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Abstract. In this work, we use a neural network as a substitute for the traditional analytic functions employed as an 

inversion set in feedback linearization control algorithms applied to hydraulic actuators. Although very effective and 

with strong stability guarantees, feedback linearization control depends on parameters that are difficult to determine, 

requiring large amounts of experimental effort to be identified accurately. On the other hand, neural networks require 

little effort regarding parameter identification the control hardware. Here, we combine these techniques to control the 

positioning of a hydraulic actuator, without requiring extensive identification procedures. We compare the use of wavelet 

and perceptron neural networks applied in the proposed schema. Simulation results are obtained, and the effectiveness 

of the controller is confirmed with low position errors when compared with a classical PID controller in a piston position 

tracking trajectory control.  Advantages and weakness of the use of both perceptron and wavelet network are outlined 

in the final conclusions. 

 

Keywords: hydraulic actuator control, neural network-based identification, feedforward multilayer perceptron, 

feedback linearization, wavelet neural network. 

 

1. INTRODUCTION  

 

The Hydraulic actuators are usually applied in industrial tasks when the process requiring high forces with limited 

dimensions. However, when we aimed high precision control responses, several problems must be overcome when 

hydraulic actuators are used. Some strongly nonlinear phenomena are present in these actuators such as valve saturation, 

behavior of the flow rates through the valve orifices and friction forces in the piston (Watton, 2009). Therefore, the design 

of controllers that can overcome such characteristics in high precision applications is a challenging task. Several authors 

have been proposed control strategies that enhancing the precision of  hydraulic actuators, e.g., backstepping (Guo et al., 

2016; Yao and Deng, 2017; Yao et al., 2017; Sun et al., 2018; Yang et al., 2018), feedback linearization (Seoa et al., 

2007; Fales and Kelkar, 2009; Mintsa et al., 2012) and sliding mode control (Ghazali et al., 2011; Xinliang and Wang, 

2013; Zhu et al., 2016). Many other algorithms that combining these and other techniques have been proposed, as 

illustrated in Coelho and Cunha (2011),  Ji et al. (2015) and Na et al. (2020), for instance. In these mentioned papers, 

strategies to overcome the parametric uncertainties and external disturbances present in hydraulic actuators are applied, 

such as the online learning methods, where parameters and disturbances are estimated in real time, e.g., adaptive control 

(Coelho and Cunha, 2011; Xinliang and Wang, 2013; Yao and Deng, 2017), Extended State Observer (ESO) (Guo et al., 

2016; Yao and Deng, 2017), Extended Disturbance Observer (EDO) (Sun et al., 2018) and Extended Differentiator (Yang 

et al., 2018). Despite they provide reduced position errors when compared with fixed-structure controllers, they also have 

important drawbacks for practical applications, such as the need for tuning large numbers of control parameters. Usually, 

such tuning process must take into account a compromise between the robustness of the controller, the computing 

capabilities of the available control hardware, and the convergence speed of the estimation procedure, which is a rather 

difficult task. Furthermore, other factors like sensor noise tend also to affect the convergence performance. Thus, at least 

some of the aforementioned online estimation approaches may require highly sophisticated and expensive sensors for 

attaining accurate results.  
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An effective approach for controlling hydraulic systems is based on feedback linearization methods, which 

compensate for nonlinear phenomena by estimating their effects and applying a control signal that opposes them. In this 

work, we propose a hybrid control scheme applied to a hydraulic positioning system. It employs two control loops, based 

on the main phenomena involved in the system: the outer loop is concerned with its mechanical variables, whereas the 

inner loop is a feedback linearization algorithm, which aims at compensating for the nonlinearities due to the hydraulic 

dynamics. Neural Networks have been widely used in many different applications, mainly because of their ability of 

"learning by themselves" how to adapt to their working environment and have been used in the control of hydraulic 

actuators to compensate for the unknown disturbances and unmodeled dynamics (Pedro and Ekoru, 2013; Yang et al., 

