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Abstract. Plug and Abandonment (P&A) procedure is a mandatory regulatory requirement when the economical 

capacity of the reservoir is depleted and need to be decommissioned, being a non-profitable and expensive activity. 

New technologies are being studied in order to shrink costs by doing P&A focusing on the minimization of maneuvers 

and rig operations to accomplish this operation. The thermite reaction approach is one of these emerging studies, 

consisting on an exothermic reaction capable of surpass the melting point of the oil well structure and, after the 

cooldown and solidification of the melted product, a seal is formed on the well cross-section accomplishing P&A 

requirements. An analytical mathematical framework based on the Separation Of Variables (SOV) is presented in this 

work in order to solve the transient heat conduction governing equation in 2-D polar coordinates in a solid composite, 

which eigenvalue problem in radial direction is implicitly dependent on the polar transverse eigenvalues where only 

real eigenvalues are computed, differently when considering the analysis on 2-D axisymmetric domain. Also, non-

homogeneous boundary conditions on the radial direction of the first, second and third kind can be prescribed on the 

composite cylinder domain, whereas on the angular direction only homogeneous boundary condition of first and 

second kind should be considered. On the transient governing equation, the heat source term is spatial-dependent on 

the radial and angular directions and is time-independent, which can be arbitrated in any layer that constitutes the 

composite cylinder domain. The solution is computed taking into account thermophysical and geometrical 

specifications applied to real case oil wells and the heat source is determined by the stoichiometric mixture of the 

thermite reaction. Validation with numerical solution is presented in order to verify the mathematical framework 

correctness. Lastly, SOV approach can be applied to solid or hollow cylinders composite media by performing minor 

modifications in the mathematical modeling  

 

Keywords: Oil & Gas, Analytical Non-steady Heat Conduction, Generalized Eigenvalues and Eigenvectors Problems, 

2-D Composite Hollow Cylinder Medium. 

 

1. INTRODUCTION  

 

Many modern engineering applications include cylindrical geometries as a mean of exchanging heat 

efficiently. Moreover, the association of multiple cylindrical layers adds the advantage of combining thermal and 

mechanical properties. Important examples of appliances are related to tunnel biotechnology [1], tunnel heating systems 

in cold regions [2], improvement of materials [3], ground heat exchangers [4], automotive, space, chemical, civil, 

nuclear and Oil & Gas industries. Aiming thermal phenomena for these applications, the heat transfer analysis 

throughout the multi-layered domain of both non-steady and steady-state approaches are fundamentals concepts to 

achieve expected project demands. 

Although numerical approaches are commonly employed to investigate most engineering phenomena due to its 

accuracy and consolidated basis, analytical frameworks provide thorough understanding about the occurring phenomena 

[5] and assists numerical modeling for the verification between both schemes. 

Several solution methods as Laplace transform method [6-7], Green’s function approach [8], generalized 

orthogonal and quasi-orthogonal expansion techniques [9-11] finite integral transform technique [12], Distributed 

Transfer Function Method (DTFM) [13-20] and Separation of Variables Method (SVM) [21-22] achieves reliable 

transient heat conduction results for composite components. The aforementioned methods are capable of providing 

precise results for conduction heat transfer. However, the techniques require decoupling procedures when 
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nonhomogeneous boundary and source terms are included in the governing equation. Finally, very few cases of 

engineering applications with proper numerical verification are currently found in open literature, with even fewer 

illustrative examples making use of engineering design thermophysical and geometry properties. 

In this work, an investigation of a transient heat conduction developed in 2-D ( ),r   polar coordinates is 

presented. The multi-layer geometry that represents the physical domain was conceived as a pie slice ( )2  .  The 

mathematical frameworks, namely SVM and eigenfunction expansion method [23], were applied to solve the decoupled 

transient homogeneous and steady state inhomogeneous problems, respectively. Here, the final results yielded a closed 

form analytical double-series solution. The presented methodology enables path to the application of nonhomogeneous 

boundary conditions of the first, second or third kinds on the radial direction. Additionally, for the azimuthal direction, 

the method is applicable when prescribing a homogenous boundary condition of the first or second kind. 

