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Abstract. Heat transfer between two solids in contact is a problem of great interest, appearing in many practical
situations in diverse fields such as electronics, nuclear, aerospace, and biomedical engineering. In actual applications,
the contact between the bodies is not perfect, leading to a discontinuity in temperature and affecting the heat flux in the
interface between them. An approach to this problem is to consider that there is a thermal contact conductance in the
interface of the bodies and defining it as the ratio between heat flux and the temperature jump in this region. The
thermal contact conductance estimate turns out to be both an important and challenging task, and inverse problem
techniques seem to be very useful to solve it. A previous methodology has been developed applying the Reciprocity Gap
Functional which involves the solution of a set of auxiliary problems, and use their results to perform an integral to
find the thermal contact conductance. There are many options to solve the auxiliary problems, both numerical and
analytical. The Classical Integral Transform Method is a suitable technique, and it is capable to generate an analytical
solution to the estimation problem. Combining the Reciprocity Gap Functional and the Classical Integral Transform
Method leads to a non-intrusive and non-iterative analytical method that can estimate the thermal contact conductance
using some temperature measurements taken on the exterior surface of the bodies at a low computational cost. Further
improvements can be made in the methodology leading to simpler solutions in the estimation and making it easier to
analyze solutions convergence conditions. To achieve it, we propose in this work to decompose the temperature
measurements in a proper orthogonal base, which may simplify even more the previously presented technique.

Keywords: Inverse problems, Reciprocity functional and Contact resistance
1. INTRODUCTION

In many engineering applications, there is the need to put two different solid material bodies in contact. When these
bodies are brought into contact, heat is conducted from one to another, but since the contact between these bodies is not
actually perfect, there is a discontinuity in the temperature field and the heat flux is affected in the interface between
them. This kind of problem appears in many applications of great interest concerning situations in diverse fields such as
electronics (Xuan, Cui and Zang, 2014), nuclear (Milosevic, Raynaud and Maglic, 2002), aerospace (Gilmore, 2002),
and biomedical engineering (McWaid and Marschall, 1992). To model the heat transfer in this situation turns out to be
both an important and challenging task. An approach to this problem is to consider that there is a thermal contact
conductance in the interface of the bodies and defining it as the ratio between heat flux and the temperature jump in this
region (Ozisik, 1993). When using this model, the problem turns to the estimation of the thermal contact conductance in
the contact interface. Inverse problem techniques seem to be very useful to solve it, and a previous methodology has
been developed applying the Reciprocity Gap Functional (Colago and Alves, 2012; Colago and Alves, 2013; Abreu et
al., 2014; Colago, Alves and Orlande, 2014; Colago and Alves, 2015; Abreu et al., 2015; Padilha and Colaco, 2015;
Padilha et al., 2016; Abreu et al., 2016).

The Reciprocity Gap Functional (RF) concept was developed by Andrieux and Ben (1993), starting from the
Maxwell-Betti reciprocity theorem. This concept is centered in the idea that a field in equilibrium inside a material body
will give difference responses when disturbed according to the existence or not of discontinuities inside the body. An
adaptation in this concept was made by Colaco and Alves (2012), resulting in a non-intrusive and non-iterative method
that can estimate the thermal contact conductance using some temperature measurements taken on the exterior surface
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of a body. This method involves two main parts: (i) the solution of a set of auxiliary problems, and (ii) the use of their
results to perform an integral to find the thermal contact conductance. There are many options to solve the auxiliary
problems, both numerical and analytical. Previous works (Padilha and Colago, 2015; Padilha et al., 2016) showed that
the Classical Integral Transform Method (CITT) is a suitable technique, and it is capable to generate an analytical
solution to the estimation problem. Combining the RF and the CITT leads to an analytical solution to the inverse
problem. This new methodology was first proposed to regular geometries, but it was later generalized to irregular
geometries (Freitas, 2019). This combined technique provided good results at a low computational cost.

