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Abstract. Intracranial aneurysms (IAs), a dangerous disease with up to 50 % mortality rate in case of rupture,

is characterized as a dilatation of the cerebral arteries and, biologically, their walls fit within the class of soft

tissues. Numerical studies on the rupture of an IA have become increasingly popular, but the correct constitutive

law of its wall tissue, normally assumed to be an incompressible hyperelastic material, is essential to provide

meaningful results. A couple of hyperelastic laws were already used to investigate IAs wall motion by a few

works, and no answer on the most suitable one exists. Hence, in this work, we investigated the effect of different

laws on the mechanical response of patient-specific IAs. Pulsatile numerical simulations were carried out

using the one-way fluid-solid interaction solution strategy implemented in solids4foam, in which the blood flow

is solved and applied as the driving force of the wall motion, with the geometries of two patient-specific IA,

obtained from medical examinations. The IA and artery walls were assumed isotropic and their thickness and

material properties were computationally created with realistic modeling and using IA tissue experimental

data. The Yeoh law, the three-parameter Mooney-Rivlin (MR) law, and a Fung-like law with a single parameter,

typically used for soft tissues, were employed to assess the influence of different laws. The results suggest that

the effect of different hyperelastic laws is larger for the stretch than the stress. Additionally, both stress and

stretch decreased along the wall thickness. These results could guide modeling decisions on IA simulations.
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1. INTRODUCTION

Intracranial aneurysms (IAs) are pathological dilatations with saccular shape of the human vascular system

normally found in the bifurcations of the cerebral arteries tree. It is a dangerous disease with up to 50 % mortality

rate in case of rupture (Vlak et al., 2013; Saqr et al., 2019). The problem is that rupture is hard to predict and

treatments pose risk to patients, leaving physicians with a tough decision about the treatment. Enhanced ways to

predict the rupture have occupied researchers for the past two decades, and one of the most used techniques to,

at least, understand the disease progression and final rupture employed numerical tools, such as Computational
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Fluid Dynamics (CFD) (Liang et al., 2019). Currently, the practical use of numerical techniques to assess the

likelihood of IA rupture is a debated topic in the literature (Kallmes, 2012; Cebral and Meng, 2012).

Nevertheless, they can be helpful because numerical techniques such as Computational Solid Dynamics

(CSD) and computational Fluid-Solid Interaction (FSI) can predict the stresses and strain in the wall of a

patient-specific IAs. However, when modeling an IA wall tissue, a difficulty is the lack of patient-specific data

of the wall morphology, such as its thickness, and mechanical properties, such as the tissue constitutive law and

its material properties. This is particularly important due to the large variability of the disease.

Regarding the selection of the constitutive law, researchers that numerically solved the FSI problem with

patient-specific IA subjects have used several different laws. Surprisingly, we found a majority that has chosen

the small-strain Hookean law that, rigorously, should not be used in finite-deformation motions (Torii et al.,

2006; Valencia et al., 2009; Lee et al., 2013; Cho et al., 2020). Other authors employed the classic neo-Hookean

law (Bazilevs et al., 2010b) or more specialized ones, such as exponential laws (Torii et al., 2008) and the

Mooney-Rivlin (MR) law (Sanchez et al., 2014), although in a smaller number, and not always using the material

properties of patient-specific IA tissue.

Furthermore, the assessment of the impact of different material laws on the mechanics of IAs walls has

been the subject of even fewer studies (Torii et al., 2008; Ramachandran et al., 2012). In this current scenario,

it remains broadly unknown what is the impact of the use of different hyperelastic laws in the mechanics of

IAs, i.e. in the stress and strain fields of the IA sac. Therefore, the aim of this work is to assess the impact of

different constitutive laws on the mechanical response of IAs. Furthermore, we have employed recently acquired

experimental data on the mechanical properties of IA tissue (Costalat et al., 2011; Brunel et al., 2018).

2. NUMERICAL METHODOLOGY

2.1 Geometries Reconstruction

The images of two patient-specific IAs, one ruptured and one unruptured, were obtained from medical

examinations: the unruptured case was collected in the Albert Einstein Israelite Hospital (approved to be used by

the ethical committees of the institutions involved) and the ruptured case was taken from the Aneurysk repository

(Passerini et al., 2021) (available under the “CC BY-NC 3.0” license). The images were then segmented using

the Vascular Modeling Toolkit (VMTK)® library with the level-sets segmentation approach (Piccinelli et al.,

2009). The geometries of both IAs are shown in Fig. 1.