The process of sealing an oil well is a non-profitable and expensive mandatory activity for the oil industry with 

supervision performed by environmental regulatory agencies [24]. The traditional tamponing technique is called Plug 

and Abandonment (P&A) and consists in establishing several barriers along the wellbore in desirables depths [25] 

where a specific rock formation is found, the cap-rock. The final plug must attend the requirements for an eternal 

perspective sealing and fully occupy the section of the well [24], [26-32]. 

However, this method has significant disadvantages since it not rarely results in expending large amounts of 

time and money [33]. Well abandonment operation can amount to about two thirds of all decommissioning 

expenditures, which prompts oil industries to look for new technologies capable of shrinking the costs of P&A [34].  

Alternatively, an emergent technology under development named Thermal Plug and Abandonment (TP&A) 

consists in the use of a heat emitter device. The equipment is descended inside the production tube by a “through 

tubing” operation and is able to melt the production tubing, the first layer of the well structure. This technology allows 

the possibility of leaving the production tube inside the well, reducing the number of required maneuvers to accomplish 

P&A, saving time and hence diminishing costs [35]. 

On the development of TP&A concepts, the proposed final milestone of this study predicts that a plug is 

formed by the solidification of thermite and oil well structures previously melted. However, due to concerns about 

leaving the production tube in the borehole, as mentioned in Vrålstad et al (2019) [36], an intermediate milestone was 

established based on the combination of TP&A and the usual cement procedures. Hence, gaps on the production tube 

are formed due to the melted sections, enabling path for the insertion of cement by the conventional method, fully 

occupying the whole cross section of the borehole without removing the production pipe.  

In previous work, another TP&A analysis was performed, where a new hybrid analytical/numerical approach 

using DTFM method was implemented for transient heat conduction in 1-D (radial) composite hollow cylinders. Back 

then, a method capable of solving non-differentiable boundary conditions profiles was introduced by De Andrade et al 

[37]. The heat flux profile applied in the referenced work was estimated from Abdelal et al. (2015) [38] data, who 

developed an experimental work based on the thermite reaction. The physical apparatus was capable of measuring the 

transient temperature response of the exothermic thermite reaction. 

Although transient heat conduction is a well stablished subjected, a literature survey demonstrated that 

applications of transient heat conduction in 2-D ( ),r   polar coordinates applied to composite solid cylinders and the 

use of these mathematical frameworks devoted to engineering applications are scarce. 

 

2. MATHEMATICAL MODEL 

 

Consider a multi-layer hollow cylinder geometry represented by 2-D ( ),r   polar coordinates with n  number 

of layers, perfect thermal contact between interfacial boundaries and isotropic properties. The transient heat conduction 

governing equation for a space dependent and time-independent heat source is cast as 

( ) ( ) ( )
( )2

12 2

,1 1 1
, , , , , , ,  ,  1

ii i i
i i

i i
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r t r r t r t r r r i n
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 
−

  
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 
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where ,  ,  i i iT k  and ig  are the temperature distribution, thermal diffusivity, thermal conductivity and heat source, 

respectively, for the ith-layer. Additionally, r  is the radius, s  is the azimuthal coordinate and t  is the time. Inner and 

outer boundary conditions and initial condition are given, respectively, by 
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being inA , inB , inC  the prescribed inner boundary conditions, outA , outB , outC  the prescribed outer boundary 

conditions and ( , )if r   the initial temperature distribution in the ith layer at 0t = . 

Dirichlet, Neumann and Robin inhomogeneous boundary conditions can be applied in Eqs. (2) and (3). The 

assumption of perfect contact between layers and any interfacial inner ( 1)i   and outer ( )i n  conditions guarantee the 

heat flux and temperature continuity, respectively. These conditions may be mathematically described as 

( )1 1 1, , ( , , )i i i iT r t T r t − − −=  (5) 

( ) 1
1 1 1, , ( , , )i i

i i i i

T T
k r t k r t

r r
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− − −

 
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( ) 1, , ( , , )i i i iT r t T r t +=  (7) 
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k r t k r t
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+

 
=
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(8) 