2013; Borges et al., 2016; Borges, 2017; Lin et al., 2018; Zhu et al., 2018; Yao et al., 2020). In the outer loop, we use a 

neural network to compensate the nonlinear effect of the friction forces of the piston. In the inner loop, we substitute just 

one part of the traditional analytic model with neural networks, namely, the computing of the actual control signal to be 

applied to the control valve. Both neural network parameters are acquired by an extensively offline training. Since most 

of the critical uncertain parameters of the system are necessary in this specific step of the control loop, we still retain the 

basic advantages of feedback linearization control while avoiding large amounts of experimental effort to find suitable 

parameters for the inverse set and compensation of the friction force, a significant advantage when compared with the 

traditional offline methods. Furthermore, the offline training procedure breaks the application of the proposed controller 

into two stages: training and trajectory tracking, which significantly reduces the computing efforts involved in each one, 

thus making the proposed method amenable to control hardware’s more modest than those required for fully online-

trained controllers. In Borges et al. (2016), the same approach was introduced using multilayer perceptron neural 

networks. In the present work, we introduce the use of wavelet neural networks for both the inner and outer loop neural 

networks. According to Alexandridis and Zapranis (2013), wavelet neural networks have important advantages when 

compared with the traditional feedforward multilayer perceptron neural networks such as a better generalization capability 

for networks with reduced inputs dimension, a linear relation between the hidden and output layers and an analytical 

methodology for the initialization of the parameters in the core of hidden layer. Wavelet neural networks have been 

successfully applied in control systems as an alternative to the others neural networks as the feedforward multilayer 

perceptron and RBF neural networks in papers as Leu and Hong (2010) and Wang et al. (2013). In the present work, a 

comparation highlighting the advantages and drawbacks of both neural networks strategies in the proposed schema is 

performed. The effectiveness of the proposed strategy applying perceptron and wavelet neural networks is demonstrated 

with comprehensive simulation results.  

The remainder of this paper is structured as follows. In Section 2, the hydraulic actuator model is discussed. In Section 

3, we present the overall control strategy, whereas Section 4 and 5 are dedicated to theoretical issues of multilayer 

perceptron and wavelet neural networks. In section 6, the training and validation methodology is detailed, while, in 

Section 7, the proposed method is evaluated by means of simulation results. Finally, the main conclusions are outlined in 

Section 8. 

 

2. HYDRAULIC ACTUACTOR MODEL 

  

The Figure 1 illustrates the Hydraulic Actuator applied in the present work. Following other works (Watton, 2009; 

Coelho and Cunha, 2011; Sobczyk et al., 2012), the mathematical modeling of its dynamic behavior is based on Newton’s 

second law combined with flow-continuity considerations. According to the system described in Fig. 1, the mechanical 

dynamics of the actuator piston is: 

 

1 1 2 2H AF p A p A My F= − = +  (1) 

 

where y, 𝑦̇ and 𝑦̈ are the position, velocity and acceleration of the piston-load assembly, respectively, p1 and p2 are the 

pressures in the chambers, A1 and A2 are the piston areas, M represents the mass of the piston rod and the load, 𝐹𝐻 is the 

hydraulic force applied to the piston resulting from the action of p1 and p2 and FA is the friction force in the piston. The 

dynamic behavior of such pressures is modeled according to the principle of mass conservation that Applied to each 

cylinder chamber yields:  
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where  𝛽 is the hydraulic fluid bulk modulus, 𝑣1 and 𝑣2 are the initial volumes of fluid in each cylinder´s chamber. Q1 

and Q2 are the volumetric flow rates through the valve orifices and may be expressed as functions of the pressures in the 

chambers and the input signal u applied to the valve as follow: 
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(4) 

 

where 𝐾𝑣1 and 𝐾𝑣2 are the flow-rate gains that characterize each orifice of the valve, and 𝑙1 … 𝑙4 are the pressure losses 

caused by the hydraulic line couplers, which are significant and must be taken into account when high-precision tasks are 

considered.  

 

 
 

Figure 1. Hydraulic actuator. 

 

Taking the auxiliary terms f1 and f2 as follow: 

 

1 2

1 1 2 2

,f f
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= =

+ −
 

 

(5) 

 

and replacing Q1, Q2, f1, and f2 in (2) and (3) by their corresponding terms given in (4) and (5), resulting: 

 

( ) ( )2 2

1 1 1 1 2 2 2 2 1 1 2 2H v vF A f K g A f K g u A f A f y= + − +  (6) 

 

The parameters of the actuator used in the present work were obtained by the experimental plant found in Borges 

(2017) and Borges et al. (2021). Several of experimentation procedures are applied to obtain a satisfactory simulation 

model. Such experiments may be found in Borges (2017) for the hydraulic actuator used in the present work. The Table. 

1 outlines the parameters applied in the model. The friction force FA is simulated by means of the Gomes model (Gomes 

and Rosa, 2003). The complete Gomes model parameters for the present actuator were obtained in Borges (2017) and are 

described in Appendix.  

