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Abstract. From the movement of animals and machines over and within granular matter (snakes, worms and tanks) to
the penetration and collision of solid objects in the sand (space probes landing on other planets and cratering), the dis-
placement of a solid body (intruder) within a granular medium is ubiquitous in nature. We performed discrete numerical
simulations of cylindrical intruders (disks) pulled at a constant velocity amid a two-dimensional set of smaller disks, con-
fined in a rectangular cell. By varying some of the parameters involved, we obtained the instantaneous forces and contact
networks, noting that the drag experienced by the intruder is approximately constant regardless of its velocity when mov-
ing at constant speed. Furthermore, we verified that contact networks percolate forces from the intruder towards the
walls, being responsible for jammed regions (which, in some cases, can lead to the complete stop of the intruder’s motion)
and high values of the experienced drag force. We also observed a cooperative behavior when a set of intruders is moved
amid the smaller grains. Part of this work can be found in Carvalho et al., Phys. Rev. E, 2022.
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1. INTRODUCTION

From the movement of animals and machines over and within granular matter (snakes, worms and tanks) to the pen-
etration and collision of solid objects in the sand (space probes landing on other planets and cratering), the displacement
of a solid body (intruder) within a granular medium is ubiquitous in nature (Askari and Kamrin, 2016; Zheng et al.,
2018). When in motion, the intruder may experience different phenomena, such as the dissipation of its kinetic energy
through the generated collisions in the grains (Bester and Behringer, 2017), jamming (Candelier and Dauchot, 2009), and
stick-slip dynamics (Kozlowski et al., 2019; Carlevaro et al., 2020).

One important aspect of granular media is the formation of forces and stresses networks (force chains) under the
action of external applied stresses. Because granular matter is a discrete medium, inter-particle forces are transmitted
via a history-dependent contact network, which then forms an inhomogeneous distribution of filamentary force chains
(Majmudar and Behringer, 2005). Such forces are only transmitted through the inter-particle contacts, which leads to a
strong anisotropic distribution of stresses (Radjai et al., 1998). Understanding these forces and their spatial correlations
is one of the main goals of granular mechanics, since it is important for understanding jamming, shear-induced yielding
and mechanical response in these materials (Majmudar and Behringer, 2005).

When intruders are set in motion in granular media, the force networks generated along the intruder-granular interface
rapidly fluctuate in space and time (Clark et al., 2014), as this movement leads to local reorganizations of the granular
packing (Kolb et al., 2013), causing either breakage or formation of chains around it. This generates a strongly oscillating
drag force on the intruder (Kolb et al., 2013; Seguin et al., 2016; Carvalho et al., 2022) and, in some cases, may lead
to creeping (Candelier and Dauchot, 2009) and to the formation of jammed regions, which can bring the intruder to a
complete stop.

Some works focused on the motion of an intruder being pulled at a constant velocity amid smaller grains (Kolb et al.,
2013; Seguin et al., 2016; Kozlowski et al., 2019; Carlevaro et al., 2020; Carvalho et al., 2022). In particular, for the case
of a single intruder, Kolb et al. (2013) and Seguin et al. (2016) found that as the intruder is displaced, the regions in front
of it tend to compact, further leading to a recirculation of grains that form a dynamic arc right behind it. In addition, the
formation of an empty cavity behind the intruder as it moves has also been reported. We recently investigated numerically
the displacement of a steel intruder amidst a two-dimensional granular pack (Carvalho et al., 2022). Among other findings,
we have shown that contact networks can be divided into two types: (i) a bearing network, which carries forces greater
than the average contact force, that percolates from the intruder towards the walls, and (ii) a dissipative network, which
carries weaker forces smaller than the average contact force. We also showed that these chains break due to creeping,
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that the cavity formed behind the intruder tends to decrease as the grain packing fraction increases, and that basal friction
plays an important role in grain dynamics (Carvalho et al., 2022).

The case of a group of intruders moving through grains was substantially less studied and, in most studies, the intruders
moved vertically through a less dense granular packing (Pacheco-Vázquez and Ruiz-Suárez, 2010; Solano-Altamirano
et al., 2013; Kawabata et al., 2020). Of special interest is the groundbreaking work of Pacheco-Vázquez and Ruiz-Suárez
(2010), who investigated the impact of sets of intruders on a less dense granular system, showing the existence of a
cooperative dynamics between intruders never before observed in granular experiments. The authors showed that the
intruders moved collectively, in order to provoke changes in the movement dynamics (drag experienced), leading to more
efficient motions (Pacheco-Vázquez and Ruiz-Suárez, 2010).

