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Abstract:

In Purpose — The LBM (Lattice Boltzmann Method) is adopted to numerically simulate and calculate the heat
exchange coefficients for single cylinders and a bank of aligned and staggered cylinders. The different layouts are
evaluated, to verify the gain in the global heat exchange coefficient.

Design/methodology/approach — The method is applied for an incompressible flow, with the employment of the
Bhatnagar Gross and Krook (BGK) local collision operator, in a D2Q9 scheme. The computational code is applied
for intermediate Reynolds (Re) numbers using a passive-scalar approach for the transport of energy.

Findings — The thermal analysis is performed around the obstacles with the calculation of the local and average
Nusselt numbers. The results are compared with available data from experimental and computational works. Errors
were found to have the same order of magnitude as the dispersion errors between available data.

Practical implications — Fluid flow and heat transfer across a bank or bundle of cylinders are relevant for several
industrial applications, such as steam generation for boilers or coils applied on air conditioner systems. Normally
there is an internal flow inside a tube and a second fluid, with a different temperature, flows externally to perform
the heat exchange. In these applications with a bundle of cylinders, the overall heat exchange coefficient is desired
to be calculated.

Originality/value — Due to its intrinsic cartesian geometry, the use of an LB passive scalar approach for finding
the isotherms around curved surfaces requires dealing with staircase geometries. Results show that the method that
is proposed in this paper is suitable for evaluating the angular distribution of the local heat transfer coefficient in
the range of intermediate Reynolds numbers.

Key words: Heat transfer, lattice-Boltzmann passive-scalar, bank of cylinders.

1. INTRODUCTION

The heat exchange across a bank or bundle of cylinders is important for several industrial applications such as
heat exchangers in air conditioning systems Sayehvand, Yari and Basiri (2018). The great variety of applications
has motivated research interest for decades, Hsu and Liang (2021).
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Solving analytically the Navier—Stokes equations has been a challenge for almost two centuries, since only a few
analytical solutions, generally for very simple flows and geometries, are known. The alternative to the formal
methodology is to resort to numerical methods, usually discretizing, in several different ways, the Navier—Stokes
equations.

In this regard, the lattice Boltzmann equation (LBE) has been successfully used in the last decades as a
computational fluid dynamics tool, solving a discrete analog of the Boltzmann equation for the mass, momentum,
and energy balance equations. Chen and Doolen (1998), He and Luo (1997). The LBE has proved to be valuable in
solving simple and complex flows, Zhou, Dong, Chen and Li (2019).

To assist in the thermodynamic analysis of these components, computational flow simulations in LBM (Lattice
Boltzmann Method) have been used as an alternative to traditional CFD methods. Based on microscopic models and
mesoscopic Kinetic equations, the scheme showed to be successful in applications involving interfacial dynamics
and complex boundaries. The central idea of this kinetic model to simulate macroscopic fluid flows is that the
macroscopic dynamics of the fluid is the result of the collective behavior of many microscopic particles, Chen and
Doolen (1998).

In this method, the fluid is considered as a set of particles, which are propagated along directions (lattice links)
and collide at nodes (lattice sites). Although the LBM method is based on a system of particles, its focus is on the
average macroscopic behavior, where the kinetic equations provide advantages compared to CFD methods such as
easy implementation and use of algorithms that allow parallel execution, Chen and Doolen (1998), Surmas, Dos
Santos and Philippi (2004).

Studies regarding the non-isothermal flow past cylinder were carried out with the application of LBM by Zu et
al. (2008) and Zhou et al. (2019). In their studies, a numerical simulation of flow with heat exchange is carried out.
The results for heat transfer and velocity field in evolution with time, lift, and drag coefficients show excellent
agreement with theoretical, experimental, and numerical studies. In both analyses, the LBM method is validated to
simulate heat transfer. It was verified a fluctuation of the Nusselt number in the region of rear stagnation of the
cylinder, which is gradually increased with the approximation of the isothermal lines. For a bank of cylinders,
Esfahani and Vasel-Be-Hagh (2012) investigated the heat transfer for a bundle of 4 cylinders in an aligned layout,
and a good agreement with theoretical, experimental, and numerical studies was found. Although both studies have
obtained good results, the way to obtain the Nusselt number is not deeply discussed.