In the angular surfaces, namely 0 =  and  = , on the other hand, only homogeneous boundary conditions 

of the first and second kind may be prescribed, which are written as  

( ) ( ), 0, 0 and , 0, 0i
i

T
T r t r t 




= = = =


 

(9a) 

( ) ( ), , 0 and , 0, 0i
i

T
T r t r t  




= = = =


 (9b) 

The analytical solution SVM is a decoupling method and is only applicable to homogeneous problems. Hence, 

the non-homogeneous problem has to be split into a homogeneous transient problem and a non-homogeneous steady-

state problem as follows 

( ) ( ) ( ),, , , , ,ii ss iT r t T r t T r  = +  (10) 

 

2.1. Homogeneous Transient Problem 

 

The analogous homogeneous transient problem ( ), ,iT r t  of Eqs. (1)-(10) is developed as 

( ) ( ) ( )
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(11) 

where the source term ( ),ig r   was vanished. The equivalence of the inner and outer boundary and initial conditions 

are, respectively 
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( ) ( ),, , 0 ( , ) ,i i ss iT r t f r T r  = = −  (14) 

Interfacial conditions at the inner interface of the ith layer and outer interface of the ith layer are respectively 

given as, 
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Lastly, the homogenization of the complementary transient corresponding to the boundary conditions for the 

azimuthal surfaces 0 =  and  =  is cast, respectively, as 
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(20) 

The transient temperature distribution in the product form is given by Eq. (21). 

( ) ( ) ( ) ( ), ,i i i iT r t R r t =    (21) 

Substituting in Eq. (11) and applying the SVM yields the Ordinary Differential Equations (ODEs) represented as below 

2
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where iR , i  and i  are the separated variables accounting for the transverse (radial) eigenfunction, azimuthal 

eigenfunctions and temporal dependence of the temperature distribution, respectively. 2
i  and 2

i  are constants of 

separation. 

The following general solution for each separated variable was determined considering the prescribed 

assumption for the heat flux and temperature continuity throughout the domain, given by Eqs. (16) and (18). For all 

values of t , the constants of separation i  and i  are the radial and azimuthal eigenvalues, respectively, being cast as 

[10] [23] [39] [40] 

1 , 1,2, ,imp imp
i

i n


 


= =  (25) 

, 1,2, ,i i i n  = = =  
(26) 

Firstly, the solution of the ODEs given in Eq. (22)  is 

( ) ( ) ( )m mimp imp imp imp imp impR r a J r b Y r   = +  (27) 

where functions 
m

J  and 
m

Y  in Eq. (18) are the m -order Bessel functions of the first and second kind, respectively. 

Bessel functions occurrence is due to the variation of cross section of an extended surface [41]. Because a hollow 

cylinder is considered herein, the Bessel function 
m

Y is nonsingular for any 0 0r r   [20]. 

The key concept for the solution consists in determining the azimuthal and radial problems. Application of 

boundary conditions given in Eqs. (12) and (13) along with interfacial conditions given by Eqs. (15) - (18) to the 

eigencondition in Eq. (27), for 0,  1,  2,m = , results in the following matrix representation 
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(28) 

where 1inC , 2inC , 1outC and 2outC  are the inner and outer boundary conditions coefficients for the radial 

eigencondition, respectively, and 
ijx  and 

ijy  are the interfacial boundary conditions coefficients for the radial 

eigencondition with 1,  2, ,  i n=  and 1,  2,  3,  4j = , which quantities are determined by means of the boundary 
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conditions given in Eqs. (15)-(21). Setting the determinant of the coefficient matrix in Eq. (28) equal to zero, one can 

verify the existence of an infinite number of roots for the eigenvalues in the form 1 2 3 ... ...mp mp mp nmp         

[42]. 

For i n= , maxm m=  and maxp p=  the eigenvalue assumes its maximum value. In this work, the coefficient 

matrix involves only Bessel functions whose behavior is oscillatory. The root finder toll used was the Rolle’s theorem. 

It is expected that, when dealing with continuous oscillatory functions containing zeros it will exist several points where 

the function assumes zero values. Evaluating this function  by choosing two points  sufficiently close to each other, 

namely ( )f a and ( )f b , with ,  ( , )a b a b  and considering a control parameter N of the minimum distance between 

two zeros, there is an increment of ( ) ( )f a f b N−  which assures the existence of zeros along ( ),a b . 

