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Abstract. Ferrofluid droplets immersed in a non-magnetizable carrier fluid subjected to the combined action of a simple
shear flow and external magnetic fields are studied in this work. This problem has potential applications in areas such as
microfluidics, biomedicine, and microrheology and has been subject of research recently. Nevertheless, up to our knowl-
edge all theoretical and numerical studies consider superparamagnetic ferrofluids, i.e. the local magnetization is linearly
proportional to the local magnetic field. In the present work, we consider the regime of non-equilibrium magnetization,
in which the local magnetization is influenced by the vorticity, brownian magnetic relaxation and precessional magnetic
torque, as described by the Shliomis (1971) model. The non-dimensional parameters governing the problem are the Péclet
number (Pe), accounting for the ratio between brownian relaxation time and a characteristic time of the shear flow; the
capillary number (Ca), which is the ratio between shear stress and surface tension; and a magnetic capillary number
(Camag), that measures the ratio between magnetic stress and surface tension. The three-dimensional problem has a full
set of fifteen well-coupled equations. They are the incompressible Navier-Stokes with interface and magnetic forces source
terms, Maxwell’s equations at magnetostatic limit, the magnetization evolution equation, the equilibrium magnetization
equation and the interface capturing equation. The classical projection method is used to solve the pressure-velocity
coupling. The finite-difference in a staggered grid is used to discretize space. The time integration is made through a
Crank-Nicolson scheme for the momentum equations and the explicit Euler method for the magnetization evolution. The
interface capturing problem is treated using a level-set method with conservative high-order time and space discretiza-
tion. We present results comparing the bulk and local magnetization, droplet deformation, and susceptibility behavior for
different Pe at distinct flow conditions, i.e., distinct Ca and Camag and distinct magnetization regimes. It was observed
that vorticity could change the monotonicity of the bulk magnetization and deformation with respect to Pem.
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1. INTRODUCTION

The application of uniform magnetic fields on a ferrofluid droplet immersed in a non-magnetizable quiescent carrier
fluid induces forces that lead to the deformation of the droplet in the direction of the applied magnetic field. When the
droplet is also subjected to an external flow, the droplet configuration becomes a function of the viscous, magnetic and
interfacial forces acting on it. Several theoretical, experimental and numerical works focusing on this problem have been
published in recent years. They range from micro applications point of view of droplet configuration and breakup analysis
(Cunha et al., 2018) to the macro magnetic emulsions rheology and magnetization properties studies (Cunha et al., 2020;
Ishida and Matsunaga, 2020; Abicalil et al., 2021; Capobianchi et al., 2021).

Ferrofluid liquids are composed of colloidal suspensions of magnetic particles suspended in some non-magnetizable
liquid. The equilibrium magnetization of such fluids obeys a Langevin dynamic response to the local magnetic field, in the
way that at low applied magnetic fields the magnetization grows linearly with the local magnetic field and then saturates
in the limit of high fields. When vorticity plays an important role in rotating the magnetic particles, a non-equilibrium
magnetization which is function of the magnetic time scales of the particles arises (Shliomis et al., 1971).

Up to our knowledge, although there are numerical and theoretical studies of ferrofluid droplets that account for
Langevin dynamics, i.e., with the magnetic susceptibility as a function of the local magnetic field (Zhu et al., 2011;
Rowghanian et al., 2016), and there are studies on the effects of the magnetic relaxation on ferrofluid flows (de Carvalho
and Gontijo, 2020; Yang and Liu, 2020), there is no numerical or theoretical study of ferrofluid droplets that consider the
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influence of the vorticity on the orientation of the magnetization.
In this work, we model our ferrofluid droplet based on the non-equilibrium regime. For this the phenomenological

evolution equation of Shliomis et al. (1971) for the magnetization field is implemented, as shown in Section 2.. In the same
section, we explain the coupled magnetic-hydrodynamic physics of the problem. In Section 3.we expose the numerical
settings. Then, in Section 4.we show the results of that investigation, which begins by exploring an equilibrium Langevin
situation and moves toward the non-equilibrium one. Finally, in Section 5.we make our conclusions and considerations
for future works.

