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Abstract. Ballistic chambers are employed by police forensic investigation teams to solve crimes involving fire guns.
The goal of this computational study is to analyze the impact dynamics of a high-speed projectile on a steady pool of
Newtonian fluid, and produce data to be employed in the design of ballistic chambers. The projectile is modeled as a
moving rigid body and the fluid flow is modeled by the unsteady incompressible Navier-Stokes and continuity equations.
The cavity interface is treated as a deformable free-surface (zero-stress) boundary, and the fluid-projectile interface is a
moving contact point problem. The governing equations are solved using an axis-symmetric (2D) Arbitrary Lagrangian-
Eulerian Finite Element Method (ALE-FEM), the Galerkin’s formulation and semi-Lagragian approach. The fluid domain
is discretized using a triangular element unstructured mesh using quadratic base functions and the projectile is modeled as
a 3-degrees of freedom rigid body. The unsteady solution is updated in time using an uncoupled semi-implicit integration
method, using primitive variables. The material derivative is discretized using a semi-Lagrangian approach, such that the
resulting scheme is unconditionally stable. At each time iteration, the mesh nodes positions are updated with a mesh (ALE)
velocity computed using a differential approach using the velocity of the interface as boundary conditions. Additionally,
the mesh velocity employs a smoothing strategy to reduce the elements deformations. Selected regions are remeshed in
order to remove very distorted elements. The projectile dynamics is computed using the fluid stresses on the wet contact.
The computational method is implemented using the Julia programming language, which provides high performance in
multi-core computer architectures, using multi-threading and the data parallel paradigm, and the language has proven
to be more efficient when compare to other scientific programming languages. The simulations provide estimates of the
stresses that the ballistic chamber will undergo, and the dimensions needed for the complete deceleration of specific
projectiles and fire guns used, thus providing data for the chamber project. The solver has the potential to be used as a
foundation to other applications in the forensic ballistic field that can support police investigators and reduce the gunfire
crimes investigations time.
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Vitor Pinheiro Pinto, Rachel Lucena and Norberto Mangiavacchi
Numerical Simulation of Projectile Impact on Newtonian Fluid Pool

1. INTRODUCTION

The description of bodies impacts on Newtonian Fluid have been heavily studied since World War II, when the me-
chanics of torpedo movement in sea waters and several other important applications, came to the spotlight, [2]. In this
context, the ballistic chambers are employed by police forensic investigation teams to solve crimes involving fire guns.

This work aims to help Brazil’s police solving crimes involving fire guns faster with tools capable of computationally
support ballistic forensics investigators, a less terrifying motivation at least.

In Brazil most of the culpable homicides hadn’t been solved yet, as [7] has shown, in average only 20% of homicide
investigations come to an end in the same year of their occurrence, and in the subsequent years only 10% more of crimes’
perpetrators will see themselves inside cages for the next 40 years of their lives. In the light of these statistics, one may
become aware of Brasil’s police needs of tools capable of increasing these low numbers.

This work proposal is to present simple axis-symmetric 2D meshed FEM-ALE solvers developed in Julia, [1], that
reproduces projectiles movement inside ballistics chambers. A case study is developed and its simulated parameters are
contrasted with real data, available by others labs and obtained in UERJ’s lab, to bring the sense of reliability which is an
important attribute for this kind of software.

2. METHODOLOGY

2.1 MODEL

This work describes projects of cylindrical Ballistic Chambers as illustrated by the figure 1. The problem geometry
and boundary conditions allow to emply an axis-symmetric strategy which is illustrated by the mesh in the figure below,
representing only the right hand region of the section highlighted in the image.

Figure 1. Ballistic chamber model (left) and initial mesh (right)

The mesh boundary regions are key to this work. The figure 2 shows those regions and the nomenclature employed
in this work. Neumann and Dirichlet boundary conditions apply to various parts of the boundary and are detailed later in
this work.
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Figure 2. Fluid Domain Mesh Boundary Regions

The system physics is described by the mass and momentum conservation equations for an incompressible flow, and
the system is entirely defined by the pressure field (P ) and velocity field (U = ui), given the gravitational field (g = gi),
in a Cartesian coordinate system which origin is located at intersection between the ballistic chamber bottom and its
symmetry axis, as can be observed in Fig. 2.

The conservation equations, using index notation, are listed below, as shown in details in [9].

