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Abstract: It is well known from the literature that the vibration attenuation achieved in 昀椀nite metamaterials increases
as the number of unit cells increases. This leads to more natural frequencies within a given pass-band and, due to the
periodicity of the dispersion diagram, they tend to cluster at its boundaries. This can be problematic, since in a narrow
frequency range encompassing the end of an attenuation band and the beginning of a pass-band, one can move from a
highly attenuated region to a region with large vibration transmissibility. In this context, this paper considers the use
of localized eddy current-based dampers (ECDs) to enhance the attenuation performance of regions with a high density
of natural frequencies. The e昀昀ects of system parameters on the dispersion diagram and vibration transmissibility are
investigated. The results show that ECDs are able to increase the vibration attenuation of metamaterial beams with
beam-type resonators.
Keywords: elastic metamaterials, local resonators, eddy current damping

INTRODUCTION
Acoustic and elastic metamaterials are periodic structures designed so that they exhibit properties not found in natural

materials, such as negative e昀昀ective density (Yao et al., 2008), elastic modulus (Liu et al., 2000) or both (Cheng et al., 2008).
Contrary to what occurs in phononic crystals, in metamaterials, bandgaps occur at wavelengths that are not associated
with the dimensions of the unit cell, but with the resonance frequency of the internal oscillators. This makes them quite
attractive, as bandgaps can be generated at frequencies that are in principle arbitrarily low.

Although a huge variety of di昀昀erent metamaterial designs have been proposed and studied, most investigations focus
on structures without any dissipation mechanisms, so that the obtained vibration attenuation characteristics are due only
to the local resonance phenomenon (or Bragg scattering, for phononic crystals). This is mainly due to the greater ease of
modeling and interpretation of results for undamped structures, not to mention that weakly damped structures are usually
well approximated by the associated conservative model. The fact is that all real structures present some degree of damping,
and its consideration in the mathematical model can lead to at least two bene昀椀ts. First, taking damping into account can
lead to changes in the band structure and transmission spectrum, allowing for a better representative model of the real
underlying system. Second, damping can be wisely introduced in the structure to, in conjunction with periodicity, obtain
increased vibration attenuation performance.

Part of the existing work in the literature regarding damped phononic crystals and metamaterials focuses on e昀케cient
and reliable numerical techniques to characterize the in昀氀uence of di昀昀erent damping models (like viscous or viscoelastic)
on the dispersion diagram of periodic structures. In this sense, they can be classi昀椀ed based on the type of solution that is
sought (Andreassen and Jensen, 2013; Frazier and Hussein, 2016; Hussein et al., 2014). One class of methods searches for
a band structure by means of a formulation � = �(�), restricting � (the circular frequency) to real values and allowing �
(the wavenumber) to be complex, such that the dissipation can be observed only spatially, following the imaginary part of �.
These cases are commonly referred to as harmonic wave propagation, and they have direct correspondence to experimental
situations in which a structure is subjected to a forced harmonic excitation. Another class looks for solutions of the form� = �(�), with � being real and allowing � to be complex. In this case, dissipation e昀昀ects are observed through temporal
rather than spatial attenuation. This type of formulation, which is referred to as free wave propagation, corresponds directly
to experimental problems with wave generation due to an initial disturbance, or in forced cases in which the loading is,
for example, impulsive. Andreassen and Jensen (2013) applied both formulations in the study of a 2D phononic crystal
and showed that the dispersion diagram and the temporal rate of decay of the wave amplitude predicted by both methods
agree well for small amounts of damping, but begin to diverge as it increases, especially for short wavelengths. It is worth
mentioning that recent e昀昀orts (Frazier and Hussein, 2016) have sought to construct a band diagram with simultaneously
complex frequency and wavenumber, but, until now, with applications restricted to discrete systems, and with few degrees
of freedom.

