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Abstract. The present paper develops a reduced-order model capable of modeling unsteady aerodynamic loads in the tran-
sonic regime using system identification techniques. The computational fluid dynamics (CFD) calculations are based on
the Euler equations and the code uses a finite volume formulation for general unstructured grids. A centered spatial dis-
cretization with added artificial dissipation is used, and an explicit Runge-Kutta time marching method is employed. For
comparison reasons, unsteady calculations are performed using mode-by-mode and simultaneous excitation approaches.
System identification techniques are employed to allow the splitting of the aerodynamic coefficient time histories into the
contribution of each individual mode to the corresponding aerodynamic transfer function. Such methodology is applied to
model the aerodynamic terms of the aeroelastic state-space system particularly of a NACA 0012 airfoil-based typical sec-
tion. Results demonstrate the importance of signal processing techniques to compute the aerodynamic transfer functions
and also the advantageous applicability of transonic unsteady aerodynamic reduced-order models to perform aeroelastic
analyses in the frequency domain.

Keywords: Reduced-order model, Aeroelasticity, Flutter
1. INTRODUCTION

Aeroelastic phenomena arise when structural deformations induce additional aerodynamic forces. These additional
aerodynamic forces, in turn, can produce additional structural deformations which will induce even greater aerodynamic
forces. These interactions may decrease until the stability condition is reached, or they may diverge and cause catastrophic
structural failure (Bisplinghoff et al., 1955; Wright and Cooper, 2008). In recent years, modern aircraft designs are
evolving towards including large aspect ratio, increased flexibility, and additional complexity (Waite et al., 2019; Skujins
and Cesnik, 2014). These features certainly intensify the structural flexibility, which is the main driver for the occurence
of several aeroelastic phenomena (Bisplinghoff et al., 1955). This raises the need to develop an accurate and affordable
simulation process for addressing transonic aeroelastic systems. Traditional aeroelastic analysis models the fluid-structure
interation by explicitly implementing an interactive numerical process between the aerodynamic and dynamic-structural
systems (Silva et al., 2009; Camilo et al., 2013; Silva and Bartels, 2004; Silva, 2008; Silva et al., 2014). Consistently,
any parametric or flight condition variation necessarily demand a repetitive use of high-fidelity CFD codes. Given the
available computational power, the traditional aeroelastic approach is prohibitive for engineering applications that require
an extensive sweep over the entire flight envelope. One of the most prominent approaches to tackle this challenge is the
reduced-order model (ROM) formulation, where the prevailing dynamics of the aeroelastic system is captured. The present
effort builds upon previous work (Marques and Azevedo, 2008a; Azevedo et al., 2012; Marques and Azevedo, 2008b;
Azevedo et al., 2013) that takes advantage of the reduced-order model formulation in transonic aeroelastic applications.
Essentially, the goal of the present work is to develop transonic unsteady reduced-order model using system identification
techniques in order to consistently apply the simultaneous excitation approach. Such approach ultimately enables the
aeroelastic stability analysis to be performed with a single unsteady CFD run.

The CFD code used here is based on the 2-D Euler equations, which are discretized using a finite volume approach for
unstructured grids. A centered scheme with added artificial dissipation is used for spatial discretization and explicit Runge-
Kutta methods are employed for time marching. The present paper concentrates initially in identifying the aerodynamic
transfer functions from a step excitation in each natural mode of the NACA 0012 airfoil-based typical section. This system
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identification procedure is based on the computation of power spectral densities of the inputs and outputs of the dynamic
system. A relatively simple approach to estimate the transfer functions is by a division in the frequency domain for
uncorrelated input signals and their derivatives. The effects of using different signal processing configurations to identify
the transfer functions are studied. Once the transfer functions are obtained, they can be estimated by a rational-function
approximation (RFA) in the Laplace domain (Tiffany and Adams, 1988; Eversman and Tewari, 1991) in order to better suit
the solution of the aeroelastic eigenvalue problem. Finally, the solution of such eigenvalue problem for varying dynamic
pressures yields a root locus from which one can estimate the flutter boundary of the configuration.