Conservation of Mass
∂ui

∂xi
= 0 (1a)

Conservation of Momentum ρ (
∂uj

∂t
+ ui

∂uj

∂xi
) = −∂P

xj
+

∂τij
∂xi

+ ρ gj (1b)

with the deviatoric tensor defined as:

τ = τij = µ (
∂ui

∂xj
+

∂uj

∂xi
− 2δij

3

∂uk

∂xk
) (2)

and δij operation is the Kronecker delta [6].
The simulation starts at the first contact between the axis-symmetric projectile and the fluid surface. The region of

contact is refered as BD_PLI, see Fig. 2, at which the solid velocity (Upjt) is imposed during the time of simulation.
The boundary regions are shown in Fig. 2 and the corresponding boundary conditions can be seen in detail below:

1. BD_FS (Fig. 2)

(a) P (t = 0s) = 0

(b) ui(t = 0s) = 0

(c) u1(t > 0s) = 0

2. BD_W (Fig. 2)
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(a) P (t = 0s) = 0

(b) ui(t ≥ 0s) = 0

3. BD_CB (Fig. 2)

(a) P (t = 0s) = 0

(b) ui(t ≥ 0s) = 0

4. BD_SI (Fig. 2)

(a) P (t = 0s) = 0

(b) ui(t = 0s) = 0

(c) u1(t > 0s) = 0

5. BD_PLI (Fig. 2)

(a) P (t = 0s) = 0

(b) ui(t = 0s) = 0

(c) u2(t ≥ 0s) = upjt
2

(d) u1(t ≥ 0) = 0

The projectile kinematics is described by its position along the symmetry axis (Xpjt
2 ), which defines the position of

the BD_PLI, and is given by

dXpjt
2

dx2
= upjt

2 (3)

where the vertical velocity (upjt
2 ) is computed from the linear momentum balance:

mpjt du
pjt
2

dx2
=

∫
ΓBD_PLI

(P + τ22)dΓBD_PLI +mpjt g2 (4)

wheere P + τ22 is the normal stress in x2-axis at the BD_PLI boundary, with wet surface area Apjt, mpjt is the mass of
the projectile, and g2 is the gravity component in the x2 direction .

2.2 NUMERICAL SOLUTION

Is important to introduce some important notations at this point: ϕ = ϕn = ϕn where ϕ is a property and n is the
index in the vector representing a node in the domain mesh.

The solution is obtained by discretizing the fluid domain in a quadratic triangle 6 nodes mesh, setting up the boundary
conditions at the boundary nodes in the Garlekin’s FEM Global Matrix (Ag), [6], solving a linear system AgX = Bg

for X = [u1 u2 P ]T at each time step, obtained using the approximation below to compute the time derivatives, and the
FEM for the space derivatives.

∂ui

∂t
≈ ui(t+∆t)− ui(t)

∆t
(5)

Then the Momentum equation becomes.

ρ [
ui

∆t
(t+∆t) + uj(t+∆t)

∂ui

∂xj
(t+∆t)] +

∂P

xi
(t+∆t)− ∂τij

∂xj
(t+∆t)− ρ gi = ρ

ui

∆t
(t) (6)

With equation 6 formulation one may conclude that the vector B is written as B(t+∆t) = 1
∆t [u1(t) u2(t) 0 P ]T .

Once the X vector is defined the projectile velocity is evaluated by the following approximation of equation 4.

upjt
2 (t+∆t) = upjt

2 (t)−∆t

nBD_PLI∑
n=1

Pn + τn22
nBD_PLI

(7)

Be aware that nBD_PLI is the number of nodes contained in the BD_PLI boundary region. Then the system boundary
moves and a new mesh is generated, where the new nodal properties values are computed by interpolation on the old mesh
property fields and then a new iteration starts.

The following sections show some details concerning the iterations steps.
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2.2.1 GARLEKIN’S FEM

At each iteration in time domain, the set of equations described in the model section is solved in the system domain as
show below.