Regarding structures with internal oscillators, Hussein and Frazier (2013), studying discrete diatomic and mass-in-mass
systems, coined the term metadamping to designate the phenomenon of damping emergence due to the presence of internal
oscillators in metamaterials, which causes them to have a higher damping ratio than statically equivalent phononic crystals.
Also, several researches have investigated the in昀氀uence of di昀昀erent damping models in the most varied con昀椀gurations of
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metamaterials, studying the role of damping separately in the host structure and in the internal resonator. The e昀昀ects of
structural damping on a 2D metamaterial made by adding a resonant structure in the form of a clamped beam to a 昀氀at plate
were investigated, both numerically and experimentally, by Belle et al. (2017). Their 昀椀ndings showed that damping in the
resonators mainly a昀昀ects the frequency range in and around the bandgap, while damping in the host structure primarily
in昀氀uences the pass-band region. Considering a free wave propagation approach, Aladwani and Nouh (2020a) studied,
through the frequency-damping band diagram, the in昀氀uence of damping on di昀昀erent parts of a metamaterial beam with
lumped resonators. They showed that damping in the resonator increases the modal damping ratio in regions close to the
bandgap and that, when added to the host beam, damping can suppress the bene昀椀cial e昀昀ect triggered by the resonator
damping around the bandgap edges. In a related work (Aladwani and Nouh, 2020b), the same authors considered a 昀椀ber-
reinforced composite beam with multiple discrete resonators connected in series to study the in昀氀uence of the position of
the viscoelastic damping on the structure. They reported that the placement position of viscoelastic inserts in the resonant
structure dictates whether a higher damping ratio will be obtained near the boundaries of the bandgaps, or in the pass-
band between them. Regarding longitudinal waves, a bi-material rod with internal resonators was considered by Lou et al.
(2018), who showed that dissipation in the host material and in the resonators can lead to the coalescence of Bragg and
appropriately tuned local resonance (LR) bandgaps, forming a single, wider bandgap. They found, however, that damping
in the internal resonator has little e昀昀ect on Bragg bandgaps.

In addition to the selection of geometric and material parameters, which unequivocally determine the wave propagation
characteristics of the in昀椀nite structure, a key aspect in the design of phononic crystals and metamaterials is the choice of
the number of unit cells to be considered. Of course, all real structures are 昀椀nite in size, and so the in昀椀nite-cell Bloch
model is just an approximation of the associated 昀椀nite-sized real structure. In general, an increase in the number of unit
cells leads to an improvement in the vibration attenuation, at the price of increasing the number of natural frequencies
of the 昀椀nite system within a given branch in the pass-band (Mace, 2014). Furthermore, it is known (Mace, 2014) that
the natural frequencies of the 昀椀nite system tend to cluster close to the boundaries of the pass-bands. This is due to the
periodicity of the dispersion diagram in the �-space, which causes ��/�� = 0 at the boundary between a pass-band and a
stop-band. This can be problematic, since in a narrow frequency range which encompasses the end of a given attenuation
band and the beginning of the corresponding pass-band, one can move from a highly attenuated region to a region with
large vibration transmissibility.

Within this framework, this work proposes the use of eddy current (EC) damping to improve the attenuation perfor-
mance of these frequency ranges with high density of natural frequencies. EC damping arises due to the variation of the
magnetic 昀氀ux through the surface of a conductor, which can occur, e.g., due to relative motion between a permanent magnet
(PM) and a metallic conductor. According to Faraday’s law, the variation of the magnetic 昀氀ux generates an electromotive
force (emf) in the conductor, which leads to the appearance of an electric current in it, which, in turn, induces another
magnetic 昀椀eld that opposes the 昀椀rst one (obeying Lenz’s law). The interaction between the induced magnetic 昀椀eld and that
of the PM leads to the emergence of a resistive force to motion that, as shown later, is modeled to be proportional to the
relative velocity between the conductor and the PM. In the literature, works are found reporting that damping based on ECs
has proven e昀昀ective in suppressing vibrations in structures such as beams (Sodano et al., 2006), plates (Bae et al., 2018),
multi-storey frames (Ao and Reynolds, 2019), and turbine blades (Laborenz et al., 2012). EC-based damping is interesting
in the sense that it allows the introduction of damping at localized points in the structure, without greatly a昀昀ecting the
tuning of resonators. In addition, it has advantages such as the possibility of changing the damping level after installation,
and the absence of mechanical contact between the PM and the conductive metal.

The remainder of this paper is organized as follows. First, the mathematical modeling of the metamaterial beam with
EC dampers is presented: the spectral element method (SEM) modeling of a Timoshenko beam is initially presented, which
is followed by the modeling of the beam-type resonators. Later, one addresses the computation of the dispersion diagram
of the in昀椀nite system and the forced response of the associated 昀椀nite structure. Numerical results are reported afterward:
昀椀rst, the trade-o昀昀 between vibration attenuation and its robustness in a 昀椀nite metamaterial is presented, and, then, the use
of EC damping in metamaterial beams with beam-type resonators is stressed. Concluding remarks are provided at last.