Although the combining of these methods results in an analytical expression for the estimation of the thermal
contact conductance, there remains an integral in these expressions, which must be solved numerically. These integrals
involve the temperature measurements and the eigenfunctions that arise from the CITT implementation. If these
temperature measurements would be properly approximated by functions in the same function space as the CITT
solution, further simplifications could be made. Our aim in this work is to follow this idea and to find a properly
estimation to the temperature measurements in order to obtain a simpler solution for the estimation problem and provide
a full analytical expression.

2. PHYSICAL PROBLEM

In this work, the same problem initially proposed by Colago and Alves (2012), and for which an analytical solution
for the thermal contact conductance estimation was achieved by Padilha et al. (2016), is considered. It consists of a
two-dimensional steady-state heat transfer problem in two isotropic rectangular bodies in contact, as shown in Fig. 1.
These bodies will be referred respectively as €; and €2, and the region between them, where there is a thermal contact

conductance, *'?c, to be estimated, will be referred to as I . We will assume that the materials have constant thermal
conductivities, ki and ko, and that their lateral boundary surfaces I'; and I'; are thermally insulated, while a known heat

flux, g, is applied to the top surface, Iy, of material £; and the temperature, T, at the bottom surface, Iy, of the second
material is fixed.

I

Too

a

Figure 1. Studied body scheme.

This problem will lead to the following set of equations, from Eq. (1) to Eq. (8).
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2.1 Physical problem simulation

To solve the inverse problem, it is needed to generate simulated temperature measurements at the surface of the
body. The direct problem presented above is solved through the finite difference method and its results is used as
simulated temperature measurements. Measurement noises will also be simulated by adding a Gaussian noise to the
solution of the direct problem as presented in Eq. (9).

Y=T(I,)+ec )

The measurements are considered have a standard deviation, @, and present a random behavior that can be modeled
by a Gaussian distribution with zero mean and unitary standard deviation.

2.2 Test-cases
Our analysis will be carried out considering three test-cases. All cases have the same dimensions but consider
different materials for the first and second bodies. The dimensions and materials combinations for each test-case are

summarized in Tab. 1 and Tab. 2, respectively. The thermal conductivities are presented in Tab. 3.

Table 1. Test-cases dimensions.

Dimensions Value (m)

a 0.04

by 0.01

b, 0.01

Table 2. Test-cases materials.
Test-case 2, @,

TC1 AISI 1050 Steel AISI 1050 Steel
TC2 AISI 1050 Steel Inconel
TC3 Inconel AISI 1050 Steel

Table 3. Thermal conductivities.

Material Thermal conductivity (W/m °C)
AISI 1050 Steel 54
Inconel 14

3. INVERSE PROBLEM

To solve the inverse problem concerning the estimate of the thermal contact conductance, he | through the RF, first
two auxiliary problems must be defined: the first one to determine the temperature jump, T;— T> across the contact
surface I" ; and the second one to determine the heat flux, —kfﬁ—jr_f, at the same surface. The auxiliary problems are

formulated for the same domains as the direct problem, £; and £, but considering auxiliary harmonic functions Fp F;
and 1, as follows.
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3.1 First auxiliary problem: T; — T, atT

To obtain the temperature jump T} — T at the surface I', the following problem for some auxiliary functions

F; €C°(2Q)) and F2 €C(2:) where the orthonormal basis system ¥, €L° (Tp) was initially proposed by (Colaco and
Alves, 2013) and later modified by (Abreu et al., 2014):

FF, =0 in 9, (10)
GF; ;

- J‘ — “'il = WJ
oy atl, (11)
éx atl; (12)
FF, =0 in Q, (14)
;=0 at oo (15)
éx at Iy (16)
oy oy atnl” (17)

3.2 Second auxiliary problem: —k; 3T, /@y atT

°I1 at the surface I” , the following problem for some auxiliary function G, €C(2Q)

€L ()

To obtain the heat flux -i;

o

where the same orthonormal basis system ‘pj initially proposed by (Colaco and Alves, 2013) and later modified

by (Abreu et al., 2014) was used:

VG, =0 in @, (18)
G =y, atl, (19)
cx atl (20)

8Gy; 0
atl” (21)

3.3 Inverse problem solution
3.3.1  Temperature jump Iy — T estimation

The solution or the inverse problem start from the identities presented in Eq. (22) and Eq. (23). After applying
Green’s second identity to them, we obtain Eq. (24) and Eq. (25).