In fact, due to its intrinsic cartesian nature, curved surfaces are represented by a staircase geometry in LBM. On
the other hand, the calculation of the Nusselt number for a curved surface requires locally evaluating the temperature
gradient at the surface and this can reveal to be a difficult task in staircase geometries. In this work, a computational
fluid flow simulation code is developed. The LB method is adopted to numerically simulate and to calculate
aerodynamic drag and heat exchange coefficients in a bank of tubes. The method is applied for an incompressible
fluid and single-phase fluid, with the employment of the BGK local collision operator Bhatnagar, Gross and Krook
(1954), in a D2Q9 scheme. The computational code is applied for Reynolds (Re) numbers ranging between 10 and
120 for single cylinders.

Thermal analysis is performed around the obstacles with the calculation of the local and average Nusselt
numbers. For a single-cylinder, the simulation is performed with Reynolds varying from 10 to 120. For a bank of 4
cylinders in aligned and staggered layouts, the Reynolds number is set to 80 and 120. The results obtained are
compared with average results of experimental and computational works, carried out by different authors and
methods. It was found a good agreement on the results and when comparing the aligned and staggered layouts for a
bank of four cylinders, a gain of around 30% in the heat exchange factor is also observed.

2. BULK FLOW

A lattice-Boltzmann equation (LBE) may be considered as a special discrete form of the continuous Boltzmann
equation, where the molecular velocity space &P is replaced by a set of b discrete velocities &, i =0, ..., b — 1 and
the continuous distribution function f (x, ¢, t) is replaced by b packets of particles fi (x, t) = f (x, &, t). Parameter
b is related to the order of approximation of the Boltzmann equation. In dimensionless variables, the LBE may be
written in terms of the dimensionless populations fi: = fi€2/ng in two parts corresponding to the collision

fixt+68)=fi(x0)+0Q, (1)
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and propagation steps,

fi(x+eht+68)=f(xt+3). 2)
In Eq. (1)
Q; = Zziié;-zz, (3)
T

is the BGK relaxation term, Bhatnagar et al. (1954) and means that, in the collision step, populations f; that were
streamed to point x are redistributed along the directions e;, relaxing to their equilibrium values given by f;*? in
accordance with a dimensionless relaxation time 7. Symbol & is an average molecular speed and ny is a reference
number density of particles. Symbol e: design the lattice vectors given by e; = &vc where ¢ = /6, h being the
orthogonal distance between any two contiguous sites and & the simulation time-step. Figure 1 shows the Hermitian
basis and the set of lattice-vectors ei of the D2Q9 second-order LBE.
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Figure 1: Hermitian representation (a) and set of lattice vectors (b) for the D2Q9 LBE

During simulation, the dimensionless density p* and macroscopic velocity u* are updated following

p*=Zﬁ- =fo"- (4)
pur= ) e = ) e ®

respectively.

In Egs. (4) and (5), p* and u* are required to be equilibrium moments, being necessary conditions for the
solvability of the LB numerical scheme. We restrict ourselves to a second-order Hermitian expansion of the
Maxwell-Boltzmann equilibrium distribution. In its discrete form it reads as
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zoeia 1u’(’§°u[*3 %2
c2 2 ot (eiaeiﬁ_cs 5aﬁ) ) (6)

_ u
fieq =W;p* |1+
where W; are quadrature weights and cs is a lattice constant that is related to the speed of sound.

2.1 Non-isothermal flows

When the flow patterns are not affected by the temperature, we can consider the thermal energy as a scalar
quantity that is transported along the streamlines by advection and is redistributed among the molecules by
collisions. Therefore, a suitable BGK kinetic model for the thermal energy would be written as, He, Chen and Doolen
(1998),

eq
0,0+£,0,0 =%, %

where g is the internal energy of the particles in a volume element dx around the position x and with velocities
between & and & + d¢. The equilibrium distribution is given by

(L))

geq= 1D_iDei?’ (8)
(27)?2 d
where,
§= |, )

is a mean molecular speed at a reference temperature Ty , k is the Boltzmann constant and m is a molecular mass.
The internal energy is, thus, required to be an equilibrium moment

e~ [ ade = [ g™ae. (10)
In the collision step, the thermal energy is redistributed among the particles following

g t+8) =00t + O, (11)

and, in the propagation step, this thermal energy is transported with the particles to the neighbor sites
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g, (x+eht+38)=7,(x,t+3). (12)