2. THEORETICAL FORMULATION
2.1 Aeroelastic System

The structural model considered in the present work is the typical section, which is widely known and reported in
literature (Bisplinghoff et al., 1955; Azevedo et al., 2013; Marques and Azevedo, 2008b). The dynamic system represented
in the typical section is a rigid airfoil with two degrees of freedom, plunge and pitch. As presented in Fig. 1, A is the
vertical translation, positive downwards, and « is the pitch mode coordinate, positive in the nose-up direction. Besides, ¢
is the airfoil chord, b is the semi-chord length, x,, is the distance from the elastic axis to the center of mass normalized by
the semi-chord, and ay, is the distance from mid-chord to the elastic axis normalized by the semi-chord. The computational
mesh used here is the same from Azevedo ef al. (2013), which has about 16000 triangular control volumes and just over
290 points along the airfoil. The considered mesh movement takes into account the body motions involved in unsteady
calculations by rigidly moving the mesh accordingly. In this approach, the far-field boundary conditions are adjusted to
account for the boundary movement together with the rest of the mesh, which is essentially displaced as a rigid body in
order to follow the motion of the airfoil.

T
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C

Figure 1. Typical section configuration.

For aeroelastic problems, it is very common to represent the aerodynamic effects exclusively through the resulting
forces and moments acting on the structure as a forcing term so that the governing equation for this dynamic system is
given by

[M]{ii(@)} + [K{n(t)} = {Qa(1)} (1)

where the generalized mass and stiffness matrices for the typical section model are, respectively,

[M] = Lla féj and (K] = h’% r?ﬁui] : @)
and the generalized coordinate and generalized aerodynamic forces are
Qan ()
woy= {501 e @u =4 gy ¢ .
mb?

In order to represent more general situations, it is convenient to nondimensionalize the aeroelastic equation. This is
accomplished with the procedure proposed by Oliveira (1993), using a reference circular frequency to nondimensionalize
the time variable,

t = wyt. “)
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With the application of the chain rule for the time derivatives, Eq. (1) becomes

[M]{i()} + [K{n(®)} = {Qa(D)} (5)
where

Kl= SIK]  and {QuD} = 5 {Qu(0). ©
w? w?

The present work also attempts to efficiently determine the generalized aerodynamic force vector, {Q, ()}, for an
arbitrary structural behavior. However, it is very difficult to obtain a general expression for the aerodynamic response due
to the nonlinearities of the aerodynamic equations. This problem is simplified by extending linearity concepts present in
the formulation of the potential aerodynamic equations. As presented by Bisplinghoff ef al. (1955), the linear aerodynamic
responses can be individually determined for each mode and then superimposed for more general responses. Based on
these ideas, Oliveira (1993) proposed the assumption of linearity of the aerodynamic response in the transonic regime
regarding the modal motion. In addition, Marques and Azevedo (2008b) show that there is a certain small amplitude
range in which this hypothesis holds. For these reasons, the input signals applied to the aeroelastic system are restricted
to small amplitude motions in the present work.

As a consequence of the linearity assumption with regard to the modal motion, it is possible to determine the aero-
dynamic response to a general structural behavior from the convolution of an impulsive or indicial aerodynamic solution
(Bisplinghoff ef al., 1955; Silva and Bartels, 2004). The convolution operation, however, is more easily handled in the
frequency domain, in which it is represented by a simple multiplication operation. Hence, the aerodynamic forces due to
the structural motion, linearized with regard to the modal displacements, can be written in the frequency domain. After
some mathematical manipulations, one can define the generalized forces as

(U)?

{Qa(r)} = ~——[A(s){n(x)} M
I
where the mass ratio and the characteristic speed are, respectively,
m U
H b an b, 3

and the aerodynamic influence coefficient matrix is given by

=[5 28]

2.2 State-Space Analysis

A state-space formulation is conveniently used to describe a dynamic system in terms of first-order differential equa-
tions. In the present case, this formulation can be obtained by defining

{z1(D} = {n®)},
{z2(D)} = {n(0)} = {2 (D)}, (10)

_ J{z2(D)}
o= {20
Hence, the governing equation of motion becomes

[MU{E(D)} + [K{z(0)} = {a(®)}, (11)

where

=ty Gl w=[l e owe @@=} @

As one can represent the aerodynamic forces in the frequency domain, the aeroelastic system can be more easily
studied in the Laplace domain. Applying the Laplace transform to Eq. (11), one obtains

SIMI{X(5)} + [KI{X(5)} = {Q(5)}, (13)

where

5= 2 (14)

Wy
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is the dimensionless Laplace transform complex variable. The idea behind this procedure is to evaluate the aerodynamic
influence coefficient matrix over a reduced frequency range of interest and, by making use of the analytical continuation
principle, to extend such result to the entire complex plane.

