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Abstract. The laminar-turbulent transition over a flat plat is an important aerodynamics engineering problem. Transition
delay can significantly reduce the viscous drag, since the laminar boundary layer has a lower skin friction than both
transitional and turbulent ones. This is relevant as it leads to fuel use reduction. However, aerodynamic surfaces are
usually not perfectly flat, due to the presence of things such as steps, junction gaps, contamination from dirt particles,
and so on. Hence, it is often important to know how these roughness elements affect boundary layer transition. In
order to do so, linear stability analysis is often used. One must first, however, obtain an accurate steady-state, so the
governing equations of motion can be linearized around it to provide the linear disturbance equations. This can be
a quite complicated task when the spatial discretization of the non-linear advection term requires specific techniques
to reduce numerical oscillations due to strong gradients or discontinuities. The same is true when the flow is physically
unstable, since the time integration also requires special techniques to numerically stabilize the physically unstable modes.
The present work compares implicit multi-step schemes to obtain steady-states for the flow over a backward-facing step
(BFS), namely the implicit Euler scheme and multi-step MGM schemes. Spatial discretization is done using a fifth-order
weighted essentially non-oscillatory scheme for the inviscid fluxes and a fourth-order central-difference scheme for the
viscous fluxes. This comparative analysis is performed using CPU time required to reach the imposed residue tolerances
for each scheme.
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1. INTRODUCTION

The reduction of fuel use is a significant discussion in aviation, since may reduce the environmental impact and
the operation cost. In 2006, the CO2 emissions attributed to aviation represent just 2.5% of the total annual emissions,
however, it is estimated that the high altitude emissions can be two times worse to environmental changes, when compared
with the emissions on ground-level (Brueckner and Abreu, 2017; Lee et al., 2004).

It is known that the laminar-turbulent transition of the flow over surfaces increase the drag force, since the laminar
boundary-layer has a lower skin friction then transitional and turbulent ones, contributing to elevate the fuel consumption
and also the CO2 emissions. The prediction of the transition to turbulent of the boundary-layer flow is an important step
to employ laminar flow control techniques, but the nonuniformities present in the surfaces can affect the boundary-layer
transition (Hildebrand et al., 2020).
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Those nonuniformities, as surface gaps, steps, junction, also as dirt particles or insects present in the fluid, introduce
perturbations that may be amplified in the flow by instability mechanisms, and lead to a transition to turbulence. To
predict the behavior of small disturbances introduced in the laminar flow, the Linear Stability Analysis (LSA) may be
employed (Schmid et al., 2002; Drazin and Reid, 2004; Criminale et al., 2018). Over the years, the prediction of the
laminar-turbulent transition of a boundary-layer flow was carried-out using the linear stability theory, the mechanism of
transition, namely Tollmien-Schlichting waves, were discoveries in the beginning of the twenty century (Tollmien, 1930;
Schlichting, 1933), and in the second half of it century, numerical studies identified the unstable frequencies associated
with the Blasius similarity solution of the boundary-layer equation (Mack, 1976).

As discussed above, the presence of this surfaces steps modify the boundary-layer transition, due to it, in the last years,
numerous numerical (Ragab and Nayfeh, 1990) and experimental (Wang and Gaster, 2005) studies investigated the effect
of surfaces steps on boundary-layer transition. Hildebrand et al. (2020) present a linear stability of the flow over a BFS,
their results shows that the logarithmic amplification ratio is proportional to the step height, and inversely proportional to
the boundary-layer thickness. In addition, their results also show that the recirculation and the reverse flow are insensitive
to the BFS slope. Three-dimensional effects on transition of BFS flow were also investigated(Barkley et al., 2002; Eppink
et al., 2018).

To employ a LSA, one must first obtain an accurate steady-state, then the original governing non-linear equation of
fluid motion are linearized around it, and the perturbation (linear) equations are obtained. Obtaining accurate steady-states
can be a quite complicated task, due the non-linear term in the transport equation, shock waves may be occurs. In addition,
if the flow is physically unstable, the time integration scheme can be not converge to an steady-state.

If the flow is physically unstable, and the physical mode is an unstable region of the time-integration method, it will
be unstable, and the steady-state do not will reached. Using implicit time-integration schemes, the numerical gain is
inversely proportional to time-step (∆t), then increasing ∆t is possible move the numerical mode to stable region of the
method. However, as show by Santos et al. (2019), non-linear effects limits the maximum time-step.