METAMATERIAL BEAM MODELING
The system under study is shown in Fig. 1. It consists of a host beam, to which resonant structures are rigidly connected

in a periodic arrangement. Each resonator is comprised of a double cantilever beam with a thin copper sheet attached to
its surface. The 昀氀ux of the magnetic 昀椀elds, generated by nearby PMs, through the copper sheets varies as the resonator
oscillates, generating ECs in the copper conductor, which in turn leads to the emergence of damping forces in the resonators.
Metamaterial beams with similar beam-type resonators have been investigated in other studies (El-Borgi et al., 2020;
Serrano et al., 2019; Xiao et al., 2013), but little attention has been devoted to the in昀氀uence of resonator damping on the
wave propagation and vibration attenuation performance. Here, we explore how a concentrated damping element generated
by ECs can be exploited to improve the attenuation performance of metamaterial beams with beam-type resonators. The
model for computing the damping forces that arise due to ECs is presented below. Since the unit cell shown in Fig. 1 is
composed by beam-like structures, the main aspects related to the modeling of Timoshenko beams through the SEM are
brie昀氀y revisited.
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Figure 1 – Schematic diagram of the unit cell under study.

Model for the eddy current damping force

The magnetic induction 昀椀eld created by a cylindrical PM having an axial polarization can be found by using the equiva-
lence between the coulombian approach and the amperian current model (Ravaud et al., 2010). If � is the axial polarization
of the PM, �PM its radius and �PM its length, this 昀椀eld can be written, in cylindrical coordinates, as (Ravaud et al., 2010):��(�, �) = �/(2�) ⋅ Ca, ��(�, �) = �/(2�) ⋅ Cb, (1)

where � and � are cylindrical coordinates,

Ca = ∑2�=1(−1)� {��/ (�√��) ⋅ K [−2�/��] − √��/� ⋅ E [−2�/��]} ,
Cb = ∑2�=1(−1)��4,� {(�� − ��PM) (� [�1,�, �3,�, �2,�] + � [�1,�, �2,�]) + (��PM − ���) (F [�3,�, �2,�] + K [�2,�])} , (2)

and:

�� = (� − �PM)2+(� − ��)2 , �1,� = (�� − �)(�� + �) , �2,� = (�� − �)(�� + �) , �3,� = − arcsin [�� + ��� − �] , �4,� = 2�PM (� − ��)�(�� − �)√−�� − �,
�� = �2 + �2

PM + (� − ��)2 , � = 2��PM, � = �2 + �2
PM, �1 = −�PM/2, �2 = �PM/2. (3)

In Eq. (2), K[�], F[�, �], E[�], �[�, �], and �[�, �, �] represent the following elliptic integrals:

K[�] = ∫⎮⎮∫
�2

0
1√1 − � sin(�)2 ��, F[�, �] = ∫⎮⎮∫

�
0

1√1 − � sin(�)2 ��, E[�] = ∫ �20 √1 − � sin(�)2��,
�[�, �, �] = ∫⎮⎮∫

�
0

1√1 − � sin(�)2 1√1 − � sin(�)2 ��, �[�, �] = � [�, �2 , �] . (4)

If the surface charges are assumed to be ignored, the current density J induced in a conducting sheet with electrical
conductivity �, moving with velocity v perpendicularly to a magnetic induction 昀椀eld B, is given by (Sodano et al., 2005):

J = � (v × B) . (5)

Using Eqs. (5) and (1), the damping force due to the eddy current can be assessed using Lorentz force, as is given by
(Sodano et al., 2005, 2006):

F = ∫� J × B d� = −k�� ∫� �2� d�, (6)

from which the equivalent viscous damping coe昀케cient due to the eddy currents can be calculated as:�EC = � ∫� �2� d�. (7)

The integration appearing in Eq. (7) must be performed over the entire volume of the conductive surface. In the present
work, it is computed using a numerical integration method.