Regardless of which polynomial is used to approximate the aerodynamic responses in the Laplace domain, the resulting
state-space system of the typical section is always described as

{(x(} = [DEx(®)}, (15)

where {x(f)} is the new state vector that includes the aerodynamic state variables. A detailed formulation of the stability
matrix of the system, [D], can be found in literature (Eversman and Tewari, 1991; Azevedo er al., 2013; Marques and
Azevedo, 2008b). Finally, the aeroelastic stability analysis can then be reduced to the classical eigenvalue problem for
each value of the characteristic speed parameter, U*, such that

([D] = Un v D{X(5)} = {0n 1} (16)
where N = 2n, + 4 for an aeroelastic system with two structural degrees of freedom and n, aerodynamic states.
2.3 Eversman and Tewari Polynomials

In computational procedures, the aerodynamic responses in the frequency domain consist of sets of numerical discrete
values, which are not convenient for the solution of Eq. (11). Hence, it is necessary to approximate these data using
interpolating polynomials. There are some possible polynomials reported in the literature (Tiffany and Adams, 1988;
Eversman and Tewari, 1991). The interpolating polynomial proposed by Eversman and Tewari (1991), particularly the
one that does not include any provision for the treatment of repeated or very close poles, is initially selected by the
authors for implementation and tests. The choice of rational-function approximation (RFA) is based on the fact that
such polynomials are the most commonly used in similar applications, and that they are conveniently constructed for the
formulation of aerodynamic state variables. In the Laplace domain, this rational-function approximation is written as

A = [4d] + [ 5 + 1aa] () 43 (el 505 ). a7

n=1

where the 3,,’s introduce the aerodynamic lags with respect to the structural modes. The variables of the polynomial are
determined by an optimized least squares approximation method, and the number of augmented states equals the number
of added poles, i.e., n, = ng. The formulation presented in Eq. (17) is referred to as the first form of the Eversman and
Tewari polynomials.

3. RESULTS AND DISCUSSION
3.1 Simulation Procedure

A NACA 0012 airfoil-based typical section at M., = 0.8, i.e., in the transonic regime, and oy = 0 is considered
throughout this paper. The structural parameters are ap, = —2.0, o, = 1.8, 7o, = 1.865, wp, = w, = 100 rad/s, p = 60,
and w, = w, is used as a reference value. The unsteady CFD run is initialized with a steady-state solution, which is
obtained by the same CFD code running in steady Euler mode with a variable time step method. From the converged
stationary solution, the mesh is rigidly moved in a prescribed pattern and a total of 100,000 time steps of unsteady flow
are computed with a constant At of 0.003 dimensionless time units.

The prescribed airfoil movements are defined as step inputs and Walsh functions. The Walsh functions are a set of
block step functions that form an orthogonal basis of the square-integrable functions. Each function takes positive and
negative unitary values and each step block period is an integer multiple of a 2™ division of the function length. Each of
these functions may be seen as a line, or a column, of a Hadamard matrix of order 2" (Hadamard, 1893). This family of
functions is similar to step inputs and, therefore, embodies their impulsive nature with regard to frequency bandwidth. It
is important to emphasize that the step inputs are used in a mode-by-mode fashion whereas the Walsh functions are used
to simultaneously excite all the system modes. Furthermore, the maximum amplitudes considered here are 0.000001c¢ for
the plunging mode and 0.0001 deg. for the pitching degree of freedom. The reason for choosing such low amplitudes, as
discussed earlier, is to remain within the “quasi-linear” region around the nonlinear steady solution and to allow the CFD
code to accurately propagate the disturbances from the discrete motion.