The coefficients 
impa and 

impb  in Eq. (27) are obtained using the ith interface condition given by Eqs. (15) 

and (16). The following relation is valid for  1, 1i n −  
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where 1mpa  is arbitrary and 

1
1 1

2

in
mp mp

in

C
b a

C
= −  (30) 

secondly, the solution of the ODEs given in Eq. (23) is 

( ) ( ) ( )1 2sin cosm m m m        = +   (31) 

where constants 1 , 2 and m are listed in Table 1 and are dependent on the boundary conditions at 0 = and = . 

 

Table 1 - 
1 , 

2  and 
m  for different combinations of BC’s at 0 =  and  =  surfaces. 
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Finally, the solution of the ODEs given in Eq. (24) is 
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where mpD  is a coefficient obtained by the use of both orthogonality conditions in the azimuthal and radial directions 

[43] being cast, respectively, as 
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 and accounting the initial condition given in Eq. (14), mpD  yields  
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The proof of the orthogonality conditions given by Eqs. (33) and (34) are available in Singh et al. (2008) [43]. 

Substituting Eqs. (27),  (31) and (32) in Eq. (21), a general solution of Eq. (11), yields 
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2.2. Inhomogeneous Steady State Problem 

 

The equivalent inhomogeneous steady state problem ( ),ssT r   of Eqs. (1)-(3) and Eqs. (5)-(12), accounting for 

the heat source term ( ),ig r   is cast as 
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with inner and outer boundary conditions being, respectively 
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The interfacial conditions at the inner interface of the ith layer and outer interface of the ith layer are, 

respectively 
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with homogeneous boundary conditions at the azimuthal surfaces 0 =  and  =  cast, respectively, as 
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Solution to the inhomogeneous steady state problem is obtained using the eigenfunction expansion method,  

written in generalized Fourier series in terms of azimuthal eigenfunction, resulting 
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Substituting Eq. (46) in Eq. (37) yields 
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12

1
0, ,1

im imm
im i i

i

dT r g rd
r T r r r r i n

r dr dr kr


−

 
  − + =    
 
 

 (47) 

where 

( ) ( ) ( )
0

1
,i m mim

m

g r g r d
N





   = 
 

    (48) 

Boundary conditions of first, second or third kind at the inner or outer surfaces, namely inC  and outC , are 

also expanded in generalized Fourier series. Solution for a composite hollow cylinder domain is given by 
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( ) ( ), ,  m m
im ss i ss i pT r A r B r f r−= + +  

(49) 

where constants ,ss iA  and ,ss iB  may be evaluated using boundary and interfacial conditions resulting in a matrixial 

product evolving a ( )2 2n n coefficient matrix with a ( )2 1n  boundary conditions dependent vector. Last term on the 

Right-Hand Side (RHS) of Eq. (49), ( )pf r , is determined by a particular integral obtained applying the method of 

undetermined coefficients. 

 

3. RESULTS AND DISCUSSION 

 

The analysis developed in the next section was based on an oil well configuration depicted in Fig.1, defined 

from 0 =  to  = . 

 

 
 

Figure 1. Oil well structural scheme, geometry specifications and materials. 

  

where the thermophysical and geometrical parameters of each layer are cast in Table 2 below  

 

Table 2 - Geometrical, thermophysical, and physical properties of an average offshore oil well structure. 

 

Material Thermite SS AISI 420 Water API X80 Cement Dolomite 

Radius (r) [m] 0.04445 0.047625 0.10795 0.12065 0.14605 0.25 

Density [kg/m³] 4142 [46] 7671 [47] 998 7800 [48] 2010 [49] 953 [50] 

Thermal Conductivity 

[W/m.K] 
47.88 [46] 26.08 [47] 0.65 54.21 [51] 0.53 [49] 3.34 [50] 

Specific Heat [J/kg.K] 748.1 [46] 475.61 [47] 4185 448 [51] 736 [49] 2630 [50] 

Melting Point [ºC] - 1450 [47] 0 1440 [52] 1157 [53] 2570 -4660 [50] 

 

and Boundary conditions prescribed for the case shown in Fig.1 are set in Table 2 below 

 

Table 2 - Investigated cases boundary, interfacial and initial conditions. 