Ruptured Case Unruptured Case

dd = 3.70mm
hd = 3.21mm

dd = 4.80mm
hd = 5.08mm

Figure 1. Geometries of the IAs: the ruptured case (left) and the unruptured case (right), with the necks

delineated and showing the maximum sac height (hd), and the maximum sac diameter (dd).

2.2 Physical and Mathematical Modeling and Boundary Conditions

We employed a strategy called “one-way fluid-solid interaction (1WFSI)” to numerically solve for the

interaction between the blood flow and the solid wall motion (Hirschhorn et al., 2020). By using this technique,

the fluid flow is solved by assuming a rigid interface between the flow and the solid (FSI interface) with the

typical CFD boundary conditions (BCs) for walls — zero mass flux, zero pressure gradient, and the no-slip

condition. Then, at each instant in time, the traction on this interface, due to the blood flow is transferred to the

solid FSI interface counterpart and applied as traction BCs to the solid problem. The resulting solid deformation
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is not transferred back to the fluid domain. The coupling then is unidirectional and this method was chosen to

avoid the numerical instabilities that arise in the numerical solution of flow in arterial geometries. See Fig. 2 for

a schematic illustration of the FSI interface of a vascular geometry and the BCs applied. The fluid flow and solid

models are described in the following.

Blood Flow Model

Blood is a weakly compressible fluid (Sacks and Tickner, 1968) and was assumed as such by using a

compressible equation of state and the Newtonian contitutive law to represent it, flowing in an isothermal laminar

regime. Hence, the governing equations solved were the continuity equation:

∂

∂t

(
∫

V f

ρfdV

)

+

∮

Sf

ρfvf
•nfdS = 0 , (1)

where vf is the flow velocity, ρf is the blood density, and nf is the outward normal vector to the control surface

Sf ; and the momentum equation:

∂

∂t

(
∫

V f

ρfvfdV

)

+

∮

Sf

ρfvfvf
•nfdS =

∮

Sf

σf
•nfdS , (2)

where σf is the Cauchy stress tensor, given by:

σf = −pfI + µf
[

∇vf + (∇vf)T
]

−
2

3
µf

(

∇ •vf
)

I , (3)

with pf being the flow pressure and I the second-order identity tensor. Blood dynamic viscosity was assumed

to be µf = 3.3× 10−3 Pa s. Additionally, the compressibility of blood was assumed to be governed by the

barotropic equation of state (Kanyanta, 2009; Kanyanta et al., 2009), by which the pressure and the fluid density

are linearly related:

ρf = ρf0 +
ρf0
κf

(

pf − pf0

)

, (4)

where κf is the bulk modulus of blood, assumed to be 2.2 × 109 Pa (Kanyanta, 2009), and the subscript “0”

indicates a reference state of the fluid, assumed to be blood at an average cardiac cycle pressure, 100 mmHg,

with ρf0 = 1000.0 kg/m3.

Regarding the flow BCs, at the flow inlet (see Fig. 2a), a time-varying pulsatile velocity profile was imposed,

varying spatially according to the fully-developed laminar flow in a pipe:

vf
inlet(r, t) = 2

qa(t)

Ainlet

[

1−
4r2

da
2

]

, (5)

where Ainlet is the cross-sectional area of the inlet artery, da is its inner diameter, and r is the radial coordinate

of the circular inlet section — an artificial circular-section extension, with a length equal to twice the diameter

da, was added to the artery inlet to impose this inlet flow condition. The blood flow rate, qa(t), corresponding

to the flow pulse from the beginning of systole until the end of the diastole, was obtained by multiplying the

normalized flow rate reported by Hoi et al. (2010), for older adults, by the mean blood flow rate in the respective

IA parent artery reported by Zarrinkoob et al. (2015). This population-averaged rate was employed because the

patient-specific blood flow rate waveform at the internal carotid artery (ICA) was not available. An example of

the profile used for IAs on the ICA is shown in Fig. 2b. Moreover, the pressure gradient was set to zero at the

inlet.
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Figure 2. (a) Schematic two-dimensional representation of the BCs applied in the aneurysms 1WFSI

simulations; (b) the blood flow rate and pressure waveform used in the inlet and outlets, respectively.

IAs and Arterial Wall Model

The IA and artery walls were assumed isotropic and nearly incompressible, thus the momentum equation in

the total Lagrangian formulation was solved, written as:

ρs0
∂2u

∂t2
= ∇0 •

[

JF−1
• (σs + σs

0)
]

, (6)

where u is the solid displacement, ρs0 is the solid density at the reference configuration, F = I + (∇0u)
T is

the deformation gradient, and J = det (F ). The subscript “0” indicates any property or derivative taken with

respect to the reference configuration, assumed to be the domain configuration at the time zero and with prestress

given by σs
0 = J−1F •S0 •F . The second Piola-Kirchhoff prestress tensor, S0, was computed prior to solving

Eq. (2) using the same approach employed by Bazilevs et al. (2010a).