The present work compares implicit multi-step schemes to obtain steady-states for the flow over a backward-facing
step (BFS), namely the implicit Euler scheme and multi-step MGM schemes, presented by Teixeira and Alves (2017).
This comparative analysis is performed using the number of interactions required to reach the imposed residue tolerances
for each scheme.

2. Methodology

2.1 Minimal Gain Marching Scheme

Consider the non-linear dynamical system written in compact form as

∂q

∂t
= f(q) (1)

where q is the dependent variable vector, and f(q) is the residue. A solution qs that respects f(qs) = 0 is called
steady-state. To time-integrate this dynamical system, Teixeira and Alves (2017) use the multi-step MGM method

θ1
qn+1 − qn

∆t
+ (1− θ1)

qn+1 − qn−1

2∆t
= θ2 f

n+1 + (1− θ2) f
n , (2)

where θ1 and θ2 are the control parameters. Clearly, it is possible obtain the explicit (θ1 = 1 and θ2 = 0) and implicit
(θ1 = 1 and θ2 = 1) Euler methods with specific combination of the control parameters. To improve the numeric stability
it is imposed restrictions θ1 = 1 and θ2 ≥ 1 as demonstrated in Figure 1, where is shown the absolute value of the linear
gain (G = qn+1/qn) given by employ the equation (2) to a linear problem f(q) = λq.

The scheme will be numerically stable if |G| ≤ 1, in other words, numerical errors do not will be amplified. Since the
eigenvalue λ controls the system stability, i.e. the system is physically stable if λ < 0 and unstable if λ > 0 (a marginal
stability scenarios occurs if λ = 0), it is easy to see that if the system is physically stable, the numerical implicit schemes
will be equally stable. The same is not true, however, if the system is physically unstable. In this case, may be necessary
increase the time-step in order to obtain a stable scheme when using implicit schemes.

This increasing in the time-step is limited by non-linear restrictions as show by Santos and Alves (2019) and in Santos
et al. (2019). This is the key point on the use of multi-step MGM scheme, since the control parameters allows one to
obtain a stable scheme, without increasing the time-step.

2.2 Navier-Stokes Equations

For an ideal gas, the compressible Navier-Stokes equation in conservative form and generalized coordinates are given
by

f(q) =
∂E
∂x

+
∂F
∂y

(3)
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Figure 1. Linear Gain of Multi-Step MGM with θ1 = 1. Explicit Euler (θ2 = 0) and implicit Euler (θ2 = 1).

where the fluxes are defined as

E = ev − ei , ei =
1

J

(
∂ξ

∂x
Ei +

∂ξ

∂y
Fi

)
, ev =

1

J

(
∂ξ

∂x
Ev +

∂ξ

∂y
Fv

)
, (4)

F = fv − fi , fi =
1

J

(
∂η

∂x
Ei +

∂η

∂y
Fi

)
, fv =

1

J

(
∂η

∂x
Ev +

∂η

∂y
Fv

)
, (5)

with q = 1
J Q. In the last equation, ξ and η are the metrics, and J is the determinant of jacobian matrix , the subscripts i

and v means inviscid and viscous, respectively. The inviscid and viscous fluxes are given by

Q =


ρ
ρ u
ρ v
ρE

 , Ei =


ρ u

ρ u2 + p
ρ u v

(ρE + p)u

 , Fi =


ρ v
ρ u v

ρ v2 + p
(ρE + p) v

 , (6)

Ev =


0
τxx
τxy

u τxx + v τxy − q̇x

 , Fv =


0
τyx
τyy

u τyx + v τyy − q̇y

 . (7)

Finally, the shear stress components, and the heat transfer flux are defined as

τxx = 2µ
∂u

∂x
+ λ

(
∂u

∂x
+

∂v

∂y

)
, (8)

τyy = 2µ
∂v

∂y
+ λ

(
∂u

∂x
+

∂v

∂y

)
, (9)

τxy = τyx = µ

(
∂u

∂x
+

∂v

∂y

)
, (10)

q̇x = −k
∂T

∂x
and (11)

q̇y = −k
∂T

∂y
. (12)