SEM modeling of a Timoshenko beam

The equations of motion for the free vibration of a uniform beam modeled according to Timoshenko’s theory can be
written as (Lee, 2009; Mei and Mace, 2005):� ′(�, �) = ���̈(�, �), �′(�, �) + �(�, �) = �� ̈�(�, �), (8)
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where the bending moment �(�, �) and the transverse shear force �(�, �) can be calculated as:�(�, �) = ��� (�′(�, �) − �(�, �)) , �(�, �) = ���′(�, �). (9)

The constants �, �, �, �, �, � denote the Young’s modulus, shear modulus, mass density, cross-sectional area, second
moment of area, and shear correction factor, respectively, and �(�, �), and �(�, �) are the transverse displacement, and
slope, respectively. The dot ( ̇) represents time derivatives, whereas the prime ( ′ ) denotes derivatives w.r.t. the spatial
coordinate.

A propagating wave is assumed as the solution of Eq. (8):�(�, �) = ��−�(��−��), �(�, �) = ���−�(��−��), (10)

where � is the modal ratio, � is the wavenumber, and � is the circular frequency. Substituting Eq. (10) into Eq. (8) yields
an eigenvalue problem, whose characteristic equation is given by:(�����) �4 − (������2 + �����2) �2 + (���2 − ���) ���2 = 0. (11)

Equation (11) is bi-quadratic in �, whose solutions �� (� = 1, ⋯ , 4) are easily found as:

�� ≡ �1 = −�2 = 1√2��√��2� + √�2�4� + 4 (1 − �1�4�) �e ≡ �3 = −�4 = 1√2��√��2� − √�2�4� + 4 (1 − �1�4�), (12)

where: �1 = ��, �2 = �����, � = �1 + �2, �� = √� (���� )1/4 , �� = √� ( ���)1/4 . (13)

Furthermore, regarding the SEM, the 4 × 4 spectral element matrix, also called the exact dynamic sti昀昀ness matrix
(DSM), for a homogeneous Timoshenko beam with length � can be expressed as (Lee, 2009):

�(�)(�) = [ S11 S12
S21 S22 ] = �� ⎡⎢⎢⎢⎣

�11 �12 �13 �14�12 �22 �23 �24�13 �23 �33 �34�14 �24 �34 �44
⎤⎥⎥⎥⎦ . (14)

Expressions for the components ��� are omitted here for conciseness, being available elsewhere (Lee, 2009).

Modeling of the beam-type resonator

The global matrix equation for the unit cell, encompassing both the host beam and the beam-type resonators, can be
obtained by assembling the spectral element matrices for each of these parts, in a completely analogous way to what is
done in the conventional 昀椀nite element method (FEM). Alternatively, the in昀氀uence of the beam-type resonator can be
incorporated considering its driving-point dynamic sti昀昀ness. For that, following the SEM, the equations of motion of the
two waveguides that comprise the resonator (see Fig. 1) can be written as:

⎡⎢⎢⎣
S(1)11 S(1)12 0
S(1)21 S(1)22 + S(2)11 + SEC S(2)12
0 S(2)21 S(2)22

⎤⎥⎥⎦
⎧{⎨{⎩

d1
d2
d3

⎫}⎬}⎭ = ⎧{⎨{⎩
f1
f2
f3

⎫}⎬}⎭ , (15)

where:

d1 = {� (�)1 0}T , d2 = {� (�)2 Φ(�)2 }T , d3 = {� (�)3 Φ(�)3 }T , f1 = {�0 0}T , f2 = f3 = {0 0}T . (16)

The matrix SEC, which represents the contribution of the EC damper to the dynamic sti昀昀ness of the resonator, can be
read as:

SEC = [ �EC 00 0 ] , where �EC = −�2�EC + ���EC, (17)

with �EC and �EC being, respectively, the mass of the copper sheet and the damping coe昀케cient of the EC damper. The
nodal degrees of freedom (� (�)1 , � (�)2 , Φ(�)2 , � (�)3 , Φ(�)3 ) can be found by solving Eq. (15), after applying the boundary
conditions given by Eq. (16). Then, the driving-point dynamic sti昀昀ness of the resonator can be computed as:

�r = �0� (�)1 . (18)

The approach chosen here of condensing the resonator degrees of freedom through its driving-point dynamic sti昀昀ness,
in addition to being exact, has the advantage of decreasing the computational cost associated with calculating both the
dispersion diagram of the in昀椀nite system and the forced harmonic response of the truncated 昀椀nite structure, which will be
addressed later.
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Computation of the dispersion diagram of the in昀椀nite system
To compute the dispersion diagram of the in昀椀nite periodic system, it is enough to consider a single unit cell. In the

framework of the SEM, the equations of motion in the frequency domain for the unit cell shown in Fig. 1 can be compactly
written as: [ SLL SLR