2. PROBLEM STATEMENT

The problem under study is that of a single ferrofluid droplet of radius a immersed in a non-magnetizable carrier fluid
of same density ρ and viscosity η and subjected to simple shear flow and an external magnetic field in a three-dimensional
domain. The imposed shear rate is γ̇ = 2U/Ly , where Ly is the length of the domain in the y-direction (the same for
Lx and Lz) and U is the velocity in the x-direction applied in the y planes boundaries. The magnetic field is applied
with intensity H0 in the y-direction, as sketched in Fig. 1. Both shear and magnetic forces induce deformation of the
droplet of magnetic susceptibility χ and interface tension coefficient σ, which responds with restorative capillary forces.
The vorticity ξ which is inherent in shear flow and is transmitted from the external flow to inside the droplet rotates the
magnetization M with respect to the local magnetic field H if the magnetic relaxation time of the magnetic particles
present in the ferrofluid (τR, see later in this section) is not rapid enough to align the magnetization with the magnetic
field, i.e, in the situation of non-equilibrium magnetization.

Figure 1. Sketch of the problem.

The problem has thus two natures of interacting physics. The electromagnetics and the hydrodynamics. The Maxwell’s
equations at the magnetostatic limit are (Rosensweig, 2013):

∇ ·B = 0, and ∇×H = 0 (1)

Where B is the magnetic induction which is associated with the magnetic field H and the magnetization M through
B = µ0(H+M), where µ0 is the magnetic permeability of the free space. As the magnetic field is irrotational, it can be
described as the gradient of a scalar field, the magnetic potential ∇ψ = −H. Replacing these expressions onto Eq. (1),
we get the following Poisson’s equation for magnetic potential.

∇2ψ = ∇ ·M (2)

If we assume, however, an equilibrium regime for the magnetization, i.e, there is no misalignment between the local
magnetic field and magnetization, we can relate the magnetization and the local magnetic field through the co-linear
relation M = χH, where χ is the local magnetic susceptibility. We can define thus a continuous function ζ(x) = 1+χ(x).
Therefore, we have the following Poisson’s equation for the magnetic potential in the equilibrium regime of magnetization:

∇ · (ζ(x)∇ψ) = 0 (3)

This function is equal to the unit in the matrix fluid and is a property, greater than one, of the ferrofluid. Inside the
droplet, it can be considered either a constant or a function of the local magnetic field. The magnetization of ferrofluids
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with a small volume fraction of equal-sized magnetic particles responds to the applied magnetic field through the Langevin
dynamics that gives the relation (Shliomis et al., 1971):

M0 = nmL(α)Ĥ, α =
µ0mH

kBT
(4)

The subscript 0 indicates the equilibrium regime. n is the number of magnetic particles per unit of volume, m is
the magnetic dipole strength, kB is the Boltzmann’s constant, T the absolute temperature, and α, a non-dimensional
parameter relating the ratio between the magnetic and thermal energies. The function L is the Langevin function, L(α) =
cotanh(α) − 1/α, which saturates at one, so that Ms = nm is the saturation magnetization of the ferrofluid. Therefore
we have, for the equilibrium regime, the following expression for ζ (Zhu et al., 2011).

ζ = 1 + χ = 1 +
M

H
= 1 +

nm

H
L(α) (5)

In the non-equilibrium regime, when the vorticity experienced by the magnetic particles becomes significant and tends
to rotate the fluid magnetization locally, the Eq. (5) no longer applies. Instead, we have to solve an evolution equation for
the magnetization field. Here, we use the phenomenological evolution equation of (Shliomis et al., 1971).

∂M

∂t
+ u · ∇M =

1

2
ξ ×M− 1

τR
(M−M0)−

µ0

6ηϕf
M× (M×H) (6)

Where t is the time, u is the velocity field and ϕf is the volume fraction of magnetic particles of individual volume V
that composes the ferrofluid. Note that ϕf = nV and the particle magnetizationMd isMd =Ms/ϕf . The right-hand side
is composed of three terms. The first is a source of misalignment caused by flow vorticity. The third one is a precession
term, which tends to retain the magnetization in the direction of the magnetic field. The second one is a relaxation term,
which relaxes the magnetization toward its equilibrium state in a function of its magnetic relaxation time, τR. Here, τR is
considered to be equal to the brownian relaxation time, i.e., τR = 3ηV/kBT . Note that the velocity field u as well as the
vorticity ξ are unknown and should be calculated by solving the hydrodynamic equations.

