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Abstract. A numerical study is performed to analyze the effects of Reynolds, plastic, and Richardson numbers on the
non-isothermal, viscoplastic flow around two aligned cylinders embedded in a square enclosure under mixed convection
conditions. The mechanical model is obtained by coupling the mass, momentum, and energy equations with the SMD
viscoplastic model. The system of equations is solved using a Galerkin least-squares (GLS) type finite element method,
and the average Nusselt number and displacement efficiency will be presented for each simulated case. The results point
out that the heat transfer is generally enhanced by increasing the Richardson and Reynolds numbers; on the other hand,
increasing the plastic number leads to an overall reduction in the average Nusselt number and a sudden drop in the
displacement efficiency.
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1. INTRODUCTION

The viscoplastic fluid behavior can be observed in a wide range of quotidian and engineering applications, in the
form of foams, emulsions, and suspensions. Understanding of such phenomena involved in the fluid transport between
reservoirs, containers, and through pipelines is increasing in importance due to the total added value of these products.
In many applications the fluid is also being heated or cooled during the flow and, still, very little is known about the
heat transfer characteristics of viscoplastic materials. Soares et al. (1999) numerically analyzed the heat transfer in the
entrance region of tubes for Herschel-Bulkley fluid flows. The mechanical model was approximated via the finite volume
method, and the authors also used constant wall heat flux and constant wall temperature to investigate the effects of
temperature-dependent properties. Although not directly related to this work, since the viscosity function employed does
not have a temperature dependency, general results showed significant differences in heat transfer if the fluid is simulated
as temperature-dependent. Similar results were reported by Nouar et al. (1995), who carried out numerical analysis of the
laminar forced convection in a cylindrical duct for a thermo-dependent Herschel-Bulkley fluid, also considering boundary
conditions of constant wall heat flux and constant wall temperature. The governing equations were solved using the finite
difference method assuming constant fluid properties except for the consistency index. The authors obtained correlations
for the local Nusselt number and the pressure gradient considering the temperature-dependent characteristic of the fluid.

Laminar forced convection of viscoplastic fluids was also investigated by Nirmalkar er al. (2013), who studied the
momentum and heat transfer characteristics of a heated square cylinder immersed in a streaming Bingham plastic medium.
The mechanical model was numerically solved for a wide ranges of Reynolds, Prandtl, and Bingham numbers, and the
authors reported that the unyielded regions expand with the increasing Bingham number, and due to the yield stress,
the drag force on the cylinder is higher than that of a Newtonian fluid at the same Reynolds number. Numerical results
obtained for the drag and Nusselt numbers were correlated to modified Bingham and Reynolds numbers via expressions
enabling their interpolation for intermediate values of the governing parameters. More recently, Miranda et al. (2021)
investigated the effects of Reynolds number, plastic number, and flow intensity U* on the flow and the heat transfer of
a viscoplastic SMD fluid flowing through a planar expansion followed by a contraction. The authors reported that the
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Nusselt number has a positive dependence on the Reynolds number and flow intensity, as well as the increase in the
fluid’s displacement efficiency. On the other hand, the increase in the plastic number leads to a sudden decrease in the
flow heat transfer and displacement efficiency. Severo et al. (2021) applied the Constructal Design Method to investigate
how viscoplasticity affects the heat transfer on a row of circular tubes in crossflow configuration and to search for the best
geometric shapes depending on the fluid rheology. The authors found a significant decrease in heat transfer with increasing
yield stress limit and concluded that the optimum distance between cylinders, which maximized the heat transfer for fixed
parameters except for the Bingham number, is always greater than those found in Newtonian flows. Similar investigations
were performed by Shyam and Chhabra (2013) for tandem square cylinders immersed in power-law fluids and Tiwari and
Chhabra (2015) for a semicircular cylinder immersed in Bingham fluids.

Regarding free convection in viscoplastic fluids, Sairamu et al. (2013) performed numerical simulations of Bingham
fluids heat transfer from a heated horizontal circular cylinder in a square cavity. Using the finite-element based COMSOL
solver, they evaluated the effects of different flow’s dimensionless parameters and the ratio between cylinder diameter and
square cavity size. Results showed that as the size of the cavity increases, both Bingham and average Nusselt numbers
increase. A similar investigation was performed by Pandey et al. (2020) for a cylinder embedded in a square enclosure
filled with power-law fluids. Free convection from a heated circular cylinder in Bingham fluid streams was investigated
by Nirmalkar et al. (2014). The authors ranged the Rayleigh, Prandtl, and Bingham numbers, and observed a decrease
in yielded regions with increasing Bingham number and with decreasing Rayleigh number, as the buoyancy-induced flow
weakens.