 

3. CONTROL STRATEGY 

 

The cascade control strategy applied to a hydraulic actuator consists in interpreting the hydraulic actuator 

mathematical model as two interconnected subsystems (Cunha et al., 2002) or two control loops: a hydraulic subsystem 

(inner loop) and mechanical one (outer loop). Such a strategy can be summarized as: 

(i) Compute a control law Fd (desired hydraulic force) for the mechanical subsystem such that the output y tracks the 

desired trajectory yd as closely as possible. 

(ii) Compute a control law u for the hydraulic subsystem such that FH tracks FHd as closely as possible. 
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Table. 1. Model Parameters. 

Parameter Value Estimation method 

V10 1.2446 ×10-4 m3 Direct measurement 

V20 9.9060 ×10-5 m3 Direct measurement 

y0 0.1 m (center) Direct measurement 

Kv1 ; Kv2, 

9

3

2.15.11 10

m /(s× Pa )

−
 Manufacturer catalog 

𝑙1 
10

15.68 10 Q  Pa  Interactive simulation 

𝑙2 
10

24.35 10 Q  Pa  Interactive simulation 

𝑙3 
10

13.59 10 Q  Pa  Interactive simulation 

𝑙4 
10

23.59 10 Q  Pa  Interactive simulation 

M 14.54 kg Direct measurement 

A1 4.91×10-4 m2 Direct measurement 

A2 2.37×10-4m2 Direct measurement 

𝛽 1.0×109N/m2 Typical value 

Ps 50×105Pa Input choice 
 

According to the strategy proposed, the outer loop control law is the same of the Slotine and Li controller (Slotine 

and Li, 1988), described by Eq. (8) where Kd is a positive constant, 𝑦̈𝑟 is a reference acceleration and z is a measure 

tracking error. Such auxiliary terms and the resulting expression for the desired hydraulic force are: 

 

,     ,     r d d ry y y y y y z y y y y= − = − = − = +   (7) 

 

0Hd r dF M y K z= − +  (8) 

 

where the term Ω is a neural network that stands for the friction force. 

In the inner loop, the control law is given by Eq. (12) that represents a feedback linearization control strategy where 

the system nonlinearities are perfectly cancelled when all necessary parameter values are known without uncertainty. The 

idea of feedback linearization, i.e. of canceling the nonlinearities and imposing desired linear dynamics, can be easily 

grasped in the case of nonlinear systems described by the so-called companion form. A system is said to be in companion 

form if its dynamics is represented by 
 

ubfx n )()()(
xx +=  (9) 

 

where u is the scalar control input, x is the scalar output of interest, and 𝒙 = [𝑥, 𝑥̇, 𝑥̈, . . . , 𝑥(𝑛−1)]𝑇is the state vector, and 

𝑓(𝒙) and 𝑏(𝒙) ≠ 0 are nonlinear functions of the states. Using this representation, it is clear that choosing the control 

input  

 

( )fv
b

u −=
1

, 
(10) 

 

we can cancel the nonlinearities and obtain a simple input-output relation of multiple-integrator form: 
 

vx n =)(  (11) 

 

Comparing Eq. (7) and (10), we have: 
 

𝑓 = −(𝐴1
2𝑓1 + 𝐴2

2𝑓2) ⋅ 𝑦̇ and Z a neural network that represents the inverse of b. Defining Hd pv F K F= − , the 

proposed control law is: 

 

( )( )2 2

1 1 2 2Hd pu F K F A f A f y Z= − + +  (12) 

where the force error is defined as 𝐹̃ = 𝐹𝐻 − 𝐹𝐻𝑑. With this control law, the closed loop system dynamics when all 

model parameters match their real values becomes: 
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pF K F= −  
(13) 

 

i.e., the force applied to the piston converges asymptotically to its desired value defined in Eq. (9), which, in turn, ensures 

that the trajectory performed by the actuator converges to its reference. These facts are proven in Borges et al. (2021) by 

means of Lyapunov stability arguments, which also show that the tracking force error converges to zero faster as the gain 

Kp is raised. If the parameters are uncertain, the same analysis allows to prove that the trajectory tracking errors of the 

closed loop system converge to a bounded region whose amplitude is determined by such uncertainty amount.  

 

4. FEEDFORWARD MULTILAYER PERCEPTRON 
 

The feedforward multilayer perceptron (MLP) neural network is the most common approach for neural networks. A 

matrixial representation is: 

 

 o   =   n n-1 1 1 n-1 n
Γ W Γ W ...Γ W u+b + ... + b +b , (14) 

 

where Wn is the weighting matrix of the n-th layer, bn is the bias vector associated with each layer node, and Г(x)=[γ1(x), 

γ2(x), … , γn(x)] is a nonlinear operator where each γn(.) is a monotonic and continuously differentiable activation function. 