The hydrodynamic problem is governed by the incompressible Navier-Stokes equations with the capillary and mag-
netic forces, Fc and Fm, respectively. So that,

ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+ η∇2u+ Fc + Fm (7)

∇ · u = 0 (8)

Where p is the pressure. The capillary forces Fc are computed through the use of the signed distance function ϕ, an
element of the level set method further discussed in Section 3.1, which concentrates the force smoothly at the interface
(Abicalil et al., 2021):

Fc = −σκδ(ϕ)|∇ϕ|n̂ (9)

where κ is the local mean curvature, δ is the Dirac smooth delta function, and n̂ is the normal vector pointing out-
ward the droplet surface. The magnetic force has two terms, one which corresponds to the Kelvin force and another
corresponding to the magnetic torques as follows:

Fm = µ0M · ∇H+
µ0

2
∇×M×H (10)

Note that in the case of equilibrium regimes, the second term vanishes and the force can be written as Fm = µ0(ζ −
1)H · ∇H.

2.1 Non-dimensional equations

The non-dimensional form of the equations is obtained using the following scales: a for length, 1/γ̇ for time, γ̇a
for velocity, ργ̇2a2 for pressure, and the magnitude of the applied magnetic field H0 for the magnetic field and the
magnetization. Note that the vorticity ξ is scaled with γ̇.
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This scaling leads to the the continuity equation and magnetic potential equations of the same form as Eq. (8), Eq (2)
and Eq (3), respectively. All variables are hereafter in the non-dimensional form. Additional symbols are not taken in
order to simplify the nomenclature. The Navier-Stokes equations become the following.

∂u

∂t
+ u · ∇u = −∇p+ 1

Re
∇2u− 1

ReCa
κδ(ϕ)|∇ϕ|n̂+

Camag

ReCa

(
M · ∇H+

1

2
∇×M×H

)
(11)

The magnetization evolution equation, the equilibrium magnetization equation and the equation for ζ(x) becomes

∂M

∂t
+ u · ∇M =

1

2
ξ ×M− 1

Pem
(M−M0)−

Camag

6Caϕf
M× (M×H), (12)

M0 = ϕfMdL(MdPemCamagH/3Ca) (13)

and

ζ(x) = 1 +
ϕfMd

H
L(MdPemCamagH/3Ca) (14)

The problem is thus dictated by the Equations (8), (11), (12), (13) and (2) for the non-equilibrium regime. And
Equations (8), (11), (14) and (3) for the equilibrium Langevin regime. The non-dimensional parameters governing the
problem are the Reynolds number Re = ργ̇a2/η, the capillary number Ca = ηγ̇η/σ, the magnetic capillary number
Camag = µ0H

2
0a/σ, the magnetic Peclét number Pem = τRγ̇, the non-dimensional magnetization of magnetic particles

M⋆
d = Md/H0 and the volume fraction of the magnetic particles composing the ferrofluid ϕf . The last parameter is

a property of the ferrofluid, while the others are parameters of the flow/magnetic field. The Reynolds number is the
ratio between inertial and viscous effects at the droplet length scale, the capillary number measures the ratio between
the viscous stresses and surface tension restoring force, the capillary magnetic number is the ratio between the magnetic
forces acting on the surface and the surface tension, and the magnetic Peclét measures the ratio between the time scales
of the browninan relaxation and that of the flow. In other words, the latter measures the degree of the state of non-
equilibrium. The evolution equation used in this work does not predict well the behavior of the magnetization for high
non-equilibrium situations, being its accuracy limited to Pem ≪ 1 (Shliomis, 2001). Finally, M⋆

d measures the strength
of the magnetization compared to the applied magnetic field (the * symbol will not appear hereafter).