Moreover, the five cases considered for the Walsh inputs are illustrated in Fig. 2. Many configurations have been
studied by the authors with sets of different sizes of zero-motion regions and locations. These zero-motion regions
attempts to guarantee that the CFD computation starts and ends with a solution that does not have any perturbations
from the prescribed motion. The choice of these sets is based on the work of Azevedo et al. (2013). An advantage
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Figure 2. Normalized motions prescribed by different orthogonal inputs.

of the proposed procedure is that the simulations with any set of Walsh functions require only one unsteady CFD run,
whereas those with a discrete step would require two simulations in the present case, i.e., one for each modal movement.
The solutions provided by the CFD code are then used by a system identification routine developed in MATLAB®.
Both mode-by-mode and simultaneous simulations are analyzed with the power spectral density method for comparison
reasons. The transfer functions obtained in this way are compared to those presented by Marques and Azevedo (2008a)
and Azevedo et al. (2013). Lastly, the discrete values referring to each transfer function are interpolated using the first
form of the Eversman and Tewari polynomials in order to provide a suitable input for flutter analysis.

3.2 Aerodynamic Transfer Functions

The validation of the power spectral density procedure was achieved by comparing the transfer functions obtained with
a single unsteady CFD run with the ones previously calculated using a mode-by-mode approach as shown in Azevedo et al.
(2012). Besides, when transforming the discrete aerodynamic time histories into frequency domain transfer functions, one
is faced with certain variables regarding the size of the sampled data and the number of overlapping points. To simplify
the present analysis, the samples and overlaps were used in an integer value of information blocks. An information block
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is defined here by the length of the input discrete data where no variations occur. As a result, the five unsteady CFD results
were, then, spread through a total of 18 different test cases. The number of information blocks, size of the sample, and
the number of overlapping blocks adopted in each test case, as well as the input it refers to, are described in Table 1. The
table also includes a test case, referred to as Case 00, that applies discrete step inputs in each natural mode separately.
The present work initially applies a rectangular window with the same size of the sampled data, but further investigations
conducted herein also analyze the effects of employing the Hanning window based on signal processing techniques.

Table 1. System identification variables.

Case Inputs Blocks Sample Overlap

00 Step 1 1 0
01 WF1 2 2 0
02 WF1 2 1 0
03 WE2 3 3 0
04 WE2 3 2 1
05 WE2 3 1 0
06 WEF3 3 3 0
07 WEF3 3 2 1
08 WEF3 3 1 0
09 WF4 4 4 0
10 WF4 4 3 2
11 WF4 4 2 1
12 WF4 4 2 0
13 WF4 4 1 0
14 WES 4 4 0
15 WEF5 4 3 2
16 WE5 4 2 1
17 WEF5 4 2 0
18 WEF5 4 1 0

Transfer functions are obtained for all the 18 test cases but only some of the results are presented in this document,
namely the ones that illustrate the potential improvements offered by the signal processing procedure. Initial tests indicate
that the prescribed input signals in plunge and pitch modes, and also their derivatives, must be orthogonal to one another
in order to apply the simultaneous excitation approach consistently. Such conclusion is based on the assessment of cross-
power spectral densities between the input signals. The inputs WF1 and WF3 do not satisfy this linear independence
relation either between the input signals or their derivatives. Consequently, all results from these input signals are not
capable of reproducing the transfer functions of the benchmarked Case 00 even with the rectangular window. Such
behavior can be observed in Figs. 3 and 4 for Cases 02 and 08, for instance.

Figure 5 depicts the resulting transfer functions for Case 11 when considering the rectangular window in the signal
processing. In agreement with results of Azevedo ef al. (2013), one observes that the transfer functions of the plunging
mode display a slight spreading but it seems to follow the correct tendency. On the other hand, the transfer functions of the
pitching mode are very clear and more precise for lower values of reduced frequencies and tend to diverge as « increases.
Conversely, when considering the Hanning window in Case 11, Fig. 6 shows that the resulting transfer functions for both
plunge and pitch modes bear great resemblance to the benchmarked Case 00. Hence, it is clear that the signal processing
parameters play a significant role in correctly identifying the aerodynamic transfer functions.

The transfer functions for Case 12, when using rectangular windows, are very oscillatory for both plunge and pitch
modes, as illustrated in Fig. 7. In general, this behavior is also present in results from other test sets, which are omitted
here for brevity reasons. In view of signal processing techniques, this oscillatory trend is a consequence of the occurrence
of the leakage phenomenon. More details about the leakage phenomenon can be found in the work of Oppenheim and
Schafer (2010). On the other hand, Fig. 8 shows that there are no oscillations for both plunge and pitch modes when
assessing Case 12 using a Hanning window. The application of the Hanning window in Cases 11 and 12 solves the
leakage problem because, by definition (Stoica et al., 2005), it cancels the contribution of the first and last point of the
original signal. Hence, these results clearly indicate that the usefulness of different test cases in the context of a power
spectral density analysis also depends on a suitable treatment of the signal processing aspects of the present approach.
Given the fact that both Cases 11 and 12 predict the transfer functions accordingly when applying the Hanning window,
these configurations advance through the proposed procedure whereas the cases with rectangular window are not further
considered in the present discussion.
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Figure 3. Aerodynamic transfer function for Case 02 using rectangular window.
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Figure 4. Aerodynamic transfer function for Case 08 using rectangular window.