The Cauchy stress of the solid, σs, was calculated using three different hyperelastic laws that are defined

based on their strain-energy function, Ψ, as follows: (1) the MR law with 3 material constants (Mooney, 1940):

Ψ(I1, I2) = c10 (I1 − 3) + c01 (I2 − 3) + c11 (I1 − 3) (I2 − 3) ; (7)

the Yeoh law with 3 material constants:

Ψ(I1) = c10 (I1 − 3) + c20 (I1 − 3)2 + c30 (I1 − 3)3 ; (8)

and an “isotropic” version of the exponential Fung-like law, originally proposed by Demiray (1972):

Ψ(I1) =
k1
k2

[

e
k2

2
(I1−3) − 1

]

, (9)

where I1 and I2 are the first and second invariants of the right Cauchy-Green deformation tensor, C = FT •F .

The complete constitutive law employed a volumetric-decomposition approach as explained in Holzapfel et al.

(2000). In this framework, the volumetric part of the tissue motion, dependent on the tissue compressibility, is

ultimately measured by the Poisson’s ratio of the tissue, νs, through its bulk modulus, κs, as computed by the

linearized theory:

κs =
E

3(1− 2νs)
, (10)
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where the linearized Young’s modulus for the hyperelastic laws was calculated based on the uniaxial deformation,

resulting in E = 6
(

∂Ψ
∂I1

+ ∂Ψ
∂I2

)

(Holzapfel, 2000). We assumed a Poisson ratio of 0.48, which was defined after

a parametric study of its influence on the stresses and stretch on an IA sac surface — larger values of νs, i.e.

values closer to the incompressibility limit, changed the averaged stretch and stress fields over the sac by less

than 2 %, for all the hyperelastic laws, while still yielding reasonable computational times.

The properties of the vascular wall, i.e. its thickness, ew, and material constants, cij , were modeled using a

heterogeneous model with different properties on the branches and on the aneurysm sac. The creation of this

model depends on the delineation of the neck contour, which was carried out by manually selecting it on the

triangulated surface extracted from the image examinations using VMTK® (see Fig. 1). Mathematically, the

neck contour separates the surface of the branches, Sb, from the IA sac, Sia (see Fig. 3 for a schematic example

of the neck contour and other terms used in this section).

Blood flow direction

Neck path

0.5 mm

Region of Aneurysm

Influence

Branches Thickness

eb(ξ) = WLR × dl(ξ) and

uniform material constants cij
defined over Sb

Aneurysm “Sac” Thickness

eia, computed with Eq. (12),

defined over Sia and on the

region of aneurysm influence

dl

gn

ξ ∈ Sb

Figure 3. Schematic illustration of the morphology model components: the branches surface has a lumen

diameter-dependent thickness and uniform material constants, while the aneurysm sac has a “sac” uniform

thickness and uniform material constants.

We assumed the material constants, cij , as uniform on both Sb and Sia, but with different values according

to the rupture status, following experimental evidence that the tissue of unruptured IAs is stiffer than ruptured

IAs tissue (Costalat et al., 2011). Hence, the values for each constant (see Table 1) were based on averages of

experimental data provided by Costalat et al. (2011); Brunel et al. (2018) and values used by Torii et al. (2010).

The thickness of Sb, eb, was based on established evidence that the thickness of arteries is dependent on

the vessel lumen diameter (Fung, 1993). Thus, it was calculated as eb = WLR × dl (see Fig. 3), where dl is

the artery’s lumen diameter at a specified position along the vasculature, estimated by computing the distance

between the vasculature centerlines and its surface using VMTK (Piccinelli et al., 2009), and WLR is the

wall-to-lumen ratio (WLR) reported by Nakagawa et al. (2016) for the cerebral arteries. We used these reported

values to define a functional form of WLR according to the lumen diameter, as follows:

WLR =







0.070 dl < 2mm
0.070 + 0.018 (dl − 2) 2mm < dl < 3mm
0.088 dl > 3mm

. (11)

Based on the thickness field of the surrounding branches, we estimated the patient-specific uniform thickness
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Table 1. Material constants selected for arteries branches, Sb, and for the IA sac, Sia, according to rupture status,

for different constitutive laws and based on experimental works by Costalat et al. (2011) and Brunel et al.