3. COMPUTATIONAL SOLUTION

3.1 Level-set method

The interface problem is treated with the well-established Level-Set method, which is already used in numerical studies
of ferrofluid droplets (Zhu et al., 2011; Cunha et al., 2018, 2020; Abicalil et al., 2021). This method consists of evolving
a signed distance function ϕ, in which the zero level corresponds to the interface between the phases, being the positive
values referent to the matrix and the negative values to the droplet. The droplet is initialized as a sphere of radius one so
that ϕ is easily distributed throughout the domain. The signed distance function is thus advected with the flow through the
advection equation (Sussman et al., 1994):

∂ϕ

∂t
+ u · ∇ϕ = 0 (15)

The interface can be then captured at any simulation time. The level-set permits a smooth transition of properties
between the phases. A small value ϵ is defined to be this narrow band surrounding the interface in which the property
varies from one phase to the other, and a smooth Heaviside function Hϵ is applied (Sussman et al., 1998):

Hϵ(ϕ) =


0, if ϕ < −ϵ,
1
2

[
1 + ϕ

ϵ − 1
π sinϕϕ/ϵ

]
, if |ϕ| ≤ ϵ,

1, if ϕ > ϵ

(16)

The corresponding delta function δ(ϕ) is the derivative of Hϵ with respect to ϕ. The interface thickness is generally
chosen to be, as in this work, ϵ = 1.5h where h is the size of the grid cell. This smooth Heaviside is used for example to
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obtain a more spatially general smooth ϕf , replacing it by ϕf−general(ϕ) = ϕf [1−Hϵ(ϕ)]. Although Eq. (15) accurately
transports the level zero, i.e., interface, it deviates from the signed distance function along the iterations. Methods for
reinitializing ϕ at each time step are implemented in this work, including volume constraints that guarantee the conserva-
tion of volume (Sussman and Fatemi, 1999). The conservative level-set approach of Sussman and Fatemi (1999) is used
in our code. The reader is referred to Abicalil et al. (2021) for a more detailed explanation of the conservative level-set
method used in this work including details of the reinitialization process.

3.2 Projection Method

The incompressible Navier-Stokes equations, including the momentum balance and continuity, are solved by using
the projection method proposed by (Kim and Moin, 1985). It consists of solving the momentum equation ignoring the
pressure field and then projecting this resultant velocity field, u⋆ to the divergence-free vector space. The first step
is made by using a semi-implicit Crank-Nicolson scheme to discretize the time and a second-order Adams-Bashforth
scheme is used to extrapolate the variables treated explicitly. The following two steps characterize the scheme. For
further explanation refer to (Kim and Moin, 1985).

u⋆ − un

∆t
= −(u · ∇u)n+1/2 +

1

2Re
∇2(un + u⋆) +

1

ReCa
Fc

n+1/2 +
Camag

ReCa
Fm

n+1/2 (17)

un+1 − u⋆

∆t
= −∇pn+1

v (18)

Where pv is a virtual pressure. Taking the divergence of the last equation and imposing the incompressibility of un+1

we get:

∇2pn+1
v =

1

∆t
∇ · u⋆ (19)

Thus, the sequence steps of Equations (17), (19) and (18) define the projection method used to compute the hydrody-
namic problem in this work. The boundary conditions for the artificial variables u⋆ and pv are the same as the respective
real ones, i.e., periodic in the x and z-direction and Dirichlet and Neumann in the y-direction for u and p, respectively.

3.3 Magnetic potential equations

The boundary condition for the Poisson equations for the magnetic potential in equilibrium and non-equilibrium cases
is that of uniform applied magnetic field H0, i.e., the Neumann condition ∇ψ = −H0.

3.4 Numerical setting

The spatial discretization is made by using a staggered grid (also called Marker-and-Cell grid) with scalars defined in
the cell centers and vector components in their respective cell faces (Kim and Moin, 1985). Second-order finite differences
thus are implemented, except for the advection terms of the momentum equation and magnetization evolution which use
both a second-order non-oscillatory (ENO) scheme, and the advection term of the level-set equation, which uses a fifth-
order weighted non-oscillatory (WENO) scheme (Jiang and Peng, 2000). Poisson’s equations are discretized with second-
order finite differences. The magnetization equation is integrated in time through the explicit Euler method. Thus, a small
time step of ∆t = 1e− 5 was used. The domain is of dimensions 10a x 10a x 7.5a for all cases and is discretized in 128
x 128 x 96 nodes for the equilibrium case described in Section 4., but in 152 x 152 x 114 nodes for the non-equilibrium
cases in order to capture the small angles of misalignment. For both cases, the domain gives a volume fraction between
the droplet and the domain of β = 0.56%. All results presented here are steady-state solutions.