3.3 Polynomial Interpolation

As mentioned earlier, the final stage in preparing the data for an aeroelastic stability analysis consists in approximating
the transfer function values by the selected interpolating polynomial. Here, all calculations considered the first form of the
Eversman and Tewari polynomials with the addition of 6 poles. The data fitting is performed for the reduced frequency
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Figure 5. Aerodynamic transfer function for Case 11 using rectangular window.

30
— Re (Case 00)
Im (Case 00) T
20 ||~ Re (Case 11) ///
3m (Case 11) e
- >
O 10 —
o - -
0 X/\
-10
0 1 2 3

K
(a) Gg,,p, results for Case 11 using Hanning
window overlaid by Case 00 counterpart.

4
2 ——////
O - ~
< . ™~
z 2
o
O -4 ~_
& Re (Case 00) N
S$m (Case 00) I
-8 Re (Case 11)
JIm (Case 11)
-10
0 1 2 3

K

(c) Gg,, ,n results for Case 11 using Hanning
window overlaid by Case 00 counterpart.

20

Re (Case 00)
Im (Case 00)

Re (Case 11)
10 & 3m (Case 11)

15

GCl,a

-10

K

(b) G, ,q results for Case 11 using Hanning
window overlaid by Case 00 counterpart.

1

of ™~

£ N
O .2
O] N
3 e (Case 00) T ~
B Sm (Case 00) ~__
e (Case 11) ~
-4 Sm (Case 11)

0 0.5 1 15 2 25 3

K
(d) Gg,,,« results for Case 11 using Han-
ning window overlaid by Case 00 counterpart.

Figure 6. Aerodynamic transfer function for Case 11 using Hanning window.

range of 0 < k < 3 because it represents the needed aerodynamic information for the stability analysis in question.
Moreover, given the fact that some of the proposed cases failed to produce a coherent set of transfer functions, the authors
restricted the cases under evaluation for this stage.

Figures 9 and 10 present the comparison of the interpolated polynomials from the transfer functions of Cases 11 and
12, respectively, over the data from the CFD solution. It should be noticed that the flutter stability analysis is based on
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Figure 8. Aerodynamic transfer function for Case 12 using Hanning window.

data from these approximated transfer functions. As one can see in Figs. 9 and 10, in general, there is a good agreement
between the sets of results from the approximating polynomials and the original CFD data. Discrepancies occur in the
extremely low portion of the reduced frequency range analyzed and in regions in which there is a rapid variation in the
CFD data. Moreover, the authors have also experienced with the second form of the Eversman and Tewari polynomials.
Preliminary results indicate that this second form indeed produces a better conditioned eigenvalue problem, but it has
not improved the correlation with the CFD data. In addition, extrapolating the second form of the Eversman and Tewari
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polynomials by using a unique pole to describe the approximation is not enough to improve the estimates of the flutter

characteristic speed in this application.
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Figure 9. Interpolating polynomials for Case 11 using Hanning window.
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Figure 10. Interpolating polynomials for Case 12 using Hanning window.
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3.4 Aeroelastic Stability Analysis

Finally, the obtained polynomials are employed in the solution of the flutter stability eigenvalue problem. Some
stability root loci of the first and second structural modes can be seen in Figs. 11 and 12 for Cases 11 and 12, respectively.
Both figures present comparisons with numerical results from Case 00 and from Rausch et al. (1990), the latter referred to
as “Lit.”. The characteristic dynamic pressure parameter varies from Q* = 0.0 up to 1.0 in AQ* = 0.01 intervals. Each
plotted point of characteristic speed corresponds to one of these values. The literature data, however, are only available
for @* = 0.2, 0.5, and 0.8. Figures 11 and 12 show that the modal damping and frequency behavior of aeroelastic modes
predicted by the proposed procedure using discrete step and Walsh functions are very close. Results from Case 12 clearly
show even more similarities in comparison with the reference data than the Case 11 counterpart. An important aspect to
be considered in the root locus analysis is that one is concerned with the flutter onset point, i.e., the flutter characteristic
speed. It means that the characteristic speed associated with flutter phenomenon is as relevant as the accuracy of all data
in the root locus plot. Rausch ef al. (1990) state that flutter occurs close to @Q* = 0.5, which is a near neutrally stable
condition for the same aeroelastic configuration considered herein. It corresponds to a reference characteristic speed of
U* = 5.4772.

