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Abstract. Spatiotemporal analyses of atmospheric systems are extremely important for a variety of environmental studies, 

especially for those related to the wind energy sector, where there is a strong interest in finding optimal parameters for 

the operation of wind farms. For this optimization problem, many heavy numerical simulations are needed, which 

becomes unfeasible to be achieved in most situations since extremely high computer processing power and storage 

capacity are required. The present work tackled this challenge by applying dimensionality reduction tools to the outputs 

of a large eddy simulation (LES) of an atmospheric boundary layer (ABL) flow. This high-fidelity simulation was 

performed using ANSYS Fluent. To mimic the three-dimensional (3D) transient air flow over a mountainous terrain, a 

Gaussian-shaped bump was placed in the left-hand side of a rectangular domain and a velocity profile was prescribed 

at the inlet plane. The incremental principal components analysis (IPCA) algorithm built in Python was employed to 

reduce the dimensionality of the system and an excellent agreement was achieved between original and reconstructed 

fields. This efficient data reduction allows building reduced-order models (ROMs), which are much faster than their full-

order counterparts and still portray the main features of the flow. 
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1. INTRODUCTION 
 

The comprehension of atmospheric processes is fundamental to many engineering applications, such as the design of 

structures exposed to wind loads, quite common in the wind energy sector. Also, Earth’s air circulation is a major driving 

force for pollutant dispersion, a field in which solving an inverse problem is particularly desired so that the sources of 

these emissions may be located. In general, being able to predict accurately and efficiently weather and climate 

phenomena is quite challenging, since they exhibit nonlinear dynamical features with multiple scales in space and time, 

making their numerical simulations computationally expensive and usually requiring an unfeasible storage capacity. Even 

reproducing the dynamics of Earth’s atmosphere with coarse mesh elements would imply in tens of millions of grid points 

and then in a massive amount of data to be stored for each simulation time instant. In view of this fact, reduced-order 

models (ROMs) built through scientific machine learning techniques arrive as a promising and much faster alternative to 

high-fidelity simulations, such as large eddy simulations (LESs), when dealing with multiple evaluations of the flow field 

for different sets of initial conditions and physical parameters. 

Since its proposal in the early 1960s, LES has been widely adopted in the simulation of complex turbulent flows. 

Zhiyin (2015) made an in-depth review of this tool, showing its power in a plenty of applications, such as in realistic full 

annular gas turbine combustors. The author defends this method will be the mainstream of fluid engineering analyses in 

an average term, highlighting the challenges it must overcome in order to be as reliable and robust as other models. On 

the other hand, in the field of atmospheric sciences, it has already become quite popular. For instance, Porté-Agel et al. 

(2011) developed an LES framework to predict the interactions between the atmospheric boundary layer (ABL) flow and 

wind turbines and their effects. By parameterizing accordingly sub-grid scale turbulent fluxes and turbine-induced forces, 

they could obtain results in good agreement with experimental measurements. More recently, Han et al. (2016) performed 

large eddy simulations of ABL flows over complex terrains and obtained mean wind speeds and directions reasonably 

close to those measured by eight meteorological towers in a real wind farm site. 

Detailed three-dimensional (3D) numerical experiments, fundamental for an accurate description of turbulent flow 

structures, usually demand a very high computing power. In other words, computational fluid dynamics (CFD) 

frameworks require a great amount of grid points and timesteps in which the flow variables, such as pressure and 
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velocities, are computed. Indeed, it is quite cumbersome to deal with these high-dimensional data in order to build 

surrogate models for a dynamical system. Then, it is indicated a data reduction so that the flow variables are represented 

in a lower-dimensional space. This reduction may be performed through a proper orthogonal decomposition (POD) of the 

dataset, or through its incremental version (iPOD). Huang et al. (2019) and McQuarrie et al. (2021) successfully applied 

POD on their combustion datasets before constructing a ROM. On the other hand, Robertson et al. (2018) and Matsumoto 

et al. (2019) employed iPOD techniques on large-scale flow systems. These authors followed a different approach: while 

the first computed the POD modes simultaneously to the Computational Fluid Dynamics (CFD) data, avoiding saving all 

the snapshots of the flow field to disk, the second preferred doing these computations in separate stages. 

For the present work, a three-dimensional (3D) atmospheric boundary layer (ABL) flow simulation was performed 

within Ansys Fluent software. To treat turbulence and reproduce reliably the transient flow structures, the LES method 

was employed. Then, an iPOD of the dataset was performed, reducing its dimensionality. The Gaussian-shaped bump 

geometry over which air flows unsteadily, mimicking a mountainous terrain, is shown in Fig. 1. The bump is 0.4 m in 

height and its base is 1.04 m in diameter. The size of the domain is 8 m x 3 m x 4 m, quite similar to the one adopted by 

Lignarolo et al. (2011) for investigating the impact of different wall boundary conditions on the accuracy of the LES 

approach. Here, our main goal was to evaluate the capability of the iPOD technique in adequately representing the 3D 

ABL flow system in a lower-dimensional space, which is fundamental in order to build a consistent data-driven reduced-

order model. 
 