(2018).

Law Constant Sb
Sia

Ruptured Unruptured

MR

c10 (MPa) 0.1966 0.19 0.19

c01 (MPa) 0.0163 0.026 0.023

c11 (MPa) 7.837 1.377 11.780

Yeoh

c10 (MPa) 0.1067 0.07 0.12

c20 (MPa) 5.1602 2.10 6.80

c30 (MPa) 0.0 0.0 0.0

Fung
k1 (MPa) 0.3536 0.1768 0.7072

k2 16.7 16.7 16.7

of the IA sac, eia, as a weighted average, as follows:

eia = fa

∫

Sb

gn(ξ)eb(ξ)dSb

∫

Sb

gn(ξ)dSb

, (12)

where fa is a factor to control how much thinner the aneurysm wall was compared to the vasculature; fa = 0.75
was used consistently for all geometries to assure that the resulting thickness was within the range of measured

thickness of IA walls (Costalat et al., 2011). The weight function, gn, is the minimum geodesic distance between

each point of the surrounding branches, Sb, and the line that separates the sac and the region of aneurysm

influence (see Fig. 3). This line may be imagined as a separation between the hypothetical healthy vasculature

and the region of aneurysm influence. It was computed automatically as being 0.5 mm apart from the neck

contour consistently for all geometries.

Computationally, these fields were built with scripts in VMTK® and an in-house code based on the Visualiza-

tion Toolkit (VTK)®. This computational procedure created a discontinuity between the properties on Sia and Sb.

To correct this biologically unrealistic discontinuity, the resulting thickness was smoothed out using a script of

VMTK® to smooth fields defined over surfaces — we employed fifteen iterations to remove the discontinuities.

Regarding the BCs, the inner surface, which coincides with the vascular lumen, was subjected to the traction

forces from the flow, as described above due to the 1WFSI technique. On the outer (or abluminal) surface, a

pressure of po = 5mmHg, corresponding to the intracranial pressure, was imposed. Although the intracranial

pressure seems to vary among patients, we have found similar values in related studies (Valencia et al., 2013;

Sanchez et al., 2014). At the artificial “sections” made on the branches due to the segmentation (indicated in

Fig. 2a), we imposed a fixed zero displacement or, mathematically, u = 0.

2.3 Computational Meshes and Numerical Strategies

The computational meshes were built in foam-extend, with the cfMesh library, and the simulations were

carried out in solids4foam, an extension of OpenFOAM® with the 1WFSI algorithm already implemented. The

fluid flow mesh was generated using the utility cartesianMesh, which generates hexahedral-dominant meshes.

Mesh-sensitivity studies for the fluid meshes were carried out extensively with different IAs geometries and

yielded a volume density of cells in the range of 3000 to 4000 cells/m3m. To generate the solid wall mesh,

the external surface of the fluid mesh was “re-meshed” with only triangular cells and extruded in its outward

direction with the thickness field ew (see Fig. 3) using VMTK. We carried out a mesh-independence study of the

solid meshes by also using the 1WFSI strategy with three systematically-refined meshes. The result was a mesh

with a surface-cells density of approximately 240.0 cells/mm2, with 6 layers of cells along the thickness. We

also carried out a time-step refinement study yielding a time-step of 1 × 10−4 s.
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For the fluid sub-problem, an adapted version of the Pressure Implicit with Splitting Operators (PISO)

algorithm for weakly compressible fluids (Issa, 1986) was employed to solve the system of discretized equations,

and a segregated algorithm was used to solve the solid sub-problem. Regarding the interpolation schemes, the

central differences scheme was used for all the Laplacian terms, with non-orthogonal and skewness corrections

(Jasak, 1996). Particularly for the flow momentum and pressure equations, the second-order upwind scheme

was used for the advective term. Additionally, all the gradients in the equations were discretized with the

least-squares scheme. The temporal discretization was performed by using the implicit Euler approach for the

solid momentum equation and the implicit second-order Euler approach for the flow momentum equation. The

normalized residual convergence criteria were: 1 × 10−6 for the flow pressure equation, 1 × 10−8 for the flow

momentum equation, and 1 × 10−9 for the outer iterations of the solid momentum. Finally, two cardiac cycles

were solved in each simulation, but only the second one was used for the analysis.

2.4 Data Analysis

We analyzed the fields of the largest principal Cauchy stress, σ1, and largest principal stretch, λ1. All the

results were taken on the inner and outer surfaces of the wall (luminal and abluminal surfaces of the vasculature,

respectively) taken at the peak systole instant, tps, and the results are shown in the reference configuration.