SRL SRR
] { dL

dR
} = { fL

fR
} , (19)

where:
dL = {�1 Φ1}T , dR = {�2 Φ2}T , fL = {�1 �1}T , fR = {�2 �2}T . (20)

The subscripts L and R stand for the left and right nodes of the unit cell, respectively. The global DSM is assembled
from the DSMs of the host beam and the resonator, and can be written as:[ SLL SLR

SRL SRR
] = [ S11 + Sr S12

S21 S22 ] , where Sr = [ �r 00 0 ] , (21)

with �r given by Eq. (18). One remarks a similar procedure has been adopted by Xiao et al. (2013).

Equation (19) can be reorganized as follows, in order to obtain the transfer matrix (TM) T(�) of the unit cell:

{ dR−fR
} = [ −S−1

LRSLL S−1
LR−SRL + SRRS−1

LRSLL −SRRS−1
LR

]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
T(�)

{ dL
fL

} . (22)

When considering wave propagation in in昀椀nite periodic systems, the state vectors associated with the left and right
boundaries of the unit cell are related through the propagation constant � by means of Bloch conditions, as follows (Hussein
et al., 2014): { dR−fR

} = e�� { dL
fL

} , (23)

which, upon substituting in Eq. (22), produces the following standard eigenvalue problem:

T(�) { dL
fL

} = e�� { dL
fL

} . (24)

Following the harmonic wave approach, the dispersion diagram is calculated by imposing a real frequency � and
solving the eigenvalue problem given by Eq. (24) in order to compute the propagation constant �.

The nature of wave propagation depends on the value obtained for �. Eigenvalues of the form ��� (� ∈ ℝ) are
associated with propagating wave modes, while eigenvalues of the form ��+�� (�, � ∈ ℝ) relate to spatially-attenuated
wave modes. Accordingly, for conservative systems, pass-bands are de昀椀ned as the frequency regions where at least one
wave mode exhibits a purely real propagation constant, while bandgaps are frequency bands with all propagation constants
with non-zero imaginary part.

Computation of the forced harmonic response of the 昀椀nite structure
At least two di昀昀erent approaches can be followed to compute the response due to a harmonic force using SEM. One can

adopt the spectral transfer matrix method (STMM) (Lee, 2000), which reduces the complete structure to a single equivalent
unit cell (represented by its TM) by recursively combining the TMs of the substructures that comprise the 昀椀nite system.
Although this approach is in principle exact and generates a linear system of low order (which is independent of number
of unit cells), it is prone to numerical errors due to poor conditioning of the TM. Another approach, which is adopted
here, consists of working directly with spectral element matrices. The DSM of the whole structure is assembled from
the matrices of its constituent substructures using techniques completely analogous to those used in conventional FEM.
Although the resulting system of equations may have a much higher order (which increases with the number of cells) when
compared to that obtained when using STMM, the numerical problems described above are avoided.

The considered 昀椀nite structure is composed of a set of � − 1 beam-type resonators, placed at a constant spacing along
the host beam, which in turn is split into � segments. Thus, the equations of motions of the entire metamaterial beam can
be written as:

Sd = f, (25)
where the global DSM can be read as:

S =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

S(1)11 S(1)12 0 ⋯ 0 0
S(1)21 S(1)22 + S(2)11 + S(1)

r S(2)12 ⋯ 0 0
0 S(2)21 S(2)22 + S(3)11 + S(2)

r ⋯ 0 0⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ S(�−1)22 + S(�)11 + S(�−1)

r S(�)12
0 0 0 ⋯ S(�)21 S(�)22

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (26)
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and the vectors of forces and nodal degrees of freedom can be represented as:

f = {�1 0 ⋯ 0 0}T , d = {�1 Φ1 �2 Φ2 ⋯ ��+1 Φ�+1}T . (27)

Since we are concerned with the vibration attenuation performance of the system, a natural metric to evaluate it is the
displacement transmissibility between the 昀椀rst (where the force is applied) and last nodes, which is given by:

�(�) = ∣��+1�1 ∣ . (28)

NUMERICAL EXPERIMENTS AND DISCUSSION
The trade-o昀昀 between vibration attenuation and its robustness in a 昀椀nite metamaterial

In order to highlight the motivation behind this study, this section stresses the trade-o昀昀 between the vibration attenuation
obtained in a 昀椀nite metamaterial and its robustness. Here, robustness is qualitatively understood as a small change in the
displacement transmissibility (as de昀椀ned in Eq. (28)) as the forcing frequency is slightly varied.