Here, k is the thermal conductivity of the fluid, µ is the dynamic viscosity, λ is the second viscosity coefficient, where
the stokes assumption is imposed (λ = − 2

3 µ). Since the system of equations have five dependent variables, and just four
equations, the ideal gas law, is employed

p = ρRT . (13)
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The dimensionless form of the governing equation are obtained using references quantities, in order to express dimen-
sionless variables. In this work, the reference velocity is the speed of sound in the medium. In this way, the dimensionless
variables are giver by

ρ∗ =
ρ

ρ∞
, u∗ =

u

a∞
, v∗ =

v

a∞
, x∗ =

x

LR
, y∗ =

y

LR
, p∗ =

p

ρ∞ a2∞
, T ∗ =

T

T∞
, t∗ =

t

LR/a∞
, (14)

where a∞ is the speed of sound in the medium, LR is the reference length scale, the subscript ∞ represent the free stream
values and the superscript ∗ represent the dimensionless variables.

2.3 Mesh and Geometry

Initially a single block, without corners and discontinuities, structured grid is construct with a continuous slop given
by the function

yw =


0, ifx < xs

−h
2

(
1 + cos

[
π
(

x−xs

xf−xs
+ 1

)])
, ifxs ≤ x ≤ xf

−h, ifx > xf

(15)

where xs and xf = xs + h/tan(θ) represent the beginning and the end points of the step, h is the step height and θ
is the maximum slop of BFS. This geometry matches with the one presented by Hildebrand et al. (2020). As it is a C1

shape (the second derivative has a discontinuity), that is not the best geometry to apply a finite difference scheme, since
this discontinuities may be insert local errors. The parameters used to construct the mesh used in the present work are
displayed in Table 1.

xs θ h
1.0 40◦ 1.0

Table 1. Mesh geometry parameters.

The mesh was build using a elliptic grid generation method (Thompson, 1982), and a orthogonality boundary condition
is imposed on the step wall. The Figure 2 shows an close-up of the grid near the step. After some explicit simulation,
was noted that the piecewise shape introduce numerical errors, this error induce a time-step restriction to the implicit
time-marching schemes. In order to eliminate this effect, a C∞ shape was developed and is presented in Equation (16).

yw = −1

2
[1 + Tanh[3(x− 1.6)]] (16)

Figure 2 (Right) show a comparison between the initial and final shapes for the slope.
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Figure 2. Close-up on the Backward-Facing Step (Left), Piecewiese and C∞ slope shapes (right)

2.4 Numerics

To perform the numerical simulation the 3D4S (Three-Dimensional Structured Steady-State Solver) by Santos (2020)
was used. The code is higly accurate to obtain both steady and unsteady solutions, it has several time-marching as well
as conservative high order spatial discretizations schemes and was built using the PETSc library (Abhyankar et al., 2018)
that supports the scalable (parallel) solution.
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In the present work, A fifth order WENO type scheme (Jiang and Shu, 1996) for inviscid fluxes, combined with
a centered fourth order conservative scheme for the diffusive fluxes are applied. Different multi-step MGM control
parameters were applied to time-marching.

The velocity field is prescribed at the inlet, and extrapolated at the outlet. No slip condition, and zero gradient for both,
pressure and temperature (adiabatic wall), are imposed at the wall. Free-stream conditions are imposed on the far-field,
except the v component of velocity where a zero gradient condition was imposed. In order to allow a well-posed problem,
the inlet velocity profile was taken at x = 0.2 from the leading-edge of a Finite Volume Solution given by LeMANS
code Moreira et al. (2021). The simulation dimensionless parameters are Ma = 0.5, Re = 200, Pr = 0.72, and the
characteristic length is the step height.

3. RESULTS

Initially a mesh convergence study was carried out using different grids and comparing the residue and the profile of
primitive proprieties. This results are present in Figure 3 and show good agreement for all grids used. Although show
near equal results, the grid with less points, reached to steady-state with worse machine precision then others gris.
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Figure 3. Comparison between steady-states obtained with different grids. L∞ norm of f(ρ) versus simulation time
(Upper Lefet), vertical profile at x = 3.0 for fluid density (Upper Right), horizontal velocity (Bottom Left) and vertical

velocity (Bottom Right).