4. RESULTS

4.1 Equilibrium regime: Langevin dynamics

First, we analyze the consideration of non-constant χ inside the droplet, still in the equilibrium regime, in order to
understand the Langevin dynamics on the bulk magnetization of the system composed of the suspension of a ferrofluid
droplet in another quiescent non-magnetizable liquid before we go to the non-equilibrium regime.

As we calculate the magnetization contribution to the magnetic potential either implicitly by using Eq. (14) or by using
the magnetization evolution with Euler explicit time integration, this analysis will also serve as a validation for the Euler
explicit magnetization evolution.
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Figure 2. Bulk magnetization normalized with the ratio between the volume of the droplet and the volume of the domain β
in function of Camag for the implicit approach (black circles) and explicit (blue diamonds) (left). Also in (left) is plotted
for reference the case of constant χ = 1 (red triangles) and the Langevin function with same argument as the implicit
and explicit approaches and constant H = 1 (Md = 10, ϕf = 0.1, Ca = 0.002, Pem = 0.002). And Deformation in

function of Camag for the implicit approach (black circles) and constant χ = 1 (red triangles).

The bulk magnetization ⟨M⟩ (already in non-dimensional form, i.e., scaled by H0) is the volumetric average of the
magnetization on the entire domain and is calculated as follows (Cunha et al., 2020):

⟨M⟩ = 1

V

∫
V

MdV =
1

V

∫
V

(ζ − 1)HdV (20)

For this analysis, we set an equilibrium situation and quiescent external liquid by setting a weak nonequilibrium
Pem = 0.002 together with a very weak flow Ca = 0.002. Md = 10 and ϕf = 0.1 are used in order to keep
the M smaller than H0. The argument of the Langevin function in Eq. (13) and (14) with theses values indicates that
0.1 ≤ Camag ≤ 20 is a good band to capture both Langevin and droplet elongation effects on the magnetization. The
elongation effect on the magnetization is characterized by the fact that the magnetic field induced at the interior of a
droplet under an external uniform magnetic field has an intensity Hin smaller than that of the applied field for constants
χ, and it becomes closer to the applied value as long as the droplet elongates (Afkhami et al., 2010). This effect of
demagnetization is well described in the expression Hin = µoutH0/[(1 − k)µout − kµin], where µin and µout are
respectively the permeability in and out the droplet and k is the geometrical demagnetization factor, which has maximum
value k = 1/3 when the droplet is a sphere (Afkhami et al., 2010).

Figure 2 shows the bulk magnetization and also the deformation measured with the parameter D = (L−B)/(L+B)
(known as Taylor deformation) (Taylor, 1934), where L is the major semi-axis and B the minor semi-axis of the droplet,
with respect to Camag for the equilibrium state calculated from both approaches. For comparison, it is also plotted
the results for a fixed magnetic susceptibility χ = 1 (which responds uniquely to the demagnetization effect due to the
geometry of the droplet) and the Langevin function for the same parameters and H = 1.

The bulk magnetization increases with Camag in a non-linear manner. First, it increases very rapidly although the
droplet remains almost undeformed (0.1 ≤ Camag ≤ 1.5), indicating the most responsible effect for this increase
is the linear region of the Langevin at low fields. Here, we recall that the magnetic force which tends to deform the
droplet is function of Camag and magnetization intensities, on the other hand, the more deformed droplet induces lower
demagnetization inside the droplet, which increases the magnetization. Comparing the results with the Langevin function
(with H always equal to one) we see the small deviation due to the droplet demagnetization. It becomes more evident in
the transition region. In there, however, the droplet starts to elongate. Next in the saturation region, the elongation becomes
more pronounced and as a result, the demagnetization drops which approximates the measured bulk magnetization and the
Langevin function. As a resume, it is evident that the bulk magnetization is more likely to be a function of the Langevin
behavior.