F;;VT;- T)FF;;]dQ;=0
a (22)
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L [Fy; FT>- T, FF,]dQ; =0

(23)
[ oo
o, _oFy) .
f F_ﬂjn—_-r_ﬁﬂ_' dGQ_ﬁ:ﬂ
8@, CH > CH> (25)

Doing the same manipulations as presented by Colago and Alves (2012) and considering both the physical problem
and the first auxiliary problem, Eq. (26) is found, where ¥ is the temperature measurement on the surface I'.

- OF;; gF; .
k;J I:Ffj(k_g)_Y“JJ d.ra:f k;nJJ(T;-TO)dF
I : 1 CH; r CH; -

The integral appearing on the left side of Eq. (26) will be called the reciprocity functional ‘JI(F;__,,-)’ as proposed by
Colaco and Alves (2012), and so Eq. (27) can be rewritten. It can also be seen that the right side of Eq. (26) may be

rewritten as the inner product of the temperature jump, T; — T>, and the flux of function F;;on the surface I, resulting
in Eq. (28).

(26)

5F, -
kR(F,) = J k}oﬁ < (Ty- T,)dr
r cn; (27)

oF;
ko R(Fy) = (T To by 2 J);, @ (28)

From this result it is interesting to observe that ER[:F”) depends only on the heat flux, 4, the temperature
measurements, I, and the auxiliary function F; ;. The first two quantities are known from the physical problem, while
oF
the last one can be found solving the first auxiliary problem. On the right side of Eq. (27), the flux én; can also be
found from the auxiliary problem solution. Hence, it is possible to estimate the temperature jump, I — 1o solving Eq.
(27) for different functions from the orthonormal basis v,

3.3.2 Heat flux —k; 8T /8y estimation

In a similar way, the same procedure used in Section 3.3.1 can be used to estimate the heat flux -k;if on the surface

I". This time, we start from the identity presented in Eq. (29) that after Green’s second identity appliéation turns into
Eqg. (30).

_[Q?[G;J- FT)- T, PGy lde,=0 (29)

[, o5 1155 acor=0
50 "] (30)

Manipulating Eqg. (30) as proposed by Colago and Alves (2012) and considering the physical problem and the
second auxiliary problem as proposed on this work, we find that:

fj’ ;J 61—;‘
kf JJ(}{ dF,;.—f k)G dll
In r on; (31)
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The integral on the left side of Eq. (31) can be defined as the reciprocity functional SE(G;J], and we can rewrite the

right side as an inner product, resulting into Eq. (32). Solving Eq. (32), it is possible estimate the heat flux, -k; Efr_f, on
the surface I", once the auxiliary for G, ; function is solved. '
6T,
ER(G; ;) =Gy, =)z,
] “: A,.,:') ( 1j ‘on;h ) (32)

3.3.3  Thermal contact conductance k, estimation

n

Once both temperature jump, T;— T3, and the heat flux, -k on the surface I, are estimated, it is possible to

- )
By

estimate the thermal contact conductance, ¢, on the same surface as:

1,

4

¢ I (33)

T
!

From Egs. (28) and (32), it is possible to rewrite the temperature jump and the heat flux using new generic basis
functions, ,6:, and y;, where:

ara (34)
¥ =G, (35)

The temperature jump and heat flux can therefore be written as Eq. (36) and Eq. (37). Using these results, Eqg. (28) and
Eg. (32) may be rewritten as Eq. (38) and Eq. (39), respectively.

