998).

EQUATION OF MOTION

The dynamics of an overhead crane can be modeled by a cart-pendulum system (Auernig and Troger, 1987; De Caigny
et al., 2014), as shown in Figure 1. The cart represents the trolley. The pendulum is composed of a cable with a payload
attached to its tip. The mass of the trolley is denoted by M [kg] and its displacement by ¢(¢) [m]. The payload has mass
m [kg], and the cable has length / [m]. The angular displacement of the payload is denoted by 0(¢) [rad]. The gravity of
the Earth is denoted by g [m/s?]. An external control force f(¢) [N] is applied to the trolley.

The nonlinear equation of motion of the cart-pendulum is given by

(M +m)j+ml(6cos® —6°sin®) = f
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Figure 1 — Cart-pendulum system.

After some manipulations, the equation of motion (1) can be conveniently rewritten as

aij—ay—az=f
la10 + ay cos(0) +as = — fcos(6)
with

a; =M +m—mcos*(6)
ay = ml6?sin(0)

az =mgsin(0)cos(0)
ay = (M +m)gsin(0)

Now, by choosing the control force f(¢) as

f(t) = aiu(t) —az —as 2)
where u(t) is a new virtual control input, the equation of motion becomes
Gt) = u(t)

sec(0(1)0(1) = Bgtan(0()) +u(t)), P =1/l @

This provides a partial feedback linearization of this underactuated system. Note that the translational dynamics in (3) are
now linear and decoupled from the rotational dynamics, which still contain nonlinear terms.

PROBLEM FORMULATION

In most conventional applications, it is desired to move the payload at the edge of the cable, whose absolute horizontal
displacement y,(z) is

yp(t) = q(t) +1sin(6(1)), 4)

from a rest (initial) position yo to a final position ys in a short time. It is also desired that the payload has a small
oscillation during its trajectory to the final position. A convenient way to address this problem is to cast it as a trajectory
tracking problem where the payload’s absolute horizontal displacement y,(r) must follow a step reference input with a
small overshoot and settling time.

Trajectory tracking problem

Since the goal is to design a controller for the cart-pendulum system that can guarantee trajectory tracking of a step
reference input with a small error, the trajectory tracking problem amounts to finding a controller such that

lim |e(7)] < €, for a small €,
f—>o0

where the trajectory tracking error e(¢) is defined by

e(t) - l’(l) *yp(t)

where r(t) is the reference trajectory, which hereafter is assumed to be a step of amplitude r.



E. G. Raffa, J. F. Camino

CONTROL DESIGN

This section presents the proposed trajectory tracking control design using a gain scheduling approach based on the
¢ problem. First, we introduce the gain scheduling technique and the underlying linearization method. Then, we present
the derivation of the local models. After that, we present the control system’s block diagram for the servomechanism,
together with its equivalent generalized plant representation. Finally, we introduce the .73 control problem that provides
the local controllers.

Gain scheduling technique

The gain scheduling technique allows the design of a controller for a nonlinear system by decomposing the problem
into several linear subproblems. For the gain-scheduled controller design (Rugh and Shamma, 2000), it is necessary to
follow the following steps:

1. Linearize the nonlinear system around a set of operating conditions;

2. For this set of operating conditions, design a local LTI controller for each one of the local linear models;

3. Implement the gain-scheduled controller by alternating among the designed LTI controllers according to a schedul-

ing rule;

4. Finally, check closed-loop system stability and performance.

The equation of motion is linearized using the first-order Taylor series approximation around the operating point p, as
shown below: 3(p)
n
_ f(p
~ + —_
f(p) = f(p) L op,

1

(pi— Pi)

p=p
where p; € R is the i-th term of the vector p € R", which contains all the variables of the nonlinear function f(p) : R" — R.
Notice that the equation of motion (1) of the cart-pendulum system has several nonlinear terms, which demand more
linearizations and, therefore, more operating points than (3), for which the translational dynamics are already linear, and
the rotational dynamics contains fewer nonlinear terms, leading to a lower number of operating points.