Coupling the two convection heat transfer mechanisms, Srinivas et al. (2009) numerically studied the mixed convection
heat transfer from a cylinder in power-law fluids and found that both drag coefficient and average Nusselt number increase
with increasing buoyancy effects, Reynolds, and Prandtl numbers. Increases in the shear-thinning tendency of the fluid
enhance both drag and heat transfer, whereas they are generally reduced in shear-thickening fluids. Additionally, buoyancy
effects were stronger in shear-thinning fluids and at low Reynolds number regimes. Nalluri ez al. (2015) and Bose et al.
(2015) simulated the mixed heat transfer in Bingham fluids for a heated hemisphere and a heated cylinder, respectively.
Both studies observed that increasing Reynolds or Prandtl numbers tend to enhance convection, and the yielded regions’
size have a positive dependence on these parameters. On the other hand, increasing Bingham and Richardson numbers
stabilizes the flow by suppressing the propensity of flow detachment. The average Nusselt number and drag coefficient
show a positive dependence on the Richardson number, but this dependence progressively weakens with higher Bingham
numbers. Santos (2016) performed numerical simulations of laminar flows over a cylinder immersed in viscoplastic SMD
fluids subjected to mixed convection. The power-law index, Herschel-Bulkley, and Richardson numbers were varied to
evaluate their influence on the cylinder heat transfer and drag coefficient. The increase of the R: and H B numbers, as well
as the increase in the n index, result in higher C'p. Regarding heat transfer, natural convection has a positive effect on the
average Nusselt number, with the opposite behavior occurring when the power-law index increases, as the fluid becomes
thicker and advection transport is reduced. The flow’s viscoplastic level, measured by the H B number, delineates two
different heat transfer behaviors. For H B < 500, due to the acceleration of the fluid near the cylinder surface, the Nusselt
number is increased, while for HB > 500, even the cylinder vicinity is under strong viscoplastic effects — the flow is
decelerated and the advection heat transport significantly decreases.

In this work, a finite element method is used to numerically solve the laminar mixed convection around two heated
circular cylinders embedded in a square cavity subjected to a viscoplastic flow. Initially, the Newtonian fluid model is
used to compare the employed methodology to the literature results. In a second step, the SMD fluid model is used to
simulate the following range of conditions: Reynolds number from 10 to 100, the plastic number P! from 0.1 to 0.9, and
Richardson number from O to 1.

2. MECHANICAL MODEL

This work investigates the steady viscoplastic fluid flows around two heated cylinders embedded in a square cavity,
as schematically shown in Fig. la. Natural-, forced- or even mixed-convection is present once the fluid enters the
domain with a given temperature lower than the cylinders’ surface temperature — the heat transfer regime depends on the
prevailing flow conditions. To vary the fluid density with temperature, the Boussinesq approximation is used, given as
P = poo[l — B(T — Tx)], where 3 is the volumetric thermal expansion coefficient, T, and p are the fluid temperature
and density, respectively, imposed at the entrance of the flow domain.

The continuity, momentum balance, constitutive and energy equations, in a fixed Eulerian system, can be respectively
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Figure 1. (a) Sketch of the geometry; (b) employed mesh.
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where u; is the ¢ component of the velocity vector, 7' is the temperature, p is the hydrostatic pressure, ¢, and & are the
fluid specific heat and thermal conductivity, respectively; g; is the ¢ component of the gravity vector — in this work, the
gravity vector is aligned with the negative direction of the x5 axis, hence g; = 0; 7;; and D;; are the 4j component of the
extra-stress and strain rate tensors, respectively.

Some assumptions are made to ease the numerical solution: the specific heat and thermal conductivity are kept con-
stant, and the viscosity does not depend on the temperature, only on the shear rate ("y = 2trDZ-j2)1/ 2) according to the
SMD viscosity model, proposed by de Souza Mendes and Dutra (2004) and modified by de Souza Mendes (2009). The
modification avoids a non-physical behavior of the viscosity, which could tend to zero as the shear rate increases. The
SMD model becomes

n(y) = <1 — exp (7707>> (T.O + K7”1> + 7Moo 3)
70 Y

where 79 and 7)., are, respectively, the viscosities for very low and very high values of the shear rate, 7 is the yield stress
limit of the material, K is the consistency index, and n is the power-law index, which controls the shear-thinning and
shear-thickening of the fluid when the material starts to flow.