 

Boundary / Interface Type Thermal Specification Initial Temperature 

Thermite/SS AISI 420 Heat Source 
2-D Volumetric Heat 

Generation ( ),ig r    
60. 0 ºC 

SS AISI 420/Annular Region Wall Heat Conducting 60. 0 ºC 

Annular Region /API X80 Wall Heat Conducting 60. 0 ºC 

API X80/Cement Wall Heat Conducting 60. 0 ºC 

Cement/Dolomite Wall Heat Conducting 60. 0 ºC 

External Boundary from 0 =  to  =  Wall Ambient Heat Dissipation 60. 0 ºC 

Flat Boundaries (at 0 =  to  = ) Wall Constant Temperature 0. 0 ºC 
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where ( ),ig r s  is the volumetric heat source arising from the thermite reaction with magnitude equals to 

10 08 / ³S E W m= + . Such value was determined considering the minimum magnitude capable of achieve the SS AISI 

420 melting point and is a reachable value during thermite reaction with specifics stoichiometry quantities. 

By means of Table 2, end surfaces from 0 =  to  =  equals to 0°C. Also, one could determine by Table 3 

that 1 1 = , 2 0 = and m m = , since ( ), 0, 0iT r t = =  and ( ), , 0iT r t = = , and substitutions must be performed in 

Eq.  (31), resulting 

( ) ( )1 sinm m m     =  (50) 

The initial condition is assumed to be ( , ) 60if r C =  , resulting in Eq. (14) 

( ) ( ),, , 0 60 ,i ss iT r t T r = = −  (51) 

Being the physical domain a multi-layer composite solid cylinder, values of coefficients given in Eqs. (2) and 

(3) are 1inA k= − , 0inB = , 0inC = , 6outA k= , 6outB h=  and 60out outC T C= =  . 

Firstly, considering the materials properties available in Table 2 and applying the boundary conditions 

discussed in Table 3, the eigenvalue problem for the six-layered composite solid cylinder is solved by setting the 

determinant of the coefficient matrix in Eq. (28) equals to zero, which considers only geometrical, thermophysical and 

inner and outer boundary prescribed for the physical domain. The infinite series given in Eq. (36) summed over m →  

and p →  are really performed over m M→ and p P→ , where M  and P  are the number of transverse 

eigenvalues used to achieve solution. Maximizing the number of transverse eigenvalues minimizes the truncation error 

over the achieved results. For this analysis, 20M =  and 38P =  transverse eigenvalues were used, ensuring 

convergence along with numerical results.  
 For the inhomogeneous steady-state problem, results of the ODE given in Eq. (47) are cast as 

( )
( ) 2

1 ,1 ,1 2
1

1 cos2
, 1

(4 )

m m
m ss ss

m Sr
T r A r B r i

km m





−
 −

= + − = 
 − 

 (52) 

( ) , , , 1m m
im ss i ss iT r A r B r i−= +   

(53) 

where  

( )
2

1

1 cos2

(4 )
s

m S
c

km m




=

 −
 
 − 

 (54) 

applying the interfacial boundary conditions for Eqs. (52) and (53) leads to a matrixial system where coefficients ,ss iA  

and ,ss iB  are determined and the steady-state problem given in Eq. (46) is determined. 

 Substitution of the steady-state solution in Eq. (35) determines the coefficient mpD , which in turn closes the 

solution of the transient problem as given in Eq. (36).  By the solution superposition of both steady-state and transient 

solution in Eq. (10) determines the final temperature field ( ), ,iT r t , which are cast in Figures 2. 



19th Brazilian Congress of Thermal Sciences and Engineering 
November 06th-10th, 2022, Bento Gonçalves, RS, Brazil 

 
Figure 2 – Analytical temperature contours [ºC] as a function of domain displacement [m] and time (t) for: 

a) 150 t s= , b) 500 t s= , c) 3000 t s= , d) 10000 t s= . 
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