The collision term is now written as

—eq —

o =3 9% (13)

where r; is a dimensionless relaxation time that is related to the thermal diffusivity and

e UL  Usug [(ejqe;
gl =we |1 4 = ) 4 £ <( “xz‘ﬁ) —604;)], (14)
loF: 2¢s loF:

is the second-order Hermite polynomial expansion of the MB equilibrium distribution given by Eg. (8).
Parameter &* is the ratio,

== (15)

between the internal energy € (x, t) and a reference value & . Since € = 3/2nkT and & = 3/2 nokTo , this ratio gives
g =p0. (16)

It does give the dimensionless temperature 6 = T /T0 for ideal gases, which follows the Clapeyron equation of
state. Therefore, while, in the course of the simulation, Egs. (4) and (5) are used to update the density and momentum,
respectively, and the local dimensionless temperature is updated following

po=25 (17)

3. BOUNDARY CONDITIONS
Dealing with boundary conditions (BC) was ever considered a puzzling question in the Lattice-Boltzmann (LB)
method. The main question to be solved is how to deal with a problem when the number of unknowns (the particle

populations coming from the outside part of the numerical domain) is greater than the number of equations at our
disposal at each boundary site.

3.1 Fluid-solid interaction

In this section, it will be explained the interaction between the bulk flow and solid boundaries.
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311 Non-slip boundary condition

The standard half-way bounce-back (HWBB) model is used for representing the fluid-solid interaction. This
model is illustrated in Figure 2 and given by

Oo—> O o = O «—0 ®
Fluid node Solid node Fluid node Solid node Fluid node Solid node
time t time t+56/2 time t+6

Figure 2: Half-way bounce-back boundary condition for fluid-solid interaction.
T_i(xb,t+5):Ti(xb,t), (18)

for all directions i pointing to a solid surface, from the boundary node x» . Therefore, the solid surface is supposed
to be in an intermediate position between the fluid boundary node and the solid node in the neighboring. The

population ?i (Xb,t) that is present in this site xb at time step t, with a velocity ei pointing to the solid, is

considered to rebound on this surface and return to the boundary node with an inverted velocity at time t + &.

The standard bounce-back boundary condition is mass preserving and can be used for moving surfaces
(Ladd, 1994), but cannot prevent slip when applied to corners. On the other hand in its halfway version, the location
of the zero-slip point is dependent on the fluid viscosity. Nonetheless, it is the most frequently used model for fluid-
solid interaction. Its main advantage is its simplicity and easiness to be implemented. Interested readers are suggested
to read (Bazarin et al., 2021) where other alternatives are presented and discussed.

h/2 h/2
P »
X
X v i X
bO O s
Fluid node Solid node

Figure 3: Half-way bounce back boundary condition for the energy distribution.

312 Energy redistribution at the wall

Consider Figure 3. Nodes x» and xs are, respectively, the boundary node at the fluid phase and a fictive node in
the solid phase. The solid surface is located in the halfway, xr , between these two nodes, where the dimensionless

temperature is 8. Since this solid surface is at rest, we can use Eq. (14) to find the energy amount afq =pWeo at

this node, related to an arbitrary direction i. We further suppose that this energy amount is the arithmetic average of
the energy amount that comes from node xb in the fluid phase and the one that comes from the fictive solid node xs
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él(Xb,t)+§3(Xs’t)

> = pW(le =1))8, (19)

and based on the HWBB BC, the particles that come from the solid node xs are in fact the ones that rebounded in
the wall, returning to the site x» at time t + 0O

05 (Xs,1) = G5 (X,,t+6) (20)

Egs. (19) and (20) can be generalized for all directions pointing to the solid surface as

gi(xb,t)+§2_i(xb,t+5) _ We (21)

Eq. (21) was proposed by Zhang, Shi, Guo, Chai and Lu (2012) based on a historically outstanding paper by Ladd
(1994).

4. NUSSELT NUMBER CALCULATION

The Nusselt number gives the enhancement of heat transfer by convection with respect to pure conduction. In
dimensionless LB variables, it can be defined for a cylinder as

V'oxD"
Nu=—"—, 22
0.0, (22)

where D* = D/h gives the number of lattice-spacing 4 along the cylinder diameter D.