Local linearized models

Linearizing (3) around the operating point p = (0, é) leads to

G(t) = u(r)

. ®)
0(t) =c10(t) +c2+c3u(t)

with the following constant coefficients:

¢y = —0tan(0) + Bgsec(d)
;= 0tan(0)0 + Bgsin(6) — Bgb sec(H)
c3 = Bcos(6)

Now, using the following change of variable:

s=[q) 4t) 6(1)+erfcr 6(1)]"

system (5) can be written conveniently as
$(1) = Aps(t) + Bpu(t)

where matrices A, and B), are given by

01 0 0 0
00 0 0 1
=100 0 1| B=|o|
00 ¢ 0 &3

The linearized payload absolute horizontal displacement around the origin is given by
yp(t) =q(t) +16(t) = s1+1(s3—c2/c1) = Cps(t) +3p

with
Cp:[l 0 I 0}, Vp=—lca/cy
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Defining the output of plant G as
Yg(t) = yp(t) = Fp = Cps(t)
we obtain the following state-space representation for the local model:

o[t 4

Notice that the trajectory tracking error now becomes

e(t) = r(t) —yp(t) = r(t) =3p —yg (1) = (1) =g (t), () =r(1) =3,

Thus, once r(t), ¢, and ¢, are known, ¥p is known, and hence 7(t) is also known. So, a controller designed for the local
model (6) such that y,(¢) tracks 7(¢), enforces that y(r) tracks r() and, therefore, ¢(¢) is minimized.

Control system’s block diagram and generalized plant

Figure 2 shows the control system’s block diagram for the proposed trajectory tracking problem. The weighting
functions on the tracking error and the control effort are denoted by W, and W, respectively. These weights penalize
e and u in certain frequency range and shape the sensitivity function. In this figure, K is the local controller, G is the
local linearized model of the cart-pendulum system, given by (6), € is the weighted trajectory tracking error, and # is the
weighted control effort. It is worth emphasizing that the same weighting functions W, and W, are used for all the local
models. Eventually, in a more elaborate design, the weighting functions can be chosen differently for each local model.

We Wi

A

7

—(f K 2 G - Vg

Figure 2 — Control system’s block diagram.

The trajectory tracking problem presented in Figure 2 will now be solved using the 5% control problem. For this
purpose, it is necessary to represent the control system’s block diagram from Figure 2 in the well know generalized plant
configuration shown in Figure 3.

K <

Figure 3 — Generalized plant.

Observing from Figure 2 that

o~
Il

=
a

yg = Gu, u = Ke, e="F—y,, i =W,u,

and defining the signals of the generalized plant as
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the following equations are obtained:

W,u
y=w—-Gu
Now, noticing that the generalized plant P(s) relates the output vector [z7 yT]7 with the input vector [w! u]7, one finally
obtains
W, —W.G
P(s)=10 W, (7
I -G

Clearly, P(s) can also have a state-space representation in the form:

X(t) = Ax(t) + Byw(t) + Bou(t)

2(t) = Ci1x(t) + D1 1w(t) + Diou(r) ®)

y(t) = Cox(t) + Da1w(t) + Dapu(t)

where x(z) is the state vector of the generalized plant, composed of the state vector s(¢) of the plant G, the state vector
X (1) of the weight function W, and the state vector x,(¢) of the weight function W,,. The vector z(¢) is the performance
output signal, y(¢) is the measurement output signal, w(z) is the exogenous input signal, and u(¢) is the control input
signal. Matrices A, By, By, C1, C2, D11, D12, D21, and D>, have compatible dimensions and are given in the Appendix.
The 7% control problem

The 5% control problem (see Rotea (1993); Zhou and Doyle (1998)) provides a controller K that minimizes the 773
norm of the closed-loop transfer function relating the output signal z to the input signal w for the generalized plant from
Figure 3, in which, the % norm of a strictly proper transfer function H (s) is defined as

1HWIE = 5 [ T{HGe) o)} do

where H(jw)" denotes the complex conjugate transpose of H(j®).