N

(7T = Y ap,

=1

V (36)
6T} _ N\ - .
[65] - Zf’
=2 37)
¥
k;gi(F;J) = Z L {ﬁ.i ) ﬁ.i},l:t'f:l (38)
) 38
N
kR(Gy;) = Z 6 {7 T (39)
) 39

Solution of Egs. (38) and (39) will determine constants ¢; and d;, and, once they are found, the thermal contact
conductance will be given as:

N o5 .
B o= Y16 7
[ N
1% P, (40)

3.3.4  Solution of the auxiliary problems using CITT

As proposed by Padilha et al. (2016), it is possible to find the functions Fy, F2 and G by solving the auxiliary
problems using CITT. The use of this technique will both improve the accuracy of the method to solve the inverse
problem and its performance, since an analytical solution will be found.

The use of this technique on these auxiliary problems can be found in (Padilha et al., 2016), and results to:
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A= ? (44)
3.3.5  Inverse problems solution combining RF and CITT
From the auxiliary problems solutions presented in Egs. (41)-(44), §, and y, may be found as:
1 gk a 0
P akpn, ) _ Y™
Z[z ) o  cotrivn
o €0S(A X — — — cos(2,x) w.dx
£ kosinh(d,,b ;) + kj cosh(4,,b;) tanh(4,,b,) ) _, ] (45)
a
= - cos(f, 1) cos(f, x) rh]

Different choices can be made for the functions that form the basis #f+;. Based on the work of (Padilha et al., 2016),
these functions were chosen to:

(47)

(48)

Rearranging Eqgs. (38) and (39), applying the definitions of the reciprocity functional presented in Egs. (26) and
(31), and using the results shown in Egs. (41)-(47), it is found that:

————ﬁi———— B (_ Jﬂ Ydx| j=0
Tk qa k)" Fby kb, bﬂ—kab |7
F,5, 725,

a
0y 4, f_[k co.sm: )+ k;.sz'm'?[:f'_-b;]a‘am'?(ﬁjb;]] (f Ycos(ﬁjx)rfr> Jj=1,2,3, .
LTI 0

=

(49)
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—

-gva  j=0
5,: I’; a
T |- |5k sinh(Z;by )cosh(iib)) ( f Ycos[ﬁjx)(ft> J=12.3,..
Ve =0 (50)
(o kyky
2 ko sink(i,b ) + kycosh(iy,by) tanh(i,,b5) (51)
Using these results, the temperature jJump and the heat flux will be given by:
g I
[(T,-T3) ]F I E.[;.}?h
" x=0
2 a
a_ka.z G cos(ﬁjr][k_n.co.sf?l:}_-b;] —k;sz'm'?()jb;)rm?hl:f'jb_n.)] (J_ Yco.s[:f'j.‘-:]rh)
2441 x=f (52)
6T, 2k,
[-k; (;1—*] =_|g + ?JZ 4 cos(; \]smn[f E;J(f Yco.s(f ‘-.)d‘-.)
ad 1 = (53)

From the results found in Egs. (52) and (53), it is possible to estimate the thermal contact conductance according to
Eg. (33) once the integrals appearing there are solved.

3.3.6  Orthonormal measurement decompostion

As proposed by Padilha et al. (2016), there is an analytical solution to the estimation of the temperature jump and
the heat flux and, therefore, the thermal contact conductance at surface I". However, there still appear two integrals to
be calculated using the temperature measurement, ¥, on the top surface I';. If these measurements are approximated by
a sum of functions, as, for example, a Fourier Series, an analytical expression to the integral can be found, and then it is
possible to find a full analytical solution to the estimation of the thermal contact conductance.

A proper function series selection would make it simpler to solve the integral if the function basis is orthonormal to
functions appearing in the integral. Thus, the temperature measurements are approximated by an even Fourier Series,
where /; is the same eigenvalues found in the earlier expressions, as follows:

Hx)=Cy+ Z G; cos(ﬁjx]
=1 (54)

Replacing this expression in Egs. (52) and (53), full analytical expressions are obtained for the estimations. These
new expressions eliminate the need to numerically calculate the integrals that appears in the solutions found by Padilha
et al. (2016), but introduce a new cost finding the constants C.