2.1 Dimensionless groups of interest

In this work, the dimensionless groups of interest are: the Reynolds number (Re), the Richardson number (R3),
the plastic number (PI), the Prandtl number (Pr), the jump number (J), and the Nusselt number (Nu). The adopted
expressions for Re, Pr and P follow the definitions proposed by Thompson and Soares (2016):
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where « is the thermal diffusivity, V. and L. are the characteristic velocity and characteristic length, respectively, taken
as the average velocity at the inlet and the cylinder diameter (D).
The jump number (J) is a dimensionless group proposed by de Souza Mendes et al. (2007), and its expression is

J = (no¥1/70) — 1 where 4, = (10/K )1/ ". The dimensionless apparent viscosity and Ri number are defined as:
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The displacement efficiency and the average Nusselt number are calculated as described by Miranda et al. (2021). The
primal variables of the problem are expressed in a dimensionless form as:
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where T is the cylinder surface temperature.

2.2 Geometry and boundary conditions

The fluid enters the cavity through an opening located at the bottom wall and exits at the top wall through an outlet
with the same width (O; = O, = 0.5D). The distance between the centers of the cylinders (S) is 1.5D. The ratio between
cavity width L and D is equal to 4.

To reduce computational cost, only half of the geometry was simulated (Fig. 1b), with the symmetry line at z7=0. The
velocity boundary conditions were impermeability and no-slip on the cavity walls and cylinder surface, and a flat vertical
velocity profile at the inlet, while at the symmetry line «; and 712 were set equal to 0. The dimensionless temperature at
the inlet was set to 0 and at the cylinder surface was set to 1, with the cavity walls and symmetry line being thermally
insulated.

2.3 Numerical solution methodology

In this work, the numerical approximation of the mechanical model is done by employing the finite element method.
A stabilized multi-field Galerkin least-squares formulation in terms of velocity, pressure and extra-stress is used to solve
the fluid mechanical behavior (NNFEM routine) — see Zinani (2006), Zinani and Frey (2006), Zinani and Frey (2008),
Frey et al. (2010) and Santos et al. (2011) for further details. This formulation, able to perform numerical simulations
of non-Newtonian fluid flows, is a direct extension of the one introduced by Behr et al. (1993) for constant viscosity
fluids. The thermal field is calculated using a separate routine (FEM90). For all calculations, equal-order bi-linear (Q1)
finite element interpolations are used, and the solution is obtained using initial velocity and temperature guesses, e.g.,
an isothermal Newtonian flow. After the convergence of the two routines, the absolute error between two consecutive
algorithm iterations for all the variables is evaluated. The result is stored and post-processed if the maximum error value
is lower than 10~° (Santos, 2016). The employed mesh contains 5540 bi-linear elements, resulting in 5768 nodal points
(Fig. 1b), and was designed with a refinement at the cylinder vicinity, where the highest temperature and velocity gradients
are found.

3. RESULTS

In this investigation, the influence of the Reynolds, Richardson and plastic numbers is evaluated, thus a default set
of dimensionless numbers was chosen (Pr = 1000, J = 1000, n = 0.5, and j,; = 1 X 10~®). For the mesh inde-
pendence tests and comparison with the literature, the Newtonian viscosity model was employed. Results were obtained
for Re = 150, Pr = 0.7, and R = 0.1 and 1, following the values employed by Ali and Alomar (2021). The thermal
boundary conditions were altered for the cavity walls to allow an adequate comparison, since Ali and Alomar (2021) used
a prescribed temperature condition (7" = 0) instead of insulation.
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3.1 Mesh independence tests and literature comparison

Three finite element discretizations were used for the mesh independence assessment: mesh 1 (M1), with 2770 ele-
ments; mesh 2 (M2), with 5540 elements; mesh 3 (M3), with 11080 elements. Although mesh M3 presented the lowest
errors for the average Nusselt number when compared to the results of Ali and Alomar (2021) (Tab. 1), mesh M2 was
selected to perform the simulations with viscoplastic fluid flows due to its reduced computational cost. Figure 2 shows
the streamlines intensity and the dimensionless temperature fields, obtained for Re = 150, Pr = 0.7, and R: = 1, by Ali
and Alomar (2021) and the ones obtained in this work. Besides the favorable comparison for average Nusselt number, the
present fields have also shown a good agreement.

Table 1. Average Nusselt number relative error between Ali and Alomar (2021) results and the three meshes employed in
the present study.