In the hypotheses for the existence of the optimal 7% controller, it is assumed that Dy is zero to guarantee that the .73
problem is properly posed and that Dy, is zero so that the transfer function Py, (s) is strictly proper. It is also necessary to
assume that:

* the pair (A, By) is stabilizable, and the pair (A,C;) is detectable;
e matrices R = D1T2D12 >0and R, = Dleg1 > 0;

—jol B

e matrix
{ G Dy

} has full column rank for all @ and matrix [A } has full row rank for all w.

Under these hypotheses, the solution of the optimal 7% control problem is obtained by solving the following two
algebraic Riccati equations:

(A—BaR;'D),C)"X +X(A—BoR,'DI,C1) — XBoR ' BYX +CT (1 - D1oR;'D],)C1 =0
(A—BiDY\R;'Co)Y +Y(A—B\DL\ Ry ' o) —YCY R ' CoY + By (I— DY, Ry ' Dy )BT =0

with
x=x">o, Yy=Y">0

Once X and Y are computed, the two gains F; and L, are given by
F=-R'(B5x+DL,C)) and Ly=—(YC} +BiD})R;!
and the optimal .77 controller is given by the following state-space representation

_ A+Bh+10,0o —Lp

K F 0
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NUMERICAL RESULTS

This section first presents an analysis of two local closed-loop systems computed at two distinct operating conditions
and, afterward, the numerical results for the nonlinear cart-pendulum system in closed-loop using the gain-scheduled
controller. For all designs and simulations in this section, the overhead crane numerical parameters, taken from Fang et al.
(2012), are given by

M=65kg, m=1025kg, [=0.6[m], g=09.81[m/s’]

All initial conditions are assumed to be zero, and the weighting functions W, and W, are given by

(s+49.45)(s+4.55) _3t10

We(s) = 10° (s+ 10%) (s +54) (s + 1076) ) =6

The operating points used for the gain scheduling design are

6 =[—20, —10, 0, 10, 20] and 6 = [—400, —200, 0, 200, 400]
Notice that, these points provide a total of 25 local linearized models and consequently 25 local LTI .77 controllers.

Closed-loop with the local linearized models

This section presents numerical simulations of two local closed-loop systems computed at two distinct operating
conditions. For the first set of numerical simulations, a local LTI controller is designed using the .75 control problem for
the nonlinear model (3) linearized at the origin, i.e., at the operating point 8 = 0 and 6 = 0. The next two figures show
the results of the respective local closed-loop system to a unit step reference input. Figure 4 shows the payload absolute
horizontal displacement y,(¢) [m], the trolley displacement ¢(¢) [m], and the payload angular displacement 6(z) [degree].
Figure 5 presents the tracking error e(¢) [m] and the force f(¢) [N] applied to the trolley.
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Time [s] Time [s]
Figure 4 —y,(1), q(1), 6(1) for (6,6) = (0,0). Figure 5 — ¢(1), £(¢) for (6,6) = (0,0).

Observe that the payload absolute horizontal displacement y,(f) can track a unit step reference input with a settling
time of 2.88 [s] and an overshoot of 6.54%, approximately. To achieve that fast response, i.e., small settling time with
small overshoot, the payload initially undergoes a large swing, around 21 [degree] in absolute value. This is an inherent
trade-off imposed by this type of underactuated mechanical system. Notice also that the maximum force f(¢) applied to
the trolley was close to 21 [N] and the maximum trolley displacement ¢(¢) was close to 1.04 [m].

For the second local design, the operating condition is chosen as 8 = —10 and 8 = 200. The results of the respective
local closed-loop system to a unit step reference input are shown in the next two figures. Figure 6 shows the payload
absolute horizontal displacement y,(¢) [m], the trolley displacement ¢(r) [m], and the payload angular displacement 6 (r)
[degree]. Figure 7 presents the tracking error e(r) [m] and the force f(¢) [N] applied to the trolley.