Figure 2 shows the displacement transmissibility for the metamaterial beam when 1, 7, and 14 resonators are distributed
equidistantly and symmetrically along its length (without adding the copper sheet on the resonators). It can be seen that
the frequency range in which vibration attenuation occurs increases as the number of resonators embedded into the beam
increases. At the same time, it can be noticed that the increase in the number of resonators leads to a greater amount of
natural frequencies within each pass-band. Accompanied by this increase, there seems to be a clustering of these natural
frequencies around the boundaries of the bandgaps (Mace, 2014). This grouping leads to a decrease in the robustness of
the metamaterial design, since in a narrow frequency range around the cuto昀昀 frequency of the pass-band, one can move
from a region with high attenuation to a region with high vibration transmissibility.

This phenomenon can be understood through the modal density of the metamaterial, �(�), which is de昀椀ned as the
expected number of modes per unit of frequency. For an one-dimensional system composed of � unit cells, it can be
calculated using the phase-closure principle (Mead, 1975) and is approximately given by (Langley, 1994; Lyon and DeJong,
1995): �(�) = ��/(���) = (�/�)��/��, (29)
where � is the length of each unit cell, and �� is the group velocity. Equation (29) ignores the possible in昀氀uence of
boundary conditions on the modal density (Xie et al., 2004), which is non-zero even for simple ones (such as free, pinned
or clamped) in the case of Timoshenko beams (Mei and Mace, 2005). Nonetheless, for systems comprised of many unit
cells, the modal density is asymptotically independent of the boundary conditions (Finnveden, 2004), so their contributions
can be neglected.

For periodic structures, the dispersion relation is symmetric around � = 0, and periodic in the �-space, obeying�(�) = �(� + 2��), with � being an integer. Due to this periodicity and symmetry, for the dispersion diagram to have
a continuous slope, one must have ��/�� = 0 for � = 0 and � = �. Indeed, it can be seen that the dispersion diagram
shown in Fig. 3 presents a vertical slope for these values of �. It follows from Eq. (29) that the modal density is in昀椀nite at
the bandgaps edge frequencies, which explains the clustering of natural frequencies around this region.

Figure 4 shows the modal density computed numerically for the metamaterial beam. Comparing it with Fig. 2(c), one
can clearly see an accumulation of natural frequencies in regions with higher modal density. It is noteworthy that, for the
Bragg bandgap, the modal density increases (to in昀椀nity) only in regions very close to the cuto昀昀 frequency, while for the
locally resonant bandgaps, it presents a more accentuated increase in regions farther from the band edges. This explains
why there is much more signi昀椀cant clustering of natural frequencies around the locally resonant bandgaps than around the
Bragg bandgap (cf. Fig. 2(c)).

0 0.5 1 1.5 2−40−200
204060

Frequency [kHz]

�(�)
[d
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(a) 1 resonator

0 0.5 1 1.5 2
Frequency [kHz]

(b) 7 resonators

0 0.5 1 1.5 2
Frequency [kHz]

(c) 14 resonators

Figure 2 – Displacement transmissibility for a beam with (a) 1, (b) 7 and (c) 14 beam-type resonators.
The blue hatched areas highlight the predicted bandgaps.
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Figure 3 – Dispersion diagram for a beam with beam-type resonators. The associated unit cell is related to the
structure whose transmissibility is shown in Fig. 2(c). The blue hatched areas highlight the predicted bandgaps.
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Figure 4 – Modal density for the metamaterial beam with 14 unit cells.

Exploiting eddy current damping in metamaterial beams with beam-type resonators
This section is devoted to showing how eddy current damping can be exploited to enhance the vibration attenuation

performance of a metamaterial beam with beam-type resonators. The following case studies consider a metamaterial
beam with 14 unit cells. The relevant geometric and material parameters are listed in Table 1. Complementary features
are: permeability of free space, �0 = 4� × 10−7 H/m; PM residual magnetic 昀氀ux density, �� = 1.45 T; PM length,�PM = 6.35 mm; PM radius, �PM = 7.9375 mm.

Using the previous parameters, the equivalent damping coe昀케cient due to eddy currents, �EC, can be computed using
Eq. (7). Eddy currents generated in the aluminum resonator were also considered due to its high electrical conductivity.
The variations of �EC with �EC (the position of the ECD along the length of the resonator) and �EC (the separation between
the conductive copper sheet and the surface of the PM) are shown in Fig. 5. The axes are normalized following ̄� =(�EC − ��/2)/(�� − ��) (so that 0 ≤ ̄� ≤ 1) and ̄� = �EC/�PM (so that 0 < ̄� ≤ 2). It can be noticed that the damping
coe昀케cient decreases rapidly as the PM is distanced from the resonant structure. Much lower sensitivity is found concerning
the ECD location along the resonator’s length. For a given ̄�, �EC reaches its maximum value at � = 0.5 and minimum
values at ̄� = 0 and ̄� = 1.

The impact of eddy current damping on the wave attenuation performance of the LR metamaterial can be seen through
the plot of the smallest attenuation constant as a function of frequency, since it characterizes the least spatially attenuated

Table 1 – Geometric and materials parameters of the unit cell of the metamaterial beam.

Feature Host Beam Beam-type resonator Copper sheet

Length [m] 1.33 0.11 0.015875
Width [mm] 25.4 15.875 15.875
Thickness [mm] 4.7625 3.175 0.5
Mass density [kg/m3] 2700 2700 8940
Young’s modulus [MPa] 70 70 -
Poisson’s ratio 0.33 0.33 -
Electrical conductivity [kS/mm] 36.9 36.9 58.7
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Figure 5 – Damping coe昀케cient as a function of the location of the ECD.
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Figure 6 – Smaller attenuation constant for the LR
metamaterial for di昀昀erent values of ̄�, when ̄� = 1.
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Figure 7 – Smaller attenuation constant for the LR
metamaterial for di昀昀erent values of ̄�, when ̄� = 0.5.

wave mode (Xiao et al., 2013). This is shown in Fig. 6 when ̄� = 1 (i.e., the ECD is at the free end of the resonator)
for di昀昀erent values of ̄�. It can be noticed that the addition of ECD mainly a昀昀ects the frequency ranges closer to the
boundaries of the LR bandgaps. For all levels of damping, the Bragg bandgap is almost una昀昀ected, nor are the regions
far from the bandgaps edge frequencies. For the bandgap associated with the 昀椀rst natural frequency of the resonator, the
increase in attenuation bandwidth comes at the cost of decreasing the maximum achieved attenuation. For the second
natural frequency, this bandwidth increases without substantially a昀昀ecting the value of the smallest attenuation constant.

The in昀氀uence of varying the ECD insertion point, ̄�, on the smallest attenuation constant can be seen in Fig. 7 when̄� = 0.5. It is noticed that the center frequency of the attenuation bands decreases as the ECD moves from ̄� = 0 to ̄� = 1.
The Bragg bandgap, in turn, remains almost unchanged. It is also interesting to note that the location ̄� = 1 is the one that
promotes a greater width of the attenuation band for the 昀椀rst LR bandgap. As the ECD moves to the coupling point on
the beam, the damping e昀昀ects become less pronounced in this frequency region. Regarding the second LR bandgap, the
attenuation range becomes wider when ̄� = 0.333 (for the four cases considered). For both LR bandgaps, the point ̄� = 0
is the one that most suppresses the e昀昀ects of ECD.

Similar trends can be observed regarding the vibration attenuation achieved in a 昀椀nite structure. Figures 8 and 9 show
the vibration transmissibility for di昀昀erent values of ̄� when ̄� = 1. They reveal that, although ECD reduces the vibration
transmissibility of all natural frequencies, it is particularly e昀昀ective regarding those clustered close to the cuto昀昀 frequencies
of the LR bandgaps. Figure 9 shows that natural frequencies away from this region, as well as those within the Bragg
bandgap, are much less attenuated, even for higher damping levels. It is worth noting that the placement position ̄� = 1 is
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Figure 8 – �(�) for the LR metamaterial for di昀昀erent values of ̄�, when ̄� = 1.
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Figure 9 – �(�) in dB for the LR metamaterial for di昀昀erent values of ̄�, when ̄� = 1. The dashed lines represent the
predicted bandgaps.

capable to attenuate the modes close to both LR bandgaps. Although Fig. 6 shows that the maximum attenuation obtained
in the region of the 昀椀rst LR bandgap decreases as the damping level increases, this e昀昀ect cannot be observed in Figs. 8 and
9. Indeed, for all damping levels assumed, the vibration transmissibility within the 昀椀rst LR bandgap is always below the
considered limit of −40 dB. This is due to the relatively large number of unit cells that comprise the 昀椀nite structure.

Concerning the ECD insertion point, ̄�, the conclusions obtained through the wave propagation analysis are also re-
昀氀ected in the vibration transmissibility of the 昀椀nite structure. Figures 10 and 11 show the vibration transmissibility for
di昀昀erent values of ̄� when ̄� = 0.5. In the frequency regions around the 昀椀rst LR bandgap, the maximum attenuation is
obtained for ̄� = 1. As the ECD coupling point moves to ̄� = 0, the modes clustered in this region become less and
less attenuated. For modes close to the cuto昀昀 frequencies of the second LR bandgap, Fig. 11 shows that the maximum
attenuation is obtained for about ̄� = 0.45.

To help understand the in昀氀uence of the ECD coupling point on attenuation performance, Fig. 12 shows the normal
modes for 8 natural frequencies when ̄� = 1. The corresponding frequencies are shown as dashed blue lines in Fig. 8. It
can be noticed that the natural frequencies that are far from the bandgaps regions present a deformation pattern with large
deformation of the host beam, whereas there may be large deformations of the resonators (as in Figs. 12(e) and 12(g)) or
not (cf. Fig. 12(a)). In these cases, the localized use of the ECD in the resonator is not very e昀昀ective, as the host beam
possesses regions with large displacements which are not directly damped. The modes close to the LR bandgaps (Figs.
12(b), 12(c), 12(d), and 12(g)) are dominated by deformations of the resonators in con昀椀gurations close to their respective
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Figure 10 – �(�) for the LR metamaterial for di昀昀erent values of ̄�, when ̄� = 0.5.
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Figure 11 – �(�) in dB for the LR metamaterial for di昀昀erent values of ̄�, when ̄� = 0.5. The dashed lines represent
the predicted bandgaps.
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Figure 12 – Some normal modes for the metamaterial beam when ̄� = 1.

normal mode, with small deformations of the host beam. In these cases, the localized use of the ECD in the resonators
is quite e昀昀ective. From Fig. 12(f), it can be seen that the deformation mode for the natural frequency within the Bragg
bandgap corresponds to a localized vibration mainly of the host beam, which explains the low e昀昀ectiveness of the ECD
for attenuating this mode. Comparing Figs. 12(b) and 12(g), one can understand the in昀氀uence of the ECD location on
the frequency range that is more attenuated. For frequencies close to the 昀椀rst LR bandgap, the regions of the structure
with the greatest displacements (and therefore the greatest velocities and, hence, damping force) are at the free ends of
the resonators. This remains true for the normal modes of all natural frequencies that are clustered close to the 昀椀rst LR
bandgap. Therefore, when the ECD is located near the free extremity of the resonator, it is able to improve the structure’s
vibration transmissibility performance, as seen in Figs. 8 and 9. A similar analysis explains the attenuation close to the
second LR bandgap.

CONCLUSION
This paper considered the use of the eddy current damping mechanism to improve the vibration performance of meta-

material beams composed of a host beam with beam-type resonators. It has been shown how increasing the number of
considered unit cells in a 昀椀nite structure enhances the transmissibility attenuation, but also increases the number of natural
frequencies within a given branch of the dispersion diagram. Furthermore, it has been shown that these natural frequencies
tend to accumulate close to the cut-o昀昀 frequencies of the dispersion diagram, which leads to a loss of robustness of the
structure. Finally, it was shown how eddy current damping, when inserted into the resonating structure, can be used to
reduce this lack of robustness. The in昀氀uence of the position of the EC damper along the resonator, as well as the amount
of damping, on the attenuation performance was investigated in terms of both the dispersion diagram and the displacement
transmissibility. The obtained results show that eddy current damping can be used to improve the vibration attenuation of
metamaterial beams with beam-type resonators.
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