In the present work is used the sigmoidal logistic function. 

 

5. WAVELET NEURAL NETWORKS 

 

The Wavelet Neural Networks WNN are a generalization of radial basis function networks (RBFN) and, according 

to Alexandridis and Zapranis (2013) preserve de universal approximation capacity of the NN proved in Cybenko (1989). 

WNN are one hidden layer networks that use a wavelet as an activation function, instead of the classic sigmoidal family. 

According to Alexandridis and Zapranis (2013), wavelets have a better performance than other transference functions. A 

wavelet transfer function has high compression abilities and the task of computing the value at a single point or updating 

the function estimate from a new local measure involves only a small subset of coefficients. The idea of a WNN is to 

adapt the wavelet basis to the training data. Hence, the wavelet estimator is expected to be more efficient than an MLP 

(Zhang, 1997).  

A wavelet family is a set of functions generates by means of the translation and dilatation of a mother wavelet 𝜓. The 

structure of the WNN used in the present work is similar that applied in Alexandridis and Zapranis (2013) and Oussar 

and Dreyfus (2000). The network output, considering only one output, is given by the following expression: 

  

1 2wy b= + +WΨ(A,B,x) W x , (15) 

 

where W1 is the weighting vector that connect the hidden layer to the output layer, bw is the bias associated with output 

layer, W2 is the weighting vector that connect the input vector x to the output layer and 𝚿(𝑨, 𝑩, 𝒙) is the wavelons vector, 

computed according to the input vector x and the matrices of dilatations and translation A and B. 

If we worked with a WNN where the number of wavelons is m, that is, the number of hidden nodes, and the number 

of inputs is p, the expression in Eq. (15) can be written as:  
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being that 𝜓 is the mother wavelet chosen for the WNN. The scalar zi,j id given by:  
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(18) 

 

The Mexican Hat is the mother wavelet adopted in the present work. It is given by: 
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(19) 

 

6.  NEURAL NETWORKS TRAINING AND VALIDATION 

 

The building of the training ad validation sets of the neural network functions was performed offline by using a simple 

proportional controller to lead the system to track the desired position trajectory, as illustrated in Fig. 2. This profile 

corresponds to moving the actuator piston from one fixed position to another, using a set of sinusoidal trajectories with 

different frequencies to ensure a smooth transition between them as described in Eq. (20). For the process of validation 

was applied the cross validation method (Haykin, 1999).  

 

  

(a) (b) 

 

Figure. 2. Neural Network: training and validation set generation. (a) Z. (b) Ω. 

The position trajectory applied in the generation of the training and validation sets is: 

 

( )0.1dy Asen t= +  (20) 

 

where A is the amplitude and 𝜔 is the angular frequency. The amplitude is kept in a fixed value of 0.08m. The Tables 2 

and 3 outline the frequencies applied in training and validation sets generation. 

 
Table 2. Frequencies in training set. 

 

 

Table 3. Frequencies in validation set. 

 

 

 

 

The Quickprop algorithm (Fahlman, 1988) was applied in both MLP and WNN training. The core of both WNN and 

MLP were chosen with thirty neurons in the hidden layer. We used the root-mean-square error in Eq. (21) as the 

performance criterion to compare the different neural network errors.  

 

( )
2

1

1 P

t p

n

RMSE y y
P =

= −
 

(21) 

 

where yt and yp are the target and predicted values, respectively, and P is the number of samples. 

 

The Figures 3 and 4 show the progress of RMSE along of training epochs for Ω and Z networks, applying MLP and 

WNN architectures.  We can observe in the figures and in the Tab. 4 that the WNN offers a minor value for the final 

RMSE and converge faster to a suitable RMSE value than the MLP.  

Frequency (rad/s) Time limit (s) 

1 11 

0.875 18.8 

0.625 28.23 

0.375 44.98 

0.25 71.65 

Frequency (rad/s) Time limit (s) 

0.93 11.81 

0.81 19.5 
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Figure. 3. Training of Ω network. 

 
 

Figure. 4. Training of Z network. 

The Figures 5 and 6 show the validation set and the outputs of Ω and Z networks, applying MLP and WNN 

architectures.  We can observe in the figures that WNN and MLP present close results. The Table. 4 outline the RMSE 

for both the curves, where WNN is a little better for Z network and MLP for Ω. 