 
 

Figure 1. Three-dimensional flow domain 

 

2. MATHEMATICAL AND NUMERICAL MODELING 

 

2.1 Mathematical modeling 

 

Large eddy simulations are largely employed for modeling ABL flows, which exhibit different spatial and temporal 

scales. In essence, LES neglects the smallest length scales in the numerical solution for the flow field due to the low-pass 

filtering of the Navier-Stokes equations. For an incompressible flow of a Newtonian fluid, the filtered mass and 

momentum conservation equations are, respectively: 
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where 𝑢𝑖̅ is the filtered velocity, 𝑝̅ is the filtered pressure, 𝜌 is the density and 𝜈 is the kinematic viscosity. For 

convenience, the upper horizontal bar that indicates the filtering operation will be omitted from now on. Also, the loss of 

information that comes from the this operation may be compensated by sub-grid models, which are included in the 

formulation through the sub-grid scale stress tensor 𝜏𝑖𝑗. To compute this tensor, the WALE model was employed. 

 

2.2 Numerical modeling 

 

The high-fidelity simulation of the flow was carried out in ANSYS Fluent software. The entire domain depicted in 

Fig. 1 was divided into 132,097 hexahedral mesh elements, with a refinement in the surroundings of the bump. A semi-

empirical velocity profile 𝑢𝑝 was prescribed at the inlet plane and it is described by 
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     𝑢̅𝑝 =
𝑢∗

𝑘
ln (

𝑦

𝑦0

),   (3) 

 

where 𝑢∗ = 1m/s is the friction velocity, 𝑘 = 0.4 is the von Karman constant and 𝑦0 = 10−4m is a reference height. 

At the outlet plane, the gauge pressure was set to zero, while at the lower surface, including the bump, a no-slip 

boundary condition was adopted. A zero flux of all quantities across other boundaries was assumed, meaning they have 

a null normal velocity component. The flow was initialized with only the x-velocity being higher than zero (~23m/s). 

The filtered momentum equation was solved via the bounded central differencing scheme for spatial discretization and 

the transient formulation was based on a second order accurate implicit scheme. The pressure-velocity coupling was based 

on the coupled scheme. 

The dataset is comprised by a total of 10,000 snapshots (or timesteps), with a maximum of 50 iterations being done 

for each one. The interval between two consecutive time instants is 10−4s. The convergence was reached when the 

residuals for the velocity components and the continuity equation admitted values lower than 10−6. Finally, the dataset 

generated by the high-fidelity simulation was projected onto a lower dimensional iPOD basis, a subject addressed in the 

next section. 

 

3.  DIMENSIONALITY REDUCTION 

 

To reduce the dimensionality of the 3D ABL flow data, the incremental principal component analysis (IPCA) from 

Scikit-learn (Ross et al., 2008; Pedregosa et al., 2011) was the chosen iPOD technique. It is based on the singular value 

decomposition (SVD) of the data, whose dominant singular vectors comprise the basis onto which the high-dimensional 

data is projected. Let 𝐷𝑘×𝑛 be a dataset matrix representing the spatiotemporal evolution of a discretized physical system, 

where 𝑘 indicates the timestep and 𝑛 refers to the grid point. By applying SVD, this matrix is written as 

 

     𝐷 = 𝑈Σ𝑉𝑇 ,   (4) 

 

where 𝑈𝑘×𝑘 is a unitary matrix where the temporal information of the system is embedded, Σ𝑘×𝑛 is a diagonal matrix 

containing the singular values of 𝐷, 𝜎𝑖, and 𝑉𝑛×𝑛 portrays the right singular vectors of 𝐷. The energetic content of each 

singular vector is measured by its associated singular value. That implies the 𝑟 dominant singular vectors have 

∑ 𝜎𝑖
2𝑟

𝑖=1 / ∑ 𝜎𝑖
2𝑛

𝑖=1  of the system`s energy. Then, to reduce the dimensionality of 𝐷, this matrix is multiplied by the 𝑟 first 

columns of 𝑉, 𝑉𝑟 , the POD basis. To reconstruct the original field, the reduced one must be multiplied by 𝑉𝑟
𝑇. 

Original flow variables (pressure and 𝑥, 𝑦 and 𝑧 velocities) were normalized from -1 to 1 and centered at mean values, 

composing the dataset matrix 𝐷. To apply IPCA, the dataset was divided in 30 batches, which means the SVD was carried 

out incrementally 30 times. Mean, maximum and minimum values for the variables were computed in 100 batches so that 

global ones could be found and applied in the normalization procedure. It was not feasible to employ PCA instead of its 

incremental version due to computational limitations. The Python notebook responsible for executing the incremental 

proper orthogonal decomposition is publicly available at https://github.com/prbarbosr/3D-Atmospheric-boundary-layer. 

Let 𝑠𝑖,𝑗 and 𝑠𝑖,𝑗
𝑟𝑒𝑐  be the original and reconstructed state variables of interest, where 𝑠 ∈ {𝑝, 𝑢𝑥 , 𝑢𝑦, 𝑢𝑧}, at the 𝑖-th 

timestep and 𝑗-th grid point. Then, the normalized root-mean-square reconstruction error for variable 𝑠, ε𝑟𝑒𝑐,𝑠, is given by 

Eq. (5). The global reconstruction error, ε𝑟𝑒𝑐, was obtained through a simple arithmetic mean among the values for ε𝑟𝑒𝑐,𝑠. 