In order to verify the results obtained in this work, and provide inlet conditions, the steady-steady was compared with
a solution obtained with finite volume LeMANS code by Moreira et al. (2021). The comparison was done for the Mach
number profile for a given horizontal position (x = 2.3) and can be seen in Figure 4 (Left). In addition, Figure 4 (Right)
shows the Mach number field, also for both codes.

Since the LeMANS results are reached using second order spatial discretization scheme, a considerable numerical
diffusion is observed in the LeMANS results, when compared with 3D4S ones, that can be reduced through grid refine-
ment. Although, the Mach number vertical profile obtained with both codes are very similar and inside of the recirculation
bubble the results are nearly equal.

Figure 5 shows all the flow fields, top-down fluid density, horizontal velocity (positive sign is to right), vertical velocity
(positive sign is to upper), pressure, temperature, and Mach number. It is important to note that all flow fields behavior
are very similar with results presented by Hildebrand et al. (2020) in a comparative sence. The horizontal velocity profile
shows a recirculation zone soon after step, that is induced by the adverse pressure gradient. It means that after the step,
the pressure increase in the flow direction, then the fluid is decelerate until return in the step direction.
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Figure 4. Comparison between Mach number vertical profile at x = 2.3, for LeMANS and 3D4S codes (Left) and Mach
number fields for 3D4S (upper right) and LeMANS (bottom right).

Figure 5. Flow fields steady-state obtained with 3D4S. In top-down order fluid density, horizontal velocity (positive sign
is to right), vertical velocity (positive sign is to upper), pressure, temperature, and Mach number.

In vertical velocity field, the region before the step has a classical boundary-layer behavior, the fluid need go up to
conserve mass, since the horizontal velocity is reduced by skin friction. Although, in the region closer to the step, a
suction effect is observed, then the fluid is forced go down, and fluid come in by upper boundary. Inside of recirculation
zone, the fluid go up again, since the low pressure point is located at slope beginning.

Finally the comparative analysis is show in Figure 6. The CPU time required to reach the convergence criterion
||f(q)||∞ ≤ 10−6 is plotted versus the time-step used. As well as previously discussed, the non-linear maximum
time-step restriction prohibit increase the time-step overly, however, the maximum time-step is correlated with the time-
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marching scheme. Hence, the maximum time-step observed for implicit Euler scheme
(
0.7× 10−3

)
was greater then the

observed for Multi-Step MGM scheme
(
0.4× 10−3

)
.
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Figure 6. CPU time used to reach ||f(q)||∞ ≤ 10−6 versus time-step used in each simulation. The red line are the data for
Implicit Euler scheme (θ1 = 1 and θ2 = 1) when the yellow line are the data for Multi-Step MGM with θ1 = 1 and θ2 = 2.

Since this flow is physically stable, MS-MGM linear gain is greater then Implicit Euler, as show Figure 1. Hence, was
expected that the CPU time needed with the former would be also greater then the latter. That is exactly what Figure 6
shows, it means that more time is need to reach the same convergence using Multi-step MGM instead of implicit Euler
scheme when the flow is physically stable.

4. CONCLUSIONS

In this work, two different implicit time-marching scheme were applied to Navier-Stokes equations in order to obtain
an accurate steady-state of the flow over a backwards-facing step. Initially, the results were validated through comparison
with a finite volume solution with same conditions.

Despite the good agreement of velocity profile inside of recirculation bubble obtained with both codes, the finite
volume solution contains excessive numerical diffusion, which can be easily observed in the length of the bubble. It is
one of the attributes of the higher-order method, no excessive numerical diffusion is needed to guarantee a real time-
independent steady-state. Even with relatively few refined grids, the use of high order discretization schemes allows to
obtain mesh convergence, and accurate steady-state, as shown in Figure 3.

The comparative performance analysis between MS-MGM and implicit Euler schemes were presented, and the results
show that the former is more efficient the latter in this test case. It is important to emphasize that the flow stability is a
crucial point here, since the flow is stable, the MS-MGM linear gain is greater than implicit Euler, that is not true if the
flow be physically unstable for certain time-steps.

Natural future work is to apply the multi-stage MGM at the same problem, and compare with both methods discussed
in this work. After that, a physically unstable test case must be used to understand the behavior of those method in that
scenarios.
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