Mesh
M1 M2 M3
Ri=0.11513% | 1.75% | 1.21%
Ri=1 | 445% | 0.71% | 0.52%

ua :b :c sd

Figure 2. Comparison with results from Ali and Alomar (2021), for Re = 150, Pr = 0.7, and R: = 1: streamlines from
(a) Ali and Alomar; (b) this work; dimensionless temperature from (c) Ali and Alomar, (d) this work.

3.2 Reynolds number variation

Figure 3a shows the effect of the Reynolds number on displacement efficiency for different plastic numbers. Due to
the increasing inertial-to-viscous forces ratio, the fluid tends to flow directly from inlet to outlet, resulting in a decrease
in displacement efficiency regardless of the plastic number. On the other hand, heat transfer from the cylinders’ surfaces
increases with the Reynolds number due to the same effect - the acceleration of the flow at the cavity’s centerline and
deceleration of the fluid at regions between cylinder and the vertical walls, as depicted in Fig. 4b at x5 = 0.

One can observe a similar behavior of the local Nusselt number at the left side of the cylinder in Fig. 4a for Re = 50
and 100. However, on the right side, the local Nusselt number has lower values, leading to a lower average Nusselt number
(Fig. 3b). The same behavior was observed for Pl = 0.1 and 0.9, although the average Nusselt number presents a mono-
tonic tendency for these values. This difference from the case with Pl = 0.5 is explained by a more pronounced reduction
of the displacement efficiency, leading to fewer regions subjected to the fluid actually flowing around the cylinder. Fig. 5
shows the apparently unyielded regions (in black) for Pl = 0.5, Ri = 0, Re = 10 to 100, the criterion used being 7 < 7.

3.3 Plastic number variation

Figure 6 shows the effects of the plastic number on the displacement efficiency and average Nusselt number for
Re = 10, 50 and 100, keeping Ri = 0. Among the Reynolds numbers evaluated the behavior is quite similar, with a



L. P. B. Miranda, D. D. Santos, A. De Toni Jr.
Numerical Investigation Of The Heat Transfer Of A Viscoplastic Flow Inside A Cavity With Embedded Cylinders

100 +—— +— L + 36 L
E | r 34 _: r
_ 90 . = +
£ 807 n E 32 * E
R F
€ 703 F %303 | r
2 3] E a
5 3 E £
E 603 ! E 5283 ol
- | & P=039 [ - [ ]
g 503 m P=05 [ @ 26 -
n
£ 7 * PI=0.1 [ a
R r =24 r
) El E ] L4 e P=09 |
& 30 F 22 m P=05 |
a E| . E { = ¢ Pl=01 [
20 'y F 201 = r
3 E 1 E
10 T T T L e SHLA S e s 18 41771 T — T T
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Reynolds number (3.) Reynolds number (b)

Figure 3. (a) Displacement efficiency and (b) average Nusselt number as a function of the Reynolds number, for R: = 0.
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Figure 4. (a) Local Nusselt number distribution and (b) dimensionless vertical velocity profiles as a function of the
Reynolds number, for Pl = 0.5 and Ri = 0, at 25 = 0.

Yy "

B |

‘l"‘ ‘ ‘
K
() * O ©

Figure 5. Apparently unyielded regions for Pl = 0.5, Ri = 0: (a) Re = 10; (b) Re = 50; (c) Re = 100.

significant drop in displacement efficiency as the flow’s plasticity level is increased, with the unyielded regions shown on
Fig. 8 for Re = 10 corroborating this conclusion.

Regarding heat transfer, two behaviors are noticeable. For Re = 10, the average Nusselt number increases with the
plasticity level of the fluid. One plausible explanation for this behavior can be inferred from the velocity profiles on
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Figure 6. (a) Displacement efficiency and (b) average Nusselt number as a function of the plastic number, for Ri = 0.
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Figure 7. (a) Local Nusselt number distribution and (b) dimensionless vertical velocity profiles as a function of the plastic
number, for Re = 10 and Ri = 0, at 25 = 0.
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Figure 8. Apparently unyielded regions for Re = 10, Ri = 0: (a) Pl = 0.1; (b) Pl = 0.5; (c) Pl = 0.9.

the right-hand side of the cylinder surface. As depicted in the lower image in Fig. 7b, the case with the higher Pl has
the highest vertical velocity near the surface at 5 = 0. As pointed out by Santos (2016), the fluid’s acceleration and
deceleration around the obstructing object is facilitated by the viscosity drop next to the solid surface. The other trend is
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common for Re = 50 and 100, where the average Nusselt number drops with increasing flow plasticity. As the inertia
effects are more intense, the core flow tends to go directly to the outlet, and local acceleration at the right-hand side of
the cylinder is no longer observed - in fact, for Re = 100, the vertical velocity at this region is negative, indicating a very
slow recirculation zone.