Here, 𝑛𝑥 and 𝑛𝑡 refer to the number of grid points and training (or testing) timesteps, respectively. 

 

     ε𝑟𝑒𝑐,𝑠 =
1
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√
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2𝑛𝑡
𝑖=1

𝑛𝑥
𝑗=1

𝑛𝑥𝑛𝑡

   (5) 

 

4. RESULTS AND DISCUSSION 

 

Initially, the LES approach may be evaluated qualitatively through Fig. 2, which shows it was able to capture 

multiscale flow features (e.g., the recirculation just after the bump). Domain size was selected with care to avoid top and 

lateral boundary conditions from having a high influence on the results. The initial transient data composed by 4,000 

timesteps were discarded. Figure 2(a) presents the z-velocity at the plane 𝑧 = 2m for the first snapshot. Note that the flow 

becomes much more turbulent after the obstacle and that, near its top, the velocity increases to ensure mass conservation. 

In Fig. 2(b), which shows streamlines near the bump at the same plane and time instant, it is observed a transient flow 

recirculation generated by a positive pressure gradient in that region. 
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Figure 2. Z-velocity (a) profile and (b) streamlines at the plane 𝑧 = 2m for the first snapshot. The right-hand side figure 

represents the region near the bump. 

 

To build the iPOD basis, 5,700 training snapshots were employed. The energetic content of the 𝑟 dominant singular 

vectors (or modes) that constitute this basis was assessed through the ratio ∑ 𝜎𝑖
2𝑟

𝑖=1 / ∑ 𝜎𝑖
2𝑛

𝑖=1 . As this ratio approaches 1, 

more features of the dynamical system are captured by the iPOD basis. Figure 3(a) shows its dependence on the selected 

value for 𝑟. A single mode was capable of representing almost 70% of the system`s energy, while 17 modes captured 

more than 90%. The global reconstruction error, calculated through Eq. (5), is depicted in Fig. 3(b) for different numbers 

of modes. As expected, the error decreases when 𝑟 increases. 
 

 
 

Figure 3. Influence of the number of principal components on the (a) cumulative modal energy and (b) global 

reconstruction error 

 

The normalized root-mean-square errors between original and reconstructed fields for training and testing periods 

were computed through Eq. (5) for each state variable (𝑝, 𝑢𝑥, 𝑢𝑦 and 𝑢𝑧) and are exhibited in Tab. 1. Pressure and z-

velocity are the easiest and the most difficult variables to be reconstructed in general. Although the errors for the testing 

interval are higher than those for the training one, they are quite acceptable due to the complexity of the dynamical system. 

 

Table 1. Reconstruction error for each state variable of interest (all the values are expressed in % and 𝑟 = 61) 

 

Interval ε𝑟𝑒𝑐,𝑝 ε𝑟𝑒𝑐,𝑢𝑥
 ε𝑟𝑒𝑐,𝑢𝑦

 ε𝑟𝑒𝑐,𝑢𝑧
 ε𝑟𝑒𝑐 

Training 0.65 0.81 0.84 0.83 0.78 

Testing 1.12 1.76 1.77 1.85 1.62 

 

Original and reconstructed temperature and velocities fields along the training period for two probe locations are 

presented in Fig. 4. Note the iPOD basis onto which the LES data was projected is comprised by the 𝑟 = 61 dominant 

singular vectors. Locations 1 and 2 were selected randomly. Similarly, Fig. 5 presents original and reconstructed fields at 

the same locations, but it refers to the testing snapshots (i.e., to the unseen data). The small oscillations in the reconstructed 
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time series at location 2 are justified by the data compression. By increasing the number of modes, these oscillations tend 

to disappear. A good agreement was achieved for both training and testing regions, indicating the iPOD basis was capable 

of representing faithfully seen and unseen 3D ABL flow data in a lower-dimensional space. 

 

      Location 1                  Location 2 

 

 
 

Figure 4. Original and reconstructed pressure and velocities fields along the training period for two probe locations 
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       Location 1            Location 2 

 

 
 

Figure 5. Original and reconstructed pressure and velocities fields along the testing period for two probe locations 
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5. CONCLUSION 

 

A three-dimensional large-eddy simulation of an air flow over a bump was carried out in ANSYS Fluent, generating 

an extensive dataset containing the spatiotemporal evolution of pressure and velocities fields. Then, an incremental proper 

orthogonal decomposition of this high-dimensional data was performed so that it could be represented in a low-

dimensional space. A good agreement between original and reconstructed fields was obtained for both training and testing 

periods, with normalized root-mean-square errors not larger than 2%, considering 61 dominant singular vectors. Pressure 

was the easiest state variable to be reconstructed, while z-velocity was the most difficult one. The results suggest the 

aforementioned data reduction technique is adequate for fluid flow systems and may be applied on model order reduction 

frameworks. 
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