Again, the local closed-loop system is able to track a unit step reference input with a fast settling time of 2.91 [s] and
a small overshoot of about 6.76%. The maximum angular displacement of the payload was 20.98 [degree] in absolute
value, the maximum trolley displacement was again 1.04 [m], and the maximum force applied to the trolley was about 21
[N]. Compared to the performance of the previous local model, linearized at the origin, both settling time and overshoot
increased. However, the extent to which they increased was insignificant. Similar results were obtained for all the other
operating conditions used in the design of the local controllers for the gain-scheduled controller. Thus, all local 7%
controllers provided satisfactory closed-loop performance.
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Figure 6 — y,(1),4(t),0(1) for (8,8) = (—10,200). Figure 7 — ¢(1), f(¢) for (6,6) = (—10,200).

Closed-loop with the nonlinear cart-pendulum system

This section presents the numerical results of the cart-pendulum system in closed-loop with the proposed gain-
scheduled controller. Figure 8 shows the control system’s block diagram, representing the nonlinear cart-pendulum

system, given by (1), with its actuation law, given by (2), in closed-loop with the gain-scheduled controller denoted
by GS.

O ~ GS - Eq.(2) Eq. (1) - Yp

Figure 8 — Control system’s block diagram with nonlinear plant and gain-scheduled controller.

Although in many practical implementations, a gain-scheduled controller is formed by interpolating between the set
of linear controllers derived for the corresponding set of linearized models associated with several operating points, in
this paper, our gain-scheduled controller GS works by activating a specific local controller once both scheduling variables
6(t) and 6(t) reach the operating region for which the respective local controller was designed to work.

The next two figures show the system’s closed-loop response to a unit step reference input with zero initial condition.
Figure 9 shows the payload absolute horizontal displacement y,(¢) [m], the trolley displacement ¢(z) [m], and the payload
angular displacement 6(¢) [degree]. Figure 10 presents the tracking error e() [m] and the force applied to the trolley
f(t) [N]. It is possible to observe that the tracking error approaches zero, the overshoot of the overhead crane payload

displacement is negligible, and the settling time is small, implying that the proposed gain-scheduled controller achieved
the desired performance.
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Figure 9 —y,(1),4(t),0(¢) for nonlinear plant. Figure 10 — ¢(z), f(z) for nonlinear plant.
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CONCLUSIONS

This paper shows that it is possible to make the overhead crane payload displacement follow a step reference with
a small settling time and overshoot using the gain scheduling control technique. The 7% control problem was used to
design the local controllers. All local linearized models achieved stringent closed-loop performance. The proposed gain-
scheduled controller that works by activating the local .7 controllers also provided satisfactory performance. Although
robustness to uncertainty was not addressed in this paper, this issue can be conveniently incorporated into the 5% for-
mulation. Another important aspect that can be further investigated is the application of the proposed gain scheduling
technique to cope with the variation of the cable’s length that carries the load.
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APPENDIX
State-space representation of the generalized plant P

To derive the state-space representation of the generalized plant P, that represents the control system’s block diagram
from Figure 2, the transfer functions W,, W,, and G are assumed to have the following state-space representation: the
weighting function W, is given by

Xo(t) = Aexo(t) + Bee(t)
é(t) = Cexe(t) + Dee(t)

the weighting function W, is given by

Xu (1) = Auxy (1) + Buu(t)
i(t) = Cyxy(t) + Dyu(t)

and plant G is given by

$(t) = Apx, (1) + Bpu(t)
Ve(t) = Cps(t) +Dpult)

Using these models, the state-space representation of the generalized plant P can be shown to be

X X A B B,
| =P |w]|, P=|C, Dy Dpp
y u G Dy Dy
with the system matrices given by
Ap 0 O 0 B,
A=|-B.C, A 0], By = |B.|, By = |—B.Dp |, C = l: D()ecp %e C(’)]
0 0 A, 0 B, u
G=[-C, 0 0], Dy = [l())e} ; D= {_%Dp] ) Doy =1, Dy =—D,
u