 

 
 

Figure. 5. Validation of Ω network. 

 

 
  

Figure. 6. Validation of Z network. 

7. SIMULATION RESULTS 

Simulation evaluation was carried out by means of a position tracking control involving a trajectory test: a sinusoid 

with amplitude 0.08 m and period 8.3 s was tracked.  
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The feedback gains used in the proposed controller were kept fixed with the values of Kd = 5000 s-1, λ = 150 s-1 and 

Kp = 200 s-1. For comparison purposes, we also performed a simulation using a classical PID controller. The feedback 

gains values for PID were Kp = 420, Ki = 2018, Kd = 0.9. Simulation results are shown in Figure. 7. The Table. 5 presents 

the RMSE results.  We can observe that the results of both WNN and MLP are very close. The error of the proposed 

controller is about seven times lower than the PID controller. 

 

Table. 4. Training and Validation errors. 

 Neural Network Training error Validation error 

Ω (Friction Force) 
MLP 2.11 N 1.74 N 

WNN 1.86 N 2.29 N 

Z (b-1) 
MLP 1.30 10-7 V/N/s 1.89 10-7 V/N/s 

WNN 0.67 10-7 V/N/s 1.67 10-7 V/N/s 

 

 
 

Figure. 7. Trajectory tracking control position errors. 

Table. 5. Trajectory tracking control position errors. 

Neural Network position error 

PID 13.8 10-4 m 

MLP 1.91 10-4 m 

WNN 1.95 10-4 m 

 

8. CONCLUSIONS 

 

In the present work, we propose the use of a feedforward multilayer neural network and a wavelet neural network to 

compensate the nonlinearities present in the plant of a hydraulic actuator. This strategy aims to facilitate and improve the 

application of feedback linearization-based control schemes to such system. We showed by means of simulation results 

that the proposed controller is very effective in reduction of the position error compared with a traditional PID controller 

in a tracking position control applied to a hydraulic actuator, confirming the experimental results obtained in Borges 

(2017), Borges et al. (2016) and Borges et al. (2021). Moreover, we performed a comparation between the results of MLP 

and WNN applied in the core of the proposed controller. The results showed that both the strategies have similar 

performance in the effectiveness of the controller, highlighting the superior training speed of WNN, that can be an 

advantage when used in online control proposes. Future work will focus the expansion of the proposed method to 

encompass unknown external load disturbances in the hydraulic plant. 
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11. APPENDIX 

 

The friction force in the Gomes model is described by the trajectories illustrated in Fig 8.  

 

 
 

Figure.8. Trajectories of Gomes friction model. 

 

lim ( ) .A vAy y F f y Ky → = −                       Trajectory A.            (22) 

 
6 5 4 3 2

6 5 4 3 2 1 0( )vAf y c y c y c y c y c y c y c= + + + + + +   ; 0,y 
 
 (23) 

5 4 3 2

5 4 3 2 1 0( )vAf y d y d y d y d y d y d= + + + + +    ; 0,y   (24) 

where:  cT = [3616055991,90211     -1259149259,42947 171035516,506081   1509039,8703813424512,463097214      

-6778,25791735762 166,069950482143]T, dT=[-338186182,095526 -65714639,6349697 -4701264,37738616                        

-194099,979524457 -2677,58352606057  -113,147119937170]T and K is a term applied to compensate the quick coupler 

losses present in the actuator. K were set as 2,680 Ns/m. 

 

lim  and  .S A vBy y F F F f y Ky  → = −          Trajectory B (stick region) (25) 

 

where  𝑓𝑣𝐵 =
𝐹𝑆

𝑦̇𝑙𝑖𝑚
. 

0 lim 0 and  .S A Sy y y F F F F Ky   → = −     Trajectory D (slip region) (26) 

 

0  and  .S A vCy y F F F f y Ky  → = −            Trajectory C (stick region) (27) 

where  𝑓𝑣𝐶 =
𝐹𝑆

𝑦̇0
. 

Table. 6. The Gomes Friction model parameters. 

Parameter values operation 

FS 145 N                            

𝑦̇ > 0 
𝑦̇𝑙𝑖𝑚 0.004 m/s 

𝑦̇0 0.004*0,95 m/s 

FS -108 N                          

𝑦̇ < 0 
𝑦̇𝑙𝑖𝑚 -0.002 m/s 

𝑦̇0 -0.002*0,95 m/s 

 