Additionally, we also computed the surface average of σ1 and λ1 over Sia, defined as follows, for σ1:

〈σ1〉Sia
=

1

A(Sia)

∫

Sia

σ1(ξ)dSia , (13)

where A() is the area operator.

3. RESULTS AND DISCUSSIONS

The results for the two IAs simulated suggest that hyperelastic laws affect λ1 more than the σ1 (see Figs. 4

and 5). More specifically, the isotropic Fung and Yeoh laws produced higher levels of stretch in much larger areas

than the MR, whereas the σ1 field is similar among all the laws, with small qualitative differences. Additionally,

the overall levels of λ1 are much larger for the ruptured case. Note that these observations regarding the overall

fields also reflect on the surface average of the variables (annotated in the figures).

We found few studies that have also investigated the impact of different constitutive laws on the mechanical

response of IAs in the past two decades. Torii et al. (2008) assessed the impact of different materials laws mainly

on the hemodynamics, using a single IA geometry, thus limiting the possibility of comparison with our results

(regarding the wall motion the authors only reported the maximum displacement on the IA sac and only used

one law employed in this work, the Fung one). Ramachandran et al. (2012) directly compared different material

laws in patient-specific IA geometries, although they assumed static BCs and simulated only the IA sac, i.e.

without the branches walls. They employed anisotropic and isotropic versions of the Fung law, the Yeoh law,

and both small and finite strain versions of Hooke’s law. Although the material constants they have employed

were different, their conclusions broadly agree that the material laws predicted similar responses in terms of the

wall stresses. Although, it is important to note that they have not used the MR law, the one that presented the

most divergent response compared to the Yeoh and Fung responses.

The observed similarity of σ1 among all the laws further suggests that this field is indeed statically determined,

one of the main questions raised by Ramachandran et al. (2012). This occurred irrespective of rupture status,

hence further reinforcing that conclusion. On the other hand, λ1 was more different according to the material

law, hence, using a similar language, stretch (and, more generally, strain) is not statically determined and was

subject to a significant influence of the material constants. In this regard, the larger levels of λ1 in the rupture

case could potentially represent an important indicator of rupture.

It is also possible to see in Figs. 4 and 5 that both σ1 and λ1 tend to decrease from the luminal to the abluminal

surfaces, indicating that the harshest mechanical solicitations occur near the lumen — especially for σ1, since

the change is smaller for λ1, as can be verified by comparing the surface averages. This behavior along the wall

thickness is expected in this kind of geometry due to the boundary conditions applied on the inner and outer

surfaces of the wall, i.e. relatively complex fields of wall shear stress (WSS) and pressure forces from the flow.
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Figure 4. Largest principal Cauchy stress field at the peak systole, σ1, on the luminal and abluminal surfaces of

the wall, for the ruptured (top panel) and unruptured (bottom panel) cases, with different hyperelastic laws

(columns).

Furthermore, although the variations along the thickness are relatively small, this behavior gives rise to normal

and tangential gradients in the wall that could potentially have damaging effects on the structural integrity of the

wall. These eventual effects remain currently unknown and deserve further investigations.

Nevertheless, no other works were found that have performed this kind of investigation. How the stress and

stretch vary along the wall thickness is important because the wall is actually composed of different layers (Fung,

1993), thus potentially presenting different mechanical properties. Fung (1993), for example, cited some early

experimental works with samples of the thoracic aorta of pigs that found that the modulus of Young of the intima

and media layers, combined, are as high as four times that of the adventitia. Therefore, the rupture event could
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Figure 5. Largest principal stretch field at the peak systole, λ1, on the luminal and abluminal surfaces of the wall,

for the ruptured (top panel) and unruptured (bottom panel) cases, with different hyperelastic laws (columns).

result due to damage in one of the layers, serving as an initial fracture, which would propagate, thus facilitating

the complete wall failure.

4. CONCLUSIONS

In this study, we found that different hyperelastic laws produced markedly different stretch fields, possibly

explained by the likely higher sensitivity of stretch to the material constants of each law, with the ruptured IA

having much larger stretch levels than the unruptured. The same behavior was not encountered for the stress

fields in the IA sacs. Additionally, both stress and stretch decreased along the thickness of the wall, indicating

that the rupture can start in one of the layers of an IA wall. In practical terms, these findings can help future
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researchers to choose a more suitable model to investigate other aspects of the mechanical response of IAs,

which can further advance the understanding of the rupture event of an IA.
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