The calculation of the Nusselt number considers the temperature difference between the cylinder surface and
the isotherms and the radial distance between these points. Figure 4 shows the isotherm lines for a flow around a
cylinder with Re = 100, at the time step t = 99900.
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Figure 4: Isotherm lines and a random point for Nusselt number calculation for Re=100 at time step t=99900.
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Due to its intrinsic cartesian nature, in LB simulation round or inclined surfaces are represented as staircases.
Therefore, the isotherms close to the surface will be deformed as shown in Figure 5.

—t 1.26

—T 114

—t02

T T T T T
280 285 290 295 300

Figure 5: Isotherms close to the hot cylinder surface for Re=100

The effect of this deformation on the Nusselt number is shown in Figure 6 where the average Nusselt number
is given for the isotherms from 1.5 to 1.92. From left to right, or from the colder to warm, the Nusselt number
increases as the isotherm approaches the cylinder. Nevertheless, it is clearly seen that there is an abrupt increase in
the Nusselt number for the isotherm 6 = 1.92. We attributed this singularity to the stair-case geometry of the cylinder
surface and in all the subsequent calculations of the local Nusselt number we considered the isotherm 8 = 1.86 and
its radial distance from the surface.

Average Nusselt number by isotherm (Re = 100)
8
7,30
75 %
7
o 65
]
§ 6
Z 55 5,11
4,78
W g 449 460 *
o 4,27
> 4 7 L 2
= P 7§
4 365 ¢
35 ¢
3
15 156 162 168 1,74 1.8 186 1,92
Isotherm line

Figure 6: Average Nusselt number by isotherm for a single-cylinder with Re = 100.
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5. RESULTS

In this section, the preliminary results already obtained for the simulations with a single-cylinder, are presented.

Calculations were performed for Pr=0.71, with the Reynolds number varying between 10 and 120. The simulation
grid is described below:

— > u=0.04 (Non-dimensional speed) & e2 5
_— el
i N = 40 " T
z L P
g y () — > o3 jle—its el
| z| Py
] L
\ > e7 ed e8
SN 25N

Figure 7: Simulation grid

5.1 Single cylinder

After several tests using different dimensions for the numerical domain and cylinder diameter, Figure 8 shows
the scheme which appeared as the best suitable for simulating the flow and heat transfer from a single cylinder. The
temperature field for the simulations with the Reynolds numbers Re=120 at the time t = 100,000 time steps is
described on it. Periodic fluctuations in the temperature field are noted. As it was to be expected, there is also an
increase in the temperature field on the rear surface of the cylinder, because when the cooling fluid flows past the
cylinder it is heated by the cylinder's hot surface.
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Figure 8: Temperature field for the simulations with the Reynolds numbers Re=120

Due to the periodic oscillations in the field temperature, the calculation of an average temperature field is
required for obtaining the average Nusselt number. This average field for Re = 100 is shown in figure 9. Figure 10
shows the variation of the local Nusselt number with the angular coordinate 8 for Re = 100 and Pr = 0.71. The
Nusselt number attains its maximum value on the front stagnation point @ = 0°, where the hotter isotherms are closer
to the cylinder surface and a small, but noticeable, increase on the rear stagnation region « = 180°. It is very apparent
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that the curve Nu = f («) has a visible symmetric profile as it should be. This symmetry is to be noticed considering
the approximation method employed in the Nu calculation, based on the location of the 6 = 1.86 isotherm.

100
200
300
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Vertical axis (500 sites)

500

0 200 400

Horizontal axis (1200 sites)

600

Average temperature field (Re = 100)

800 1000

2.0
1.8
1.6
1.4
1.2
1.0

1200

Temperature (dimensionless)

Figure 9: Average temperature field with the Reynolds numbers Re=100
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Figure 10: Local Nusselt number for a single cylinder with Re 100.

The table 1 and Fig. 11 presents the average Nusselt numbers with Re from 10 to 120 in comparison with other
studies from different authors by experimental methods, where is noted a good agreement with reference values.