∫
Ω

q
∂uj

∂xj
dΩ = 0 (8)

∫
Ω

vj{ρ [
uj

∆t
(t+∆t)+ui(t+∆t)

∂uj

∂xi
(t+∆t)]+

∂P

xj
(t+∆t)− ∂τij

∂xi
(t+∆t)−ρ gj} dΩ =

∫
Ω

vjρ
ui

∆t
(t) dΩ (9)

where vj and q are appropriate test functions.
The integrals are further developed, reducing the second order derivatives ∂

∂xi

∂uj

∂xi
contained in the ∂τij

∂xi
formulations

of equation 2, by the integration by parts employing Green´s first identity, as described in details in [4].
Thus, employing the Galerkin’s method, the resulting problem becomes a linear system of equations, by approximating

the property ϕ in the triangle by the trial functions Ni, referred as shape functions, and the nodes values as described in
the equation below.

ϕn =

n=6∑
i=1

Ni(X) ϕi = N i(X) ϕi (10)

As expressed at the beginning of this section, ϕn is the vector of property ϕ in the nth element nodes and ϕi is the
property value in the element’s ith node, with 1 ≤ i ≤ 6 in the case of the quadratic triangle element.

The quadratic triangle element formulation of the shape functions implemented by this work can be seen in details by
[5]. Using the base functions, the local derivatives in each triangular element, are given by.

∂ϕ

∂xi
=

∂Ni

∂xi
ϕi (11)

∂ϕ

∂xi
=

n=6∑
i=1

∂Ni(X)

∂xi
ϕi =

∂Ni

∂xi
ϕi (12)

Be aware that ∂ϕi

∂xj
= 0, since ϕi is a constant nodal value to be determined at each iteration by the linear system

AX = B.
Developing the integrals above using the Garlekin FEM approximations, the global matrix Ag and value vector Bg

are assembled as shown in details in [4].

2.3 MESH GENERATOR

The simulator uses meshes representing cylindrical chambers which are characterized by their height and diameter.
The mesh generation is done employing the Triangulate.jl, [3], Julia’s module which is a wrapper of the Triangulate
Generator Algorithm, [8] by keeping track of the movable domain boundary nodes. The coordinate system origin is taken
as the lower bound middle point of the chamber section.

The meshes are generated with local refinement, keeping the regions closer to the BD_PLI and BD_FS filled with
finer elements than the ones far from it. The refinement criteria is the triangular element barycenters smallest distances
(bardist) to these boundary regions as illustrated by the code bellow.

i f b a r d i s t . <= 0 . 2 t h e n
t r i a n g l e _ a r e a <= 0 . 5 e −3

e l s e i f ( b a r d i s t >= 0 . 2 ) && ( b a r d i s t < = 0 . 5 ) )
t r i a n g l e _ a r e a <= 1e −3

e l s e
t r i a n g l e _ a r e a >= 0 . 5 e −2

end

The mesh refinement results can be seen in Fig. 3. In this example, a new mesh is generated at each iteration employing
the above described refinement criteria.
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Figure 3. Refinement example, showing three different levels of refinement, according to the distance of the element to
the closest surface boundary. Left: initial mesh. Center and right: meshes produced at two later times of the simulation.

2.3.1 FIRST MESH

The first mesh represent the fluid domain as the projectile is about to contact the surface. The domain is, therefore,
represented describing a rectangle by its contour nodes, thus a 1d mesh. This 1d mesh is then employed to generate the
initial 2d mesh, employing the refinement criteria already mentioned, and the triangulate.jl module. For more details see
[3]. Figure 3 (left) illustrates a first mesh example.

2.3.2 SURFACE MOVEMENT

At each iteration the surface nodes only moves in the x2-axis by the following procedure which is illustrated in the
figure 4.

Figure 4. Surface Movement Procedure

For each surface node, the normal direction n is defined as normal to the vector x between the two closer surface
nodes. This process is illustrated above in the first schematic and by the equations below.

x =
xnode3 − xnode1

||xnode3 − xnode1||
(13)

n =

[
0 −1
1 0

]
x (14)

Then the nodes are allowed to move in the normal direction by the equation below as illustrated at the second and third
schematics by the blank nodes.

x′node2(t+∆t) = xnode2 +∆t (n · unode2) n (15)

The last step consist in finding the intersection between the x2-axis parallel that contains each original node, orange
ones, and the vector connecting the closest updated nodes, blank ones, as illustrated by the three last schematics.