(T -T)y=—+ ZC cos(izx) [k cosh(4;by) + kysinh(ib ) tanh(4b)]
: il (55)

eT;

s
] &f =-|g+k Z i; C; cos(2x) sinh(4;b ;)
¥ A =

(56)

Replacing Egs. (55) and (56) into Eq. (33) the following analytical estimation of the thermal contact conductance,
h., can be found

la+k; 125=145 C; cos(f \]szm?[f b;)]
+Cp + %Zji; G co.st:fjr][k_n.coml:f_-b;] + k;sinh(2:b;) rm?ht:ﬁjb_n.]]

h.r=
[ c]f q
Aps

(57)
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4. RESULTS

As presented in Section 2.1, simulated measurements are used to verify the proposed solution to the inverse
problem. For the error modelling, a noiseless scenario where the measured data match exactly the simulated
temperature (¢ = 0 °C) and two noisy scenarios with ¢ = 0.5 °C and ¢ = 2 °C will be considered. These three cases will
be put under the same conditions in which the boundary conditions are summarized in Tab. 4 and six different profiles
for the thermal contact conductance are evaluated, as presented in Tab. 5. These cases and profiles are the same as
presented by (Padilha, 2016).

Table 4. Boundary conditions.

Quantity Value
Heat flux ¢ at top surface (W/m2) -100000
Reference temperature Tt at bottom surface (°C) 0
Maximum thermal contact conductance /e.mas (W/m?2°C) 1000
Table 5. Thermal contact conductance profiles.
Case Profile expression
1 e mas for (8 < @/4) gpg (x = 3a/4)
2 R mas for (8 < @/4) gng (@2 < x < 3a/4)
0 for (@4 = x <a/2) gpq (x = 3a/)
3 . 2
g e ST (?)
4 . 2
g e ST (?)
5 |l'?-5',\1‘5"1.'«1.1
g a2 for (@/4 = x <al2)
0 for Cx = 3a/4)

After the temperature measurements were simulated and noises were added to them, the symfit library available in
Python was used to fit the measurements to the proposed function, Eq. (54). Using these fit measurements, thermal
contact conductance is estimated as presented in Figs. 2-4. During simulations, it is found that for each case there is an
optimum number of terms in the series that make the result converge. Until now, no adequate method was found to
justify the existence of this optimum number of terms or a reason for that to occur, and further investigations are
occurring. The number of terms used in each case is summarized in Tabs. 6 — 8.

Table 6. Number of terms used in the series to find convergence with test-case 1.

Case g=0°C g=05°C o=2"°C
1 9 5 4
2 6 5 4
3 6 4 3
4 6 5 5
5 250 1 1
6 6 5 4

M no limit was found for this case, so we chose to keep it as 25.
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Figure 2. Thermal contact conductance estimation for test-case 1.

Table 7. Number of terms used in the series to find convergence with test-case 2.

Case g=0°C g=05°C g=2°C
5
6
5
6

250
6 5

@ no limit was found for this case, so we chose to keep it as 25.
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Figure 3. Thermal contact conductance estimation for test-case 2.
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Table 8. Number of terms used in the series to find convergence with test-case 3.

Case g=0°C g=05°C g=2°C
1 7 5 4
2 7 5 6
3 6 5 4
4 7 5 5
5 25 1 1
6 7 5 4
M no limit was found for this case, so we chose to keep it as 25.
(a) TC3 Case 1 (b) TC3 Case 2 (c) TC3 Case 3

2500 2500 2500

2000 1 20004 20004

1500 1 1500 1 15004

1000 4 1000 1 10001

hc[W/m2 oC]

=500 - T T T T =500 - T T T T =500 -— T T T T
0.00 0.01 0.02 0.03 0.04 0.00 0.01 0.02 0.03 0.04 0.00 0.01 0.02 0.03 0.04

(d) TC3 Case 4 (e) TC3 Case 5 (f) TC3 Case 6
2500 2500 2500
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1500 4 1500 4 1500 4
et

Pal's
- *
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0.00 0.01 0.02 0.03 0.04 0.00 0.01 0.02 0.03 0.04 0.00 0.01 0.02 0.03 0.04
x[m] XIm] Km]

Figure 4. Thermal contact conductance estimation for test-case 3.