Table 1 - Average Nusselt number results for a single cylinder:

Author Rel0 Re20 Re40 Re60 Re80 Rel00 Rel20

Churchill (1977) 1.829 2.464 3.364 4.056 4.640 5.156 5.623
Hilpert (1933) 1.963 2.563 3.347 3.913 4.673 5.185 5.645
Zukauskas, A. (1987) 1.600 2.270 3.210 3.930 4.550 5.070 5.580
Average Nu from above works 1.797 2.432 3.307 3.966 4.621 5.137 5.616
Nu (present work) 1.840 2.480 3.227 3.843 4.470 5.105 5.676
Deviation (%) 2.370 1.960 -2.420 -3.110 -3.270 -0.630 1.070
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Figure 11: Local Nusselt number for a single-cylinder with Re 100.

5.2 Multiple cylinders

This section describes the heat transfer analysis for a bank of 4 cylinders in aligned and staggered layouts. The
analysis is performed for Re=80 and 120. The calculations are performed using the same procedure as before for the
reference isotherm 6 = 1.86.

5.2.1 Bank of four aligned cylinders

The LB numerical simulation for the flow and heat transfer from a bank of four aligned cylinders was performed
using the scheme shown in figure 12. The figure 13 shows the dimensionless temperature fields of the simulations
in the time step = 100,000 for the aligned configuration, with Reynolds Re=80. Temperature gradients and time
fluctuations due to vortex shedding were found.

1
Tp =2N ()
A ® @
=2
LN
N
7o)
V

Figure 12: Simulation scheme for a bank of 4 aligned cylinders.
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Figure 13: Temperature field for a bank of 4 aligned cylinders with Re = 80 after 100,000 time steps.

Figure 14 shows the time-averaged isotherm lines for Re = 80, detailing the region close to the cylinder surfaces
and highlighting the isotherm 6 = 1.86. Due to the heating process, the fluid flowing through the inner part of the
bank of cylinders becomes hotter than the flow surrounding the bank. The effect of this heating process on the
Nusselt number is very visible in Figure 15: the angular distribution of the Nusselt number for the lower row of
cylinders appears as mirror images of the Nu angular distribution for the upper row of cylinders. This effect was to
be expected considering the symmetry of the heating process. The averaged Nusselt number considering its whole
angular distribution is also shown in Figure 15. Small differences due to numerical errors and to the calculation
method are also to be expected. For cylinder 1, (Nu) = 4.34, against (Nu) = 4.36 for cylinder 3. For cylinder 2 (Nu)
=1.99 while (Nu) = 2.01 for cylinder 4.
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Figure 14: Averaged isotherms for a bank of 4 aligned cylinders with Re = 80
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Nu global = 3.18 (Re 80 — Layout 4 aligned cylinders)

Nusselt local s o Nusselt local
Cylinder 1 90° Cylinder 2
12— s
L 12 e ~_ 512
_,g / . _2 / 21 \
£ 10 ’ //3«——\\ \ E 10 =
E [ /LN 2, /
. / [ N\ \ g
3 \
S5 6 0° ( 1 ] 180 —lj 6 k { ) ‘\ ]130
= 3 i \ / / | 5 s ‘\ \ /
2 \ g / Z \\ N\ / /‘/
2
; 2 \\ e 4 2 2 \\ \'\_,/ /
\. =
0 I \\ //
0 45 90 135 180 225 270 315 360 N e 0 45 90 135 180 225 270 315 360 ~—_ —
Angular coordinate 270° Angular coordinate 270°
Nu = 4.34 Nu = 1.99
Nusselt local @\ . Nusselt local
Cylinder 3 . Cylinder 4 %0
) 12 /“niA\'\;
s 12 / ;) 7 + \
£ 10 2 10 / AT \
2 5 Vi N\
Hig 8 [/ RERE
g = [ { p N\ \
3 6 S & . [ ¢ \ \
- \ g o)
_; 4 4 = 4 \ \ N /
2 E
2 2 g 2 \ \ /
Z Z \\
5 0 N S

0 45 90 135 180 225 270 315 360 0 45 90 135 180 225 270 315 360 ~—

Angular coordinate

Angular coordinate

Nu =436 Nu =2.01

Figure 15: Nusselt local and mean values at Re = 80 for 4 aligned cylinders. Cylinder 1: (Nu) =4.34. Cylinder 2:
(Nu) =1.99. Cylinder 3: (Nu) =4.36. Cylinder 4: (Nu) =2.01.