Figure 3 shows an interesting effect of the demagnetization of the droplet. We see that the demagnetization is not only a
function of its elongation but also of the susceptibility of the ferrofluid. When Camag is too weak, the susceptibility drops
and the magnetic field is almost unchanged by the presence of the ferrofluid droplet, leading to lower demagnetizations
and higher Hin. These additional effects increase the non-linearity of the problem, because the magnetization increases
with the susceptibility, but the demagnetization also increases reducing the resulting susceptibility.

These effects induce a non-monotonic behavior of the ferrofluid magnetic susceptibility χ. This behavior is perceived
by the direct observation of Fig. 2. By comparison with the curve for χ = 1, we see an increase at low fields, in that case
surpassing χ = 1 at Camag ≈ 1.5, reaching a maximum value at Camag ≈ 5, and then it starts to decrease approximating
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Figure 3. Magnetic field intensity and streamlines inside the almost undeformed droplet for the casesMd = 10, ϕf = 0.1,
Ca = 0.002, Pem = 0.002 for two different Camag . In the left Camag = 0.1, in the right Camag = 0.75.

both curves. The influence of the effects becomes more clear in Fig. 4, which shows χ and Hin in function of Camag ,
where χ is related with Hin through χ = ⟨M⟩/βHin, due to the fact that magnetic field inside the droplet is almost
uniform. Here we observe that Hin is just a bit lower than one in low Camag , where the magnetization is almost zero. It
decreases as long as Camag increases due to the fast growth of the magnetization in the Langevin linear region. It attains
a minimum value at Camag ≈ 2 where the droplet starts to elongate, reducing the demagnetization geometrical factor,
and increases with further increase in Camag . This effect is coupled with χ causing a non-monotonic behavior, as pointed
out just above.

The non-monotonic behavior of the magnetic permeability of magnetic emulsions was already observed in the exper-
imental work of Ivanov and Kuznetsova (2012). Here, we should expect the same with ⟨M⟩ plotted in Fig. (2) because it
is already scaled by H0, so it represents the system or emulsion susceptibility. This behavior, however, does not happen
because the non-dimensionalization and parameters used in this work retain neither a constant Ms nor a constant initial
susceptibility χ0 throughout the simulations.

Figure 4. χ (blue circles) and Hin (orange triangles) in function of Camag for the equilibrium case. The dashed line in
χ, Hin equal to one is also included.

4.2 Non-equilibrium regime

Now we consider a non-equilibrium magnetization regime. For this analysis we set the same value for the non-
dimensional saturation magnetization Ms = ϕfMd = 1.0 of the equilibrium case, with ϕf = 0.2 and Md = 5, and
set Camag = 10. These values have been chosen in order to maintain the Langevin function near the saturation region.
The external magnetic field is applied in the x-direction. The present analysis consists of varying Ca and Pem, which
correspond respectively to varying the vorticity inside the droplet and the magnetic relaxation time scale, respectively.

Figure 5 (a) shows θ, the arithmetic average of the local angles between H and M in the intersection between the
XY-plane and the region inside the droplet, in function of Pem for Ca = 0.1, 0.15 and 0.2. As expected, θ depends
mainly on Ca. This happens due to the different levels of vorticity induced inside the droplet so that the misalignment
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Figure 5. Averaged of local magnetic misalignment angles θ (a) and internal magnetic field angle θH (b) in function of
Pem for Ca = 0.1 (blue markers), Ca = 0.15 (red markers) and Ca = 0.2 (orange markers) in equilibrium (filled

markers) and non-equilibrium (empty markers) regimes.

term in Eq. (12) is implicitly larger as long as Ca increases and due to the coefficient Camag/Ca (the ratio between
magnetic and shear forces) of the magnetic precession term which diminishes as long as Ca increases. The negative sign
indicates that M rotates in the direction of the vorticity, as expected. As shown in the graph, the increase in Pem also
causes an increase in θ, which is in agreement with its definition: larger Pem means a smaller flow time scale. The local
misalignment θ induces intrinsic torques in the fluid, leading to asymmetric stress states. In the interval observed in the
present work, an angle of θ = 0.7 is reached for Ca = 0.2 and Pe = 5. Figure 7 shows the spatial variation of the local
misalignment angles together with the distribution of vorticity for that case. This angle is of the same order as the angle
between the bulk magnetization and the applied magnetic field, θM , so the torque present in the system (or equivalent
emulsion) due to θM (Cunha et al., 2020; Abicalil et al., 2021) should be of the same order the torques caused by the local
misalignments. This could be an interesting result for studies of magnetic emulsions.