Although studied beforehand, the physics behind the dynamics of these motions still remains poorly understood and
important issues remain to be further investigated. To this end, this work consists of numerical simulations of cylindrical
intruders (disks) pulled at a constant velocity in a two-dimensional assembly of smaller bidisperse disks in a rectangular
confining cell, so that the intruder(s) and the grains have relative displacements. The simulations are carried out with
the discrete element method (DEM) using the open source software LIGGGHTS. We present quantitative measurements
of the force experienced by the intruder(s) in different physical configurations. In addition, we show that, for the case
when two intruders are moved collectively, there exists an optimal separation between them that leads to a smaller drag
experienced. It is important to note that parts of this communication are present in Carvalho et al. (2022) and Carvalho
and Franklin (2022).

2. METHODOLOGY

2.1 Numerical setup

The numerical simulations consist in pulling intruders (solid disks) into a two-dimensional assembly of smaller disks.
The dint = 16 mm diameter and hint = 3.6 mm high steel intruders are pulled at a constant velocity (10−1 ≤ V0 ≤ 10
mm/s) amid a granular assemble of a bidisperse mixture of photoelastic polyurethane (PSM-4) disks with small diameter
ds = 4 mm and large diameter dl = 5 mm, in order to prevent crystallization (Speedy, 1999). The disks with height hg =
3.2 mm are distributed in a proportion of Nl/Ns ≈ 0.64, where Ns and Nl are the number of small and large particles,
respectively, in a way that the area occupied by the small and large grains in the simulation cell is almost the same. For
the case with a single intruder, Ns = 4832 and Nl = 3092, and for the case of two intruders, Ns = 4826 and Nl = 3089.
The disks are placed over a horizontal glass plate and are enclosed in a glass square area of Lx × Ly = 400× 400 mm2.
All simulations are done within a fixed cell size, in a way that the initial packing fraction of the model is kept constant at
φ0 = 0.76. The physical properties of the materials used in the numerical simulations are summarized in Tab. (1).

Table 1: Physical properties of all materials used in the numerical simulations.
Material Young’s modulus [Pa] Poisson’s ratio Density [kg/m3] Size [mm]

Intruder Steel(1) 1.96× 109 0.29 7800 dint = 16
Grains Polyurethane(1),(2) 4.14× 106 0.50 1280 ds = 4; dl = 5
Walls Glass(1) 0.64× 1011 0.23 2500 Lx = 400; Ly = 400
(1) Hashemnia and Spelt (2014)
(2) Gloss (2000)

Although Young’s modulus of steel isE = 1.96×1011 Pa, we considered a smaller value in the numerical simulations
of E = 1.96× 109 Pa to avoid prohibitive timesteps, without giving up the accuracy of the results (Lommen et al., 2014).
Since we consider pure two-dimensional simulations, no motion of both grains and intruder in the direction perpendicular
to the plane xy is considered (Fig. (1a)). The intruder is initially placed in the granular medium at the left side of the
simulation cell at (xi, yi) = (−160, 0) and is pulled at a constant velocity V0 from left to right towards its final position
(xf , yf ) = (160, 0), according to the schemes presented in Fig. (1a). For the case with the displacement of two intruders,
they are initially placed at the same longitudinal coordinate but the transverse position of the intruders is varied, the two
being separated by a distance ∆y, as indicated in Fig. (1b). The time evolution of the drag force FD exerted by the grains
onto the intruder disk during its displacement, the forces in each grain as well as their displacements are computed every
time-step. In addition, to avoid any possible boundary effects in the force results, the analyzed cell area is restricted to a
central square region of interest (ROI) - green-dashed area in Fig. (1a) - of size AROI = 160× 160 mm2. The physical
conditions used in the numerical simulations are very similar to the ones used in the experiments performed by Seguin
et al. (2016).

After determining the physical configuration to be studied, the set of particles with the aimed proportion is generated.
First, the particles are randomly distributed over a space larger than the wanted computational domain. Then, the compu-
tational domain is compressed to its final size so that the desired packing fraction φ is achieved, according to Eq. (1), for
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Figure 1: (a) Numerical setup for one intruder. (b) Numerical setup for the case of two intruders. Credits for (a): Carvalho
et al. (2022). Credits for (b): Carvalho and Franklin (2022).
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The particles are then allowed to relax for a sufficient time until no substantial degree of kinetic energy is attained.
Once the fully relaxed state is reached, the intruder is set in motion at a constant velocity.

2.2 Discrete element method (DEM)

The simulations were carried out using LIGGGHTS (LAMMPS Improved for General Granular and Granular Heat
Transfer Simulations) (Kloss et al., 2012), which is a discrete element method (DEM) open source software for modelling
granular flows. In conjunction with LIGGGHTS, we made use of the two-dimensional Discrete-Element bonded-particle
Sea Ice model - DESIgn toolbox (Herman, 2016).