For every test-case, we can see that the estimated thermal contact conductance, #,, better matches the real profile
when they are continuous, as in Cases 3 and 5, especially for noiseless measurements. For the constant Case 5 with
noiseless measurements, Figs. (1e, 2e and 3e), the thermal contact conductance is perfectly estimated, but as we add

noise to the measurements, we could only find the profile when using only the first term (i = I0) in the summations. For
Case 3 with noiseless measurements, Figs. (1c, 2c and 3c), the real profiles are reasonable followed by the estimation,

although they do not match the limits where iz = 0_Even when we add noise to the measurements, the estimation does
reasonably match the real profile. For the Cases 1, Figs. (1a, 2a and 3a), 2, Figs. (1b, 2b and 3b), and 6, Figs. (1f, 2f and
3f), where functions have a step like profile, we can see that the discontinuities have a significant effect, and the
estimation could not follow the real function profile. However, the estimation is capable to reasonably find the steps
levels and their centers, especially when using noiseless measurements. In Case 4, Figs. (1d, 2d and 3d), although the
real profile shows a discontinuity, the function is smoother than in Cases 1, 2 and 6. In this case, we see that there is a
reasonable agreement between the real profile and the estimated one when there is no noise, or its standard deviation is

held as 05 °C. When applying the higher standard deviation, we see that in this fourth case for the first test-case, Fig.
2, the thermal contact conductance estimated level is close, but there is a deformation in the profile. With the second
test-case, both estimated profile and thermal contact conductance values are significantly far from the real ones. As in
Case 4, for Case 3, Figs. (1c, 2c and 3c), the estimation cannot match the profile in it ends, regardless the added noise.

When comparing results, we see that for cases where less terms in the series were admitted on this work than by
Padilha (2016) to achieve stable solutions, poorer results were found. It happens more evidentially in noiseless cases 1,
2, 3 and 5, for which Padilha (2016) could use significantly more terms. For the same cases but with added noise, the
difference in the number of terms used is not significant, then there is a better match in results. Nevertheless, results
found on this work still provide good estimation to the real profiles.

On this work, the estimation was made with a Python code on an Intel Core i7-3635QM CPU at 2.40GHz with 4
Cores and 8 Logical Processors. The fastest estimation took 0.001 s and occurred for the noisy cases 5 for the test-cases
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1, 2 and 3. The slowest estimation was 0.038 s and occurred for the noiseless case 6 of test-case 3. (Padilha et al., 2016)
could estimate a function like the one used in case 1 in 0.2 s using an Intel Atom™ CPU N450 1.66 GHz. Although, the
solution proposed on this work took significantly lower time to estimate the thermal contact conductance, no
trustworthy computational cost comparison between the methods can be made.

5. CONCLUSION

The results presented in this work have shown that the Reciprocity Gap Functional with the CITT is a very good
inverse problem method, capable of estimating thermal parameters using only a couple of measurements on a chosen
surface. The proposed madifications in this paper lead to further simplifications, when decomposing the measurements
in a Fourier Series, reducing the integrals to be solved to a set of constants that could be find applying simple curve fit
techniques. This simplification in the method is capable to provide great estimation for the thermal contact conductance
and could keep the low computational cost. Although not trustworthy comparison could be made, results suggest that
the proposed modification accelerates the estimation process.

When comparing results to the ones found by Padilha (2016), there is a loss in accuracy for some cases, although
both solutions could provide good estimation to the real profiles. The lost of accuracy is related to the number of terms
in the series appearing in the solutions, which are lesser when using the measurement decomposition. There is still a
lack of knowledge when dealing with the optimum number of terms to be considered during estimations, and why after
a certain number of terms the results start to diverge.

Future research should extend this work by examining the reason why the measurements decomposition reduced the
number of terms admitted in the series when comparing to the expressions proposed by Padilha et al. (2016) that use a
numerical solution to the integrals. The new analytical solution proposed on this work should also make it easier to
analyze conditions that will lead to the series convergence and most accurate solutions.
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