It is worth noting that with the non-dimensionalization process adopted here, the increase in Pem also increases the
equilibrium magnetization M0. As a consequence, θM should decrease as long as Pem increases, in the absence of the
vorticity effect on the magnetization, due to a more pronounced magnetization. The effect of the magnetic intensity on
the bulk magnetization angle with the applied magnetic field direction is well explained in Abicalil et al. (2021). Fig. (5)
(b) shows the angle θH = θM + θ, which means approximately the angle between Hin and H0, in function of Pem for
the three values of Ca with both approaches: considering the non-equilibrium regime (empty markers) and considering
only the Langevin nature (filled markers). For the latter approach, the equilibrium one, the angle decreases as long as
Pem decreases, as expected. These curves serve as parameters for the non-equilibrium cases. In these cases we observe a
different trend, θH remains almost constant for Pem ≤ 1 and increases with further increase in Pem, causing a crescent
difference between the non-equilibrium and equilibrium cases, for all tested Ca.

In the case of non-equilibrium, the magnitude of the bulk magnetization ⟨M⟩ faces a non-monotonic behavior with
respect to Pem, see Fig. (6). This happens possibly due to the increase of variability of the local misalignment angles in
different droplet’s regions given that there are regions with opposite signs in vorticity although the external simple shear
flow induces a unidirectional vortex inside the droplet (see Fig. (7)). Despite the fact of lower bulk magnetization in the
non-equilibrium regime, the local misalignment caused by the vorticity seems to improve the deformation of the droplet
at smalls Pem with respect to the equilibrium regime, as shown in Fig. (6 b).

5. CONCLUSIONS

The approach used to integrate explicitly the magnetization evolution is good for computing the magnetization of a
Langevin responsive ferrofluid droplet, although it requires smaller time steps than the ζ implicit approach. This imple-
mentation, then, is validated from the numerical point of view and can be used in non-equilibrium situations. As seen,
two effects influence the bulk magnetization of a ferrofluid droplet under a uniform external field, the Langevin dynamics
and the demagnetization caused by its elongation, being the first and the most important. A non-monotonic behavior of
the magnetic susceptibility of the ferrofluid with respect to Camag was observed.

When the vorticity has enough intensity to rotate the magnetization, we observed that it could influence significantly
the deformation of the droplet and the bulk magnetization intensity. The local angles of misalignment between the
magnetization and local magnetic field inside the droplet could attain levels comparable to those encountered between
the bulk magnetization and the applied magnetic field, inducing important torques.

For future works, a non-dimensionalization Ms as a magnetic scale could be a good alternative for non-equilibrium
and Langevin analysis of ferrofluid droplets.
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Figure 6. Bulk magnetization normalized by the droplet volume fraction β (a) and Taylor deformation D (b) in function
of Pem for Ca = 0.1 (blue markers) and Ca = 0.2 (orange markers) in equilibrium (filled markers) and non-equilibrium

(empty markers) regimes.

Figure 7. Slice in XY-plane of the droplet inside. On the left it is colored by the vorticity intensity in the z-direction
together with streamlines. On the right, it is colored by the cross product between H and M. The case for Md = 5,

ϕf = 0.2, Camag = 10, Ca = 0.2 and Pem = 5.

From the numerical perspective, more robust hyperbolic evolution algorithms need to be implemented in order to
guarantee stability with greater time steps. Also more accurate equations for the magnetization evolution in high non-
equilibrium situations should be tested, as these described in (Shliomis, 2001), together with an equation for the equilib-
rium magnetization that accounts for the dipole interactions (Ivanov and Kuznetsova, 2001).
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