The blue nodes represents the new surface nodes. It’s important to highlight that the surface nodes in contact with the
axis-symmetry interface and the ballistic chamber wall move in the x2-axis direction with its original u2 velocities.
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2.3.3 MESH AT EACH ITERATION

After performing the surface movement, each internal node in the bulk fluid under the surface has its velocity defined
as a linear interpolation between the velocity (usurface node

2 ) of the surface at node, (see Fig. 5 in red), (xsurface node) along
a vertical vertical line, and the bottom velocity. This velocity is defined by the shape functions of the surface element as
described below.

usurface node
2 = N i(xsurface node) ui

2 (16)

The internal nodes (see Fig . 5 in pink) have it’s velocity defined by the following equations.

unode
2 =

xnode
2

xsurface node
2

usurface node
2 (17)

unode
1 = 0 (18)

The described steps are illustrated by the figure 5

Figure 5. Internal Movement Procedure

Once defining the node velocity, its position is updated by the equation below.

xnode(t+∆t) = xnode(t) + ∆t unode (19)

This procedure guarantees that no superposition of elements occur. After moving all the nodes, the new geometry has
its boundary detected by finding the segments that are present in only one element by a algorithm similar to the one below.

f o r each segment i n mesh
c o u n t = 0
f o r each t r i a n g l e i n mesh

i f segment i n t r i a n g l e t h e n
c o u n t +=1

end
end
i f c o u n t == 1 t h e n

push ! ( segment_nodes , boundary )
end

end

With the boundary nodes, a new mesh is generated with the local refinement and new elements as in the figure below.
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Figure 6. Remesh Example

2.3.4 MESH MAP

A the end of the time step, the properties in the new mesh nodes must be defined based on the the original mesh. This
is done by the following simple interpolation algorithm.

f o r each node i n new_mesh
f o r each t r i a n g l e i n old_mesh

i f node i n t r i a n g l e t h e n
p h i = 0
f o r each o ld_node i n t r i a n g l e

p h i += N_old_node ( node )* p h i _ o l d _ n o d e
end

end
end

end

The performance of the algorithm can be verified by the mapping of u2 in the example shown in Fig. 7, below.

Figure 7. Mapping Performance



19th Brazilian Congress of Thermal Sciences and Engineering
November 6th–10th, 2022, Bento Gonçalves - RS - Brazil

2.3.5 CHAMBER UPDATE

The simulation is initiated with data that the program receives as a input from the user, such as the initial chamber ge-
ometry height(hbch) and radius(rbch), the projectile radius(rptj) and its initial velocity, and the chamber height increment
step (∆hbch) .

If during the simulations the projectile doesn’t get to a percentage of the chamber height from the bottom with a
velocity smaller than u1 = 0.1mm/s the chamber height is incremented by ∆hbch and the whole simulation starts over.

3. CASE OF STUDY

For demonstration purposes, a case of study was performed, considering a chamber with hbch = 1m and rbch = 1m, a
projectile with r = 0.05m, velocity upjt

2 = 10m/s and 0.1kg of mass, a height increment of ∆hbch = 0.2m and distance
from the bottom criteria as 40% of the total height. The chamber is filled with water at 20◦C, with µ = 1.003 10−3m/s2

and ρ = 998kg/m3 ([9]) and with a gravitational field of g1 = 0 and g2 = −9.81m/s2. The minimum height to decelerate
the projectile in the above conditions was evaluated as hbc = 3.2m. The results of the simulations were obtained in 2.6h
(wall-clock time), running on a Windows 10 PC with Intel(R) Core(TM) i3-6006U (2 core, 4 threads) CPU 2.00 GHz and
8GB of RAM.

4. CONCLUSION

The proposed algorithm is functional, flexible, simple, of easy maintenance and expansion and relatively fast. The
Julia language makes possible to create such complex program with simplicity and more human like syntax as python. As
a work in progress the program has shown potential to reach additional goals as:

• Chamber radius increment.

• Chamber walls solid mechanics analysis using the Von Mises yield criterion.

• The energy equation implementation.

• Non axis-symmetric analysis.

Some of the steps described in the proposed algorithm are not required to be performed at all iterations, thus providing
an economy of computer resources. For instance, the remesh mapping routines can be executed periodically or when a
mesh quality measure points that the mesh is becoming too distorted. The Julia language works faster with explicit type
declarations, which are not completely implemented in the current version of the code. The next steps to be taken are the
evaluation of wall stresses and real data comparisons to validate the developed tool.
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