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Abstract: Failures during oil extraction can have impacts on exploration costs and time, especially those caused by
vibrations during the drilling phase. A proper way to reduce these detrimental failures is to design an active controller
that efficiently mitigates vibrations with the constraint of using the limited amount of data available in field operations.
This paper proposes a novel control technique that uses linear combinations of measured signals and aims to coun-
terbalance negative damping effects. The proposed controller is applied to a representative drill string model, modeled
using the finite element method with non-regularized dry friction. The particular aspects regarding the application of the
proposed controller for the drill string problem, i.e., reformulation of the equations of motion as a stabilization problem,
determination of the output matrix, and linearization are addressed. Simulations indicate that the proposed controller
presents remarkable robustness regarding parameter variations, while still maintaining good nominal performance.
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INTRODUCTION

Vibrations are one of the main factors for drill string failure, yielding delays and increased costs in oil production
(Jardine et al., 1994; Dong and Chen, 2016), and consequently drawing great interest for the oil and gas industry to
mitigate them. Several approaches have been proposed to model and control drill string torsional vibrations, most relying
on active control techniques (Zhu et al., 2014). Although strategies that deviate from the standard PI control can provide a
better performance, they are often based on assumptions that may not be feasible on typical drilling rigs. A few examples
are controllers that require measurement of all system states (Vaziri et al., 2020) estimation of unmeasured states using
dynamic observers (Vromen et al., 2017) - that may produce time delay, lower stability margins and spillover - and
no modeling errors (Abdulgalil and Siguerdidjane, 2004). The design of an effective controller with a wide range of
applications in a variety of oil wells must consider not only performance but all the aforementioned constraints.

Recognizing these constraints and the high variability involved in the drilling process, this work proposes a simple
control law, based only on static output feedback, with the objective of allowing the closed-loop system to tolerate large
variations in unknown parameters. The proposed control strategy is based on the physical characteristics of the drilling
process, and aims to counterbalance negative damping effects generated at the drill bit. The results indicate that the
proposed controller presents remarkable robustness regarding parameter variations, while still maintaining good nominal
performance, and that the linear system can provide reliable information about the global stability of the operating point.

DRILL STRING TORSIONAL DYNAMICS MODEL

The torsional dynamics of the drilling system is represented in a simplified way considering three main components:
the rotary table, the bottom hole assembly (BHA) and the drill string, which are depicted schematically in Fig. 1. The
BHA contains the stabilizers, drill-collars and drill-bit and, for modeling purposes, is represented as a rigid body, same
hypothesis assumed for the rotary table. The drill string is modeled as a circular shaft using the fundamental torsional-
deformation assumptions and the material is considered linear elastic with constant properties, which are given in Tab. 1.

Table 1 — Numerical values of the drilling system general parameters.

Drill string mass density (kg/m?>) 8010
Dirill string shear modulus (G Pa) 79.6
Drill string length (m) 3000
Drill string inner radius - R; (m) 0.0543
Drill string outer radius - R,, (m) 0.0635
BHA effective rotary inertia (kg.m?) 394

Driving table effective rotary inertia (kg.m?) 500

Two main external sources are acting on this system: a drive torque on the rotary table and a reaction torque induced
by the bit-rock interaction. The drive torque is taken as a control input variable, which will be determined in the controller
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Figure 1 — Components of the rotary drilling system (left) and reaction torque as a function of the angular velocity
(right).

design section. The reaction torque is modeled as frictional force using Karnopp’s model with an exponential decaying
friction term (Fig. 1), with N, = WOB:

T, for |wp| < 6 and |T| £ a,WOB,
T, =4 aaWOBsgn(T), for |wp| < 6 and |T| > a,WOB, (1)
[a1+(a2—a1)e_ﬁ|“’b‘]WOBsgn(wb), for |wp| > 6.

in which T is the torque applied to the bit by the drill string, N}, is the normal force applied by the rock formation to the
bit, the values a, and a; are the static and dynamic friction coefficients, respectively, 8 is a positive exponential friction
coefficient, wy, is the bit angular speed and the width of the region of stick phase is set to § = 107 rad/s. An experimental
identification of the friction parameters was conducted by Tucker and Wang (2003) for WOB values around 100 kN and
target speeds around 100 rpm. Based on that identification, Tucker and Wang (2003) developed a regularized friction
model using correlations between torque-on-bit, bit rotary speed and WOB to extend the analysis for other operating
conditions. Since a regularized model may misrepresent the stick phase, Monteiro and Trindade (2017) adapted those
correlations to a more realistic non-regularized dry friction model. The friction parameters values obtained by Monteiro
and Trindade (2017) are given in Tab. 2 as a function of the WOB.