It is interesting to note the coincidence between the regions above the cylinder surface with lower local Nusselt
numbers (see Fig. 7a) and the existence of an unyielded region attached to the surface (Fig. 8), besides the location of the
flow stagnation point - where, for some cases, an unyielded region is also present.

3.4 Richardson number variation

The influence of the natural convection is shown in Figs. 9—11. Reasoning in terms of dimensionless quantities, the
Richardson number is defined as Ri = Gr/ Re?, where Gr is the Grashof number, the ratio between the buoyancy and the
viscous forces in the flow. Thus, an increase in the Richardson number represents a G increase, for a fixed Re. Since the
gravity vector was considered aligned with the flow, though pointing in the opposite direction, the buoyancy effects add
to the inertia effects. Considering the cases with Re = 50, the displacement efficiency is slightly affected by the increase
in the Richardson number, with more pronounced effects observed for Pl = 0.9 (Fig. 9a). Figure 11 shows the unyielded
zones of the flow for Pl = 0.5, and the main differences are located near the cylinder surface. On the other hand, the
Nusselt number is positively affected by the increase of the mixed convection (Fig. 9b).
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Figure 9. (a) Displacement efficiency and (b) average Nusselt number as a function of the Richardson number, for
Re = 50.
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Figure 10. (a) Local Nusselt number distribution and (b) dimensionless vertical velocity profiles as a function of the
plastic number, for Re = 50 and P! = 0.5, at z5 = 0.

At a first glance, the effects on the velocity profile at 5 = 0 are not pronounced, but near the right-hand cylinder
surface, the vertical velocity increases locally with 12z, which can be related to the increase in the displacement efficiency
and the Nusselt number. The local Nusselt number distribution also demonstrates this effect, as well as the offset of the
stagnation point slightly to the right.
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3.5 Summarized results

Tables 2 and 3 summarize the results obtained in this work. It is important to point out that the results for three
conditions [Re = 100, Ri = 0.5, Pl = 0.9; Re = 100, Ri = 1.0, Pl = 0.5; and Re = 100, Ri = 1.0, 0.9] could
not be obtained due to limitations in the numerical approximation. The aforementioned cases result in Rayleigh numbers
(Ra = Gr.Pr)up to 5 x 105, meaning that turbulence effects need to be taken into account.

Table 2. Obtained results for the displacement efficiency (%).

Re=10 Re=50 Re=100

Ri | PI=0.1 | PI=0.5 | PI=0.9 | PI=0.1 | PI=0.5 | PI=0.9 | PI=0.1 | PI=0.5 | PI=0.9
0 99.1 91.6 384 99.1 87.7 23.5 97.9 79.1 19.9
0.1 99.1 91.5 38.3 98.9 86.3 23.9 97.7 78.3 20.0
0.5 99.0 91.2 383 98.3 83.8 27.0 98.4 82.9 -

1 99 90.9 38.6 97.7 84.7 30.6 99.1 - -

Table 3. Obtained results for the average Nusselt number.

Re=10 Re=50 Re=100
Ri | PI=0.1 | PI=0.5 | PI=0.9 | PI=0.1 | PI=0.5 | PI=0.9 | PI=0.1 | PI=0.5 | PI=0.9
0 18.8 20.1 21.3 31.9 30.3 23.4 33.9 29.0 27.2
0.1 18.9 20.3 21.5 32.3 30.5 23.8 34.5 29.5 23.7
0.5 19.3 20.8 22.1 33.9 31.7 26.0 36.9 32.6 -
1 19.8 21.3 22.8 35.5 33.3 28.6 39.8 - -

4. CONCLUDING REMARKS

This work presents a numerical study of non-Newtonian fluid flows inside a cavity with embedded cylinders. The flow
dimensionless parameters, namely the Reynolds, plastic, and Richardson numbers were varied to evaluate the capability
of heat exchange between the cylinders and the fluid and the effect on displacement efficiency. The Reynolds number
has a positive effect on the heat transfer, but the displacement efficiency is hampered for higher plastic numbers. As
mentioned, the plastic number has an overall negative influence on displacement efficiency and heat transfer. Natural
convection positively affects the average Nusselt number and displacement efficiency, although its effect is small. It is
also important to mention the stability of the solution methodology based on a finite element formulation, which provides
satisfactory results even for coarse meshes, as is shown by the comparison with literature results.
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