522 Bank of four staggered cylinders

The LB numerical simulation for the flow and heat transfer from a bank of four aligned cylinders was performed
using the scheme shown in Figure 16. Figure 17 shows the dimensionless temperature fields in the time step =
100,000 for the staggered configuration, with Reynolds Re=80. As before, the temperature field has periodic time
fluctuations due to vortex shedding are present.

Figure 18 shows the averaged isotherm lines for Re= 80 and 120 detailing the region close to the cylinders and
highlighting the isotherm 6 = 1.86. The system has a very visible symmetry line at y=250 l.u., cylinders 2 and 4
having the same heat transfer patterns with increased Nusselt number angular distribution when compared with the
previous aligned configuration. This increase is clearly shown in Figure 19, the angular averaged Nusselt number
attaining the values 4.775 for cylinder 2 and 4.771 for cylinder 4. In fact, they should be identical, and as before,
this small deviation is to be attributed to numerical errors and to the calculation method that was employed. LB
simulation results in an angular distribution of the Nusselt number which is perfectly symmetric for all the four
cylinders. This is consistent with the symmetry of the problem and validates the LB method for this kind of problem.
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Figure 16 - Simulation scheme for a bank of four staggered cylinders.
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Figure 17 - Temperature field for a bank of four staggered cylinders with Re 80
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Figure 18 - Isotherms for a bank of four staggered cylinders with Re 80 and 120.
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Nu global = 4.20 (Re 80 — Layout 4 staggered cylinders)
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Figure 19 - Nusselt local and global for a bank of four staggered cylinders with Re 80.

The table 2 presents the average Nusselt numbers with Re 80 and 120 in comparison with other studies from
different authors by experimental methods, where is noted a good agreement with reference values.

Table 2 - Global Nusselt number results for a bank of 4 cylinders:

Layout Reference Re80 Rel20 Nu increase (%)
Grimison (1937) — Exp. 3.31 4.28 29.3
Zukauskas (1972) — Exp. 3.69 4.34 17.6
Aligned Esfahani & Vasel-Be-Hagh (2012) - LBM 3.28 3.90 18.9
Average of reference above 3.43 4.17 21.9
Present work 3.18 3.87 21.7
Deviation from mean reference (%) -7.20 -7.27
Grimison (1937) 4.94 6.19 25.3
Zukauskas (1972) 4.10 4.83 17.8
Staggered Average of reference above 4,52 5.51 21.6
Present work 4.20 5.24 24.8
Deviation from mean reference (%) -7.08 -4.90

Analisyng the above results on the present work, is possible to verify an increase of 22 % and 25 % on the
heat transfer coefficient for aligned and staggered layouts respectively, by increasing Reyonlods number. When
comparing the same layouts and keeping the same Reynolds number, is possible to verify a higher increase by
changing the layout from aligned to staggered. Table 3 below better describes:

Table 3 - Global avarage Nusselt number comparison of present work for a bank of 4 cylinders:

Re / Layout Aligned  Staggered Nu increase (%)
Re 80 3,18 4,2 32,1%
Re 120 3,87 5,24 35,4%
Nu increase (%) 21,7% 24,8% -
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6. CONCLUSIONS

The main purpose of this paper was to produce a comparison study of heat transfer for different layouts of a bank
of cylinders. To assess the relative performance between arrangements, the LBM method for numerical simulations
of flows past solid bodies was applied. The BGK standard collision operator was employed with simulation in
Python language. The results are in good agreement with references available in literature from simulations
performed by other authors based on CFD traditional methods. It was found deviations below 7.3 % for aligned
layout and 7.08 % as a maximum difference for a bank of 4 staggered cylinders. Considering the found results, the
method can be considered a fair alternative to computational simulations to preview heat transfer in different layout
arrangements. When keeping same Re numbers and changing the layouts from aligned to staggered, a higher increase
on Nusselt numbers is noted (32.1 and 35.4% respectively) when comparing the same layout and changing only
Reynolds from 80 to 120, where an increase of 21.7 and 24.8% are respectively found. This means that during the
design stage of bank of cylinders, as an example for heat exchangers, a choice on the tube layout arrangements
would be more interesting than increasing a forced flow over heat exchangers.
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