Considering these literature data as benchmark, Table 2 presents the modal damping and frequency values at the
flutter point for the test cases capable of reproducing the transfer functions with either rectangular or Hanning window.
By definition, the flutter onset point can be identified as the point at which the damping of one of the aeroelastic modes
becomes identically zero. Results displayed in Table 2, however, present the first point in which the associated eigenvalue
has a positive imaginary part. Therefore, it does not necessarily happen when the damping is identically zero. Given
the fact that AQ* = 0.01, the identified results for the flutter onset point are considered to be sufficiently accurate. The
percentage error indicated in Table 2 compares the flutter characteristic speed, U, with the aforementioned reference data.
One can observe that Cases 05, 13, and 18 predict the flutter onset point with percentage errors lower than 5%, whereas
the remaining cases present a percentage error within the range 8.9% to 15.9%. In general, all results are conservative
since they are below the reference value.
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(a) First structural mode for Case 11 using Hanning
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Figure 11. Root locus of the first and second structural modes for Case 11 using Hanning window.

(b) Second structural mode for Case 11 using Han-
ning window.
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Figure 12. Root locus of the first and second structural modes for Case 12 using Hanning window.

(b) Second structural mode for Case 12 using Han-
ning window.
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Table 2. Flutter points for NACA 0012 airfoil at M,=0.80 for different test cases.

Input Case  Window 01/Wa W1 /We O2/we  wWa/wg U; Error %
Step 00  Rectangular 3.5660x10~% 0.8735 -0.1669 5.3383 4.9848 9.0
WF2 04  Rectangular 4.9512x10~% 0.8713 -0.1677 5.3386 4.9848 8.9
WF2 05 Rectangular 2.5028x10~% 0.8761 -0.1821 5.3397 5.2223 4.6
WF4 11 Hanning 3.7337x10~%  0.8581 -0.1502 5.3392 4.6057 15.9
WF4 12 Hanning 1.3968x 1074 0.8627 -0.1592 5.3394  4.7990 12.4
WF4 13 Rectangular 2.8385x10™% 0.8958 -0.1840 5.3338 5.3936 1.5
WF5 16 Hanning 1.3133x107°  0.8667 -0.1647 5.3385 4.9237 10.1
WES 17 Hanning 241301075  0.8654 -0.1638 5.3379 4.9237 10.1
WF5 18  Rectangular 3.1175x107°5 0.8887 -0.1764 5.3358 5.2223 4.7

4. CONCLUDING REMARKS

The authors present a reduced-order model capable of modeling unsteady transonic aerodynamic loads using system
identification techniques. Results are presented for a NACA 0012 airfoil-based typical section, for freestream conditions
M, = 0.8 and oy = 0. From the steady-solution, the aeroelastic system is perturbed in a prescribed pattern in order to
obtain unsteady CFD-based aerodynamic results. The prescribed airfoil movements are defined as step inputs and Walsh
functions respectively representing the mode-by-mode and simultaneous excitation approaches. Initially, it is shown
that the applied non-parametric system identification technique is capable of splitting the output into the contribution
of each mode to the corresponding aerodynamic transfer functions. Results show that an accurate identification of the
aerodynamic transfer functions depends on two aspects, namely the orthogonality of the input signals and their derivatives
to one another, and also a proper signal processing. Afterwards, it is shown that the discrete strings of transfer functions
can be conveniently approximated using interpolating polynomials. Such polynomials contain, therefore, the aerodynamic
states, which can be used for aeroelastic stability analyses in the frequency domain. Finally, these rational-function
approximations are used to generate root locus plots for the aeroelastic system that, in general, ultimately results in
percentage errors lower than 16% between the computed and the reference characteristic speed values.
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