For the case of N disk-shaped grains, each with a constant mass mi = ρihiπr
2
i for i = 1 · · ·N , their motion can only

be influenced by: (i) the particle-particle and particle-wall interaction forces, and (ii) other external forces. For simplicity,
the particle-wall forces will not be included in the equations below, since they are modeled in the exact same way as the
particle-particle interactions. For each particle j ∈ N in contact with particle i, there exists a contact force Fc,ij which is
conveniently expressed as the sum of two components, normal Fc,ij,n and tangential Fc,ij,t to the plane of contact. The
normal component contributes to the translational motion of disks i and j and the tangential component the their rotational
motion. This way, the torque Mc,ij due to the tangential forces may be expressed as (Herman, 2016):

Mc,ij = rij × Fc,ij,t, (2)

where rij is a vector pointing from the center of disk i with center position vector xi = (xi, yi, zi = 0) to the contact
point with disk j. Once again, it is important to mention that this is a two-dimensional problem, which precisely means
that zi = 0.

The motion of all grains is governed by Newton’s second law of motion. Therefore, the translational and rotational
motions of particle i, in contact with grains j ∈ C, where C denotes all particles in contact with grain i, are given by:

mi
dui
dt

=
∑
j∈C

Fc,ij + Fe, (3)

where t denotes time, ui = (ux,i, uy,i, uz,i = 0) is the velocity vector of particle i, and Fe is the sum of all external forces
acting on particle i, and,

Iz,i
dωz,i
dt

= Mc,ij +Me, (4)
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where Iz,i = (1/2)mir
2
i is the moment of inertia, ωz,i is the angular velocity of particle i, Mc,ij is the net moment

generated by the tangential contact forces and Me is the net moment of the external forces.
Although there are no explicit external forces acting on our system, since we are dealing with dry granular media,

the DESIgn toolbox does not consider the sliding frictional force that exists between the grains/intruder and the bottom
glass wall on which they are placed. Therefore, we had to implement a new force to account for the effects of an effective
solid friction between the grains/intruder and the base into the library of the DESIgn toolbox. This force was modeled in
a similar manner to what has been done in Carlevaro et al. (2020). In short, if a grain i is moving at a certain velocity
vi = |ui| above a threshold v′ (vi > v′), then a dynamic friction force with the bottom wall is considered and equal to
Fd = −µd,gmigui/|ui|. Conversely, if it is moving with a velocity vi smaller than or equal to the threshold v′ (vi ≤ v′),
then an static friction force with the bottom wall Fs = −µs,gmigui/|ui| is applied and the particle is immobilized by
setting vi = 0. This ensures that a grain will only resume its motion if the forces exerted by the other grains exceed the
static friction force (Carlevaro et al., 2020). In this model, we do not consider rotational friction forces between the grains
and the bottom wall.

As for modeling the contact forces, the nonlinear elastic Hertz-Mindlin contact model, appropriate for non-cohesive
interactions, is used (Di Renzo and Di Maio, 2005). Parameters regarding contact interactions and physical properties of
the materials involved are required in this model. The parameters used in our simulations are summarized in Tab. (2).

Table 2: Coefficients used in the numerical simulations.
Coefficient Symbol Base value
Friction coefficient (grain-grain)(1) µgg 1.2
Friction coefficient (grain-intruder)(2) µgi 1.8
Friction coefficient (grain-wall)(1) µgw 0.4
Restitution coefficient (grain-grain) εgg 0.3
Restitution coefficient (grain-intruder)(2) εgi 0.7
Restitution coefficient (grain-wall)(3) εgw 0.7
Dynamic friction coefficient (grain-bottom wall)(1) µd,g 0.4
Static friction coefficient (grain-bottom wall) µs,g 0.7
Dynamic friction coefficient (intruder-bottom wall) µd,i 0.7
Threshold velocity (dynamic/static friction) v′ 5.0× 10−4

(1) Carlevaro et al. (2020)
(2) Hashemnia and Spelt (2014)
(3) Gondret et al. (2002)

All of our simulations were performed with a time step ∆t = 3.2 × 10−6 s, which, in the worst scenario, is less
than 10% of the Rayleigh time (Derakhshani et al., 2015). For more details regarding the numerical setup, please refer to
Carvalho et al. (2022).

3. RESULTS AND DISCUSSION

We first present the results for a single intruder being pulled at constant velocity, as in Fig. (1a) and afterwards we
present results for two intruders pulled at constant velocity, according to Fig. (1b).

3.1 Single intruder case

For all simulated conditions, the resultant force on the intruder was calculated at each time step. We will refer to it as
the instantaneous drag force on the intruder FD = |FD|. We also obtained, for each different condition, the time-averaged
magnitude 〈FD〉.

Figure 2a presents FD as a function of time t when the intruder moves with V0 = 2.7 mm/s in a system with mean
packing fraction φ = 0.76. An initial transient is present, associated with the