Table 2 — Dry friction parameters for different values of WOB.

WOB (kN) 80 100 120 140 160
a; (m)  0.037 0.032 0.029 0026 0025
ar (m)  0.057 0.070 0.079 0.085 0.089

B (s.rad”') 0.082 0.093 0.097 0.098 0.099

A FE model with a regular mesh using 30 elements was constructed to represent the drill string. The regular mesh
was refined until convergence was achieved for the natural frequencies up to 6 Hz. Hermite cubics were adopted as inter-
polation functions to improve convergence. A modal reduction was proposed to reduce computational cost, keeping only
the thirteen modes that were in the 0 to 6 Hz frequency range (including one rigid body mode). The approximate eigen-
functions were determined to allow sensors positioning along the drill string in the controller design. Finally, to represent
the general dissipation sources, a modal damping factor of 1% was added for each mode. Given these assumptions, the
system equations in modal coordinates are

ij+Dij+ Ay = ¢(0)T: - $(L)T), 2)

in which 5 € R" is the vector of modal displacements, A € R"*" is a diagonal matrix of system eigenvalues or natural fre-
quencies squared, D € R™*" is a diagonal matrix of damping and ¢: R — R" represents the approximated eigenfunctions.
Note that since the natural frequency associated with the rigid body mode is null, neither the rigid body displacement nor
its derivative appears in Eq. (2). Thus, when transforming Eq. (2) to differential equations of first order — for controller
design, dynamic analysis and numerical integration — it is not necessary to define the rigid body displacement as a state.
These observations motivate the definition of a state without the rigid body displacement

X=[T]2 oo MNn 771 I]n ]TZ[ﬁT TiT ]T, (3)
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which leads to the following equations of motion using a state space representation:

x=Ax+B.T, +B, T, =f(x,T;)

0 I
A‘[—A -D

0 “4)

0
» Be= ¢<0)]’ B’:[—¢<L>

In Egs. (3) and (4), a bar over a letter is used to distinguish between variables with and without components associated
with the rigid body mode, i.e., A is the matrix A without the first column, [ is the identity matrix without the first row and
7] is the vector i without the first element.

Model Reformulation for Controller Design

Some of the analyses developed in the following sections are more conveniently done if the operating point is at the
origin of the coordinate system. Since the desired operating configuration is characterized by the entire drill string rotating
deformed with a constant velocity, its representation using the state defined in Eq. (3) is already constant, but not zero
(with the rigid body displacement, the desired state would be a function of time, and a further step would be necessary
to remove it). Thus, the first steps in reformulating the system equations aim to shift the operating point to the origin of
a new coordinate system. For that, let the configuration corresponding to the drill string rotating at the desired angular
velocity (w, ) in terms of system states be

Xy = [ o ] . (5)

Then, the applied control torque 7; is decomposed into a feedback component u, to suppress vibrations, and a constant
feedforward component #, inducing X, such that

T, =ii+u. (6)
The constant parameters X, and i are given by the relation w, = ¢7(L)1j,, combined with the equilibrium condition of
Eq (4’)» f(xeqa ’z) = 0:

AXeq+B,ﬂ+BbTb(wr) =0. @)

Next, define the new coordinate system & by the translation:
f — gd ] — [ )?_’?eq
gv N—MNeq
Finally, the substitution of Egs. (6) and (8) into Eq. (4) leads to the equations of motion in coordinate &

=X—Xeq. ®)

£=AE+Bu+Byg(wa) =g (£,u), 9)

in which the desired operating point has been shifted to the origin. In Eq. (9), g(wy) is a translated reaction torque

g (wa) =Ty (wa+w,) =Ty (w,) =Tp (T (L)€, +w,) =Ty, (w,), (10)

such that ¢(0) =0, and wy is the difference between the drill bit and target velocities

wg=wp—w,=¢T(L)E,. (1D

Equation (9) was obtained on the assumption that Eq. (7) holds, and consequently, i = T (w, ). However, as the bit-
rock interaction variables are rarely know and subject to changes according to the drill bit condition and the rock formation
lithology, there is the possibility that ii # Tj, (w, ), and the feedforward torque i may yield a steady-state error. To ensure
that at the equilibrium the drill string rotates with the desired angular velocity, Eq. (9) is augmented with the error integral

F=e=w—w,=¢T(0)¢, (12)
yielding the augmented system

_| 270§,

é=[ 4 ]-[ A oo | = And B Brng(wa) =h (). (13)
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At first, it may seem artificial to augment the system with the error integral since the dynamics of € do not depend
on o. However, the idea of adding o as a state is to measure this variable and use it for feedback, such that u, and
consequently &, become a function of o-. This is a standard procedure in control theory known as integral action that
guarantees regulation in the presence of uncertainties if the closed-loop system is structurally stable (Khalil, 2002).

OPEN-LOOP ANALYSIS

This section investigates the stability of the operating point considering the open-loop system described by Eq. (9).
For a target angular velocity w, sufficiently greater than zero, g is a smooth function of w4, and the qualitative behavior
of the solutions of equation (9) in a neighborhood of the origin can be determined by a linear approximation at this point
(assuming & = 0 is hyperbolic). Linearization of Eq. (9) at the origin leads to the associated linear system

z=A,z, (14)

in which A; is the matrix of first order partial derivatives of g with respect to £, evaluated at the origin

g 0 I
A =— = - s 15
"0 |y [—A = [D+ng¢(L)$T(L)] (4
where ng is the derivative of ¢ at zero
d
na=—L| = _B(az—a))e P WOB. (16)
d(/.)d wq=0

Matrix A;, which represents the linearized system dynamics, is a combination of matrix A, which characterizes the
dynamics of the drill string itself, and matrix ny¢ (L)@ T (L), which is the local contribution of the bit-rock interaction.
This contribution appears in matrix A; together with the term D, which represents system dissipation factors. However, as
the matrix ¢(L)@T (L) is positive semi-definite and the coefficient n, is negative, this contribution produces the opposite
effect of the energy dissipation term D. Thus, the reaction torque applied to the bit is locally equivalent to a viscous
damper with a negative damping coefficient n4, yielding the observed instability in field operations.

The apparent negative damping effect has already been described in classical nonlinear oscillations texts and is re-
garded as a source of instability of equilibrium points and the existence of limit cycles, see for example the Van der
Pol oscillator and Froude’s pendulum (Andronov et al., 1966; Guckenheimer and Holmes, 1983). Several works (Brett,
1992; Mihajlovi€ et al., 2004; Saldivar et al., 2013) also mention negative damping as one of the causes of instability
and occurrence of stick-slip oscillations for the drilling problem in oil wells. The expression derived in Eq. (16) based on
the friction model adopted in Eq. (1) not only corroborates these statements, but introduces the concept of the negative
damping coefficient based on the linear approximation and indicates how the drilling parameters affect its magnitude.
Therefore, field observations (Brett, 1992) indicating that increasing the WOB or decreasing the angular velocity may
lead to unstable drilling operations can be explained using the negative damping coefficient, since both of the described
operations increase its magnitude. Likewise, higher values of the difference between static and dynamic friction coeffi-
cients produce the same effect on n4 and can also induce instability. Such direct relationships cannot be drawn for the
decay rate 3, as ng is not a monotonic function of §; nevertheless, simple calculations show that the magnitude of ny
increases for B € (0,1/w,) and decreases otherwise.

The above discussion showed that the point of interest for the drilling system is unstable due to the apparent negative
damping effect. The primary goal of employing a controller for this system is to reverse this situation, i.e., rendering the
operating point asymptotically stable. The control technique developed in the following section is based on the negative
damping coefficient concept introduced, and aims to enlarge the limits of drill string safe operation by finding the control
gains that maximize the value of the negative damping coefficient for which the operating point is asymptotically stable.

ROBUST CONTROLLER DESIGN

This section proposes a controller that aims to maximize the robustness of the closed-loop system. The underlying
principle of the proposed control technique is the negative damping coefficient and its influence on the local stability of the
drilling system. As discussed previously, the apparent negative damping effect resulting from the bit-rock interaction is
the main factor causing instability of the operating point. Due to the dependence of the negative damping coefficient on the
drilling parameters indicated in Eq. (16), a controller that guarantees stability for a wide range of values of this coefficient
will consequently allow stable drilling for a wide range of operating conditions (WOB and target angular velocity) and
uncertainties in the friction parameters. To enlarge the region of safe drilling as much as possible, the proposed control
technique aims to maximize the range of values of the negative damping coefficient for which the operating point is
asymptotically stable. This idea can be formalized in the following manner.
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Initially, aiming at the feasibility of controllers implementation, a simple control law with output feedback and static
gain is considered

u =-Ky
. a7
y=C¢
Regarding measurements, two sensors were considered, with the output matrix given by
L 0 0 o 1
C=(0 ¢(a1)-¢(ax) O 0o |, (18)
0 0 $(a1) ¢(a2)

in which @ and a; are the locations of the first and second sensors, respectively. Due to the need for an integrator at the
rotary table, because the error derivative was defined as the difference between the rotary table and target velocities, the
first sensor location is @ = 0. Since sensors placement in field operations is limited, the second sensor was positioned at
10% of the total drill string length a; = 0.1L. The first column of matrix CT corresponds to the error integral, the second
is associated with the difference between the measured displacements, the third corresponds to the velocity measured at
the rotary table and the fourth to the velocity measured at a;.

For the control gain design, suppose the parameters of the friction function (1) are unknown and let n; € R_ represent
a possible value that the negative damping coefficient may assume. Thus, the linearized closed-loop state matrix can be
written as a function of the control gain K and n4 as

A (K ng) = Ay, (ng) - B, KC, (19)
in which
oh
A =—| . (20)
In (9{ (=0

Next, for a given K, define Z as the set of values of n, for which the spectral abscissa of the linearized closed-loop
state matrix v (A;) is positive

Z={ng eR_|v(Ay(K,ngq)) > 0} 21

and 7y as the supremum of this set

y=sup Z. (22)

Then, the control gain is given by the optimization

mlén v, 23)

which aims to find the controller that guarantees asymptotic stability for the largest possible connected set of values
of the negative damping coefficient. Since the negative damping coefficient is a monotonic function of several drilling
parameters (WOB, w,, as, a;), optimization (23) consequently guarantees asymptotic stability for the largest possible set
of operating conditions (WOB and target angular velocity) and friction parameters.

NUMERICAL RESULTS

The effectiveness of the proposed control strategy is illustrated in this section by applying it to the model given
in Eq. (13). Initially, the control gain was determined by performing optimization (23) using the SQP algorithm with
several initial guesses and selecting the best local optimum. The optimum solution obtained was the control gain K =
[0 —1990.8 1071.0 —186.0], which yielded the cost function vy = —542.3 Nms. Note that the first component of the
control gain is null, meaning that the controller that ensures asymptotic stability for the widest possible range of values
of ny has no integral action. However, due to the uncertainties involved in the drilling process, a controller without
integral gain k; would definitely generate a steady-state error. Thus, aiming to implement a controller with non-zero
integral action, the influence of the integral gain on y was analyzed by varying the first component of K while keeping
the remaining control gains constant. The result of this analysis is indicated in Figure 2, which attests that y assumes
the lowest possible value for k; = 0, and indicates that the closed-loop system robustness decreases monotonically as k;
increases. Therefore, considering only the steady-state error and robustness, a sensible decision would be to select the
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Figure 2 — Influence of the integral gain on y.

smallest possible value of k; > 0. However, the integral gain also plays a role in settling time, overshoot and stick phase
duration.

To illustrate the influence of the integral gain on these aspects, simulations were performed using two values of this
control gain: k; = 10 and k; = 50. The selected operating condition was a WOB of 160 kN and a target velocity of 100
rpm, and the initial condition was given by the drill string undeformed rotating with an angular velocity of 70 rpm, which
is henceforth referred to as standard initial condition. Figure 3 depicts the bit and rotary table velocities for the two distinct
values of the integral gain. The stick time duration corresponding to k; = 50 is 8.06 s, whereas for k; = 10 this interval is
19.74 s, more than twice that obtained for the higher control gain. The settling time (5% of the steady-state value) also
indicates a remarkable advantage for the higher integral gain: 30.41 s for k; =50 and 111.34 s for k; = 10. The only aspect
in favor of the lower integral gain is the overshoot, which reached 95.6% for k; = 10 and 119.4% for k; = 50. Therefore,
to achieve a trade-off between these aspects and the robustness of the closed-loop system, an intermediate value of 40 was
adopted for k;, yielding the control gain K= [40.0 —1990.8 1071.0 —186.0].
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Figure 3 — Bit and rotary table velocities for k; = 10 (left) and k; = 50 (right) for WOB = 160 kN.

Although the control strategy developed provides maximum robustness for the closed-loop system regarding the neg-
ative damping coefficient, it gives no information about the nominal performance. To investigate how the proposed
controller would perform in a nominal operating condition, its response is compared to that of a PI controller. The PI
control gains were taken from Monteiro and Trindade (2017), who optimized the PI controller for a model very similar to
the one adopted in the present paper. These control gains are k,, = 675 Nms and k; = 175 Nm for the WOB of 120 kN, and
k, =650 Nms and k; = 150 Nm for the WOB of 140 kN. Figures 4 and 5 compare the response of the robust controller and
both PI controllers. The general results for the simulations shown in these figures are given in Tab .3. According to these
results, the robust controller performed better or equal to both PI controllers for all performance metrics considered. As
discussed previously, it is still possible to improve the duration of the stick phase or settling time of the robust controller
by increasing the integral gain, providing even better nominal results than the optimized PI controllers.

A final remarkable result of the robust controller concerns the stability of the operating point. The proposed methodol-
ogy for the robust controller design relies on the spectral abscissa of the linearized closed-loop state matrix, thus ensuring
asymptotic stability only for a neighborhood of the operating point. However, simulations with the nonlinear system
suggest that the operating point is globally asymptotically stable for the region given by the intersection of the sets:
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Figure 4 — Bit and rotary table velocities for Robust (left) and PI (right) controllers for WOB = 120 kN.
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Figure 5 — Bit and rotary table velocities for Robust (left) and PI (right) controllers for WOB = 140 kN.

Table 3 — Main results for Pl and Robust controllers.

WOB | Controller Stick Time (s) Overshoot (%) Settling Time (s)
PI 2.51 94.1 22.20
120 kN Robust 1.80 50.3 21.45
PI 349 109.4 34.00
140 kN Robust 3.49 58.9 24.92
D = {(ki,na) |v(Ac) <0}, E ={(ki,ng) |0 < k; < k;} (24)

in which k; = 69.6. The region of the apparent global asymptotic stability of the operating point is highlighted in Fig. 6.

To illustrate the above statements, simulations were performed for the two points highlighted in Fig. 6 that are almost
at the boundary of the stability region: (k;,ng) = (15,—478) and (k;,ng) = (69,—412). The friction curve that provided
the desired negative damping coefficient in each case was selected from a variation of the friction coefficients a; and
a, corresponding to the WOB of 160 kN. For example, the friction parameters corresponding to the WOB of 160 kN
(Tab. 2) and a target velocity of 100 rpm result in a negative damping coefficient ny = —359.5 Nms. To reach the value
ng = —478, the friction coefficients were changed to a; = 0.020 and a, = 0.106, keeping all other parameters constant.
Note that the condition simulated for both points is harsher than the nominal one with the WOB of 160 kN, as the negative
damping coefficient is lower in both cases. Figures 7 and 8 show the system response for both points considering two
initial conditions: a small perturbation of the equilibrium point and the standard initial condition. Note that the system
response always converge to the operating point regardless of the initial condition adopted. The simulation results also
show the slow convergence of the response, as the eigenvalues in both cases are close to the imaginary axis. Similar
results were obtained for every point in the region highlighted in Fig. 6 and for other initial conditions.
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Figure 7 — Bit and rotary table velocities for two distinct initial conditions: a small perturbation of the equilibrium
point (left) and the standard initial condition (right); (k;,n4) = (15,-478).
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Figure 8 — Bit and rotary table velocities for two distinct initial conditions: a small perturbation of the equilibrium
point (left) and the standard initial condition (right); (k;,n4) = (69,-412).

CONCLUSIONS

This work has presented a novel methodology for controlling oil-well drill strings based on the concept of the negative
damping coefficient. The introduction of the negative damping coefficient concept allowed key developments in the
understanding of drill string dynamics and in the design of control laws:

» The negative damping coefficient explains experimental observations showing that increasing the WOB or decreas-
ing the target angular velocity leads to stick-slip oscillations, and gives further information about the influence of

other friction parameters on stability;
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» The proposed control strategy provides remarkable robustness regarding parameter variations, while still maintain-
ing good nominal performance;

* Although the controller design formulation employs the linearized system, simulations suggest there is a wide range
of control gains values for which the operating point is globally asymptotically stable.

Results motivate further research in the investigation of the apparent global stability provided by the proposed con-
troller and in the application of the proposed strategy for similar systems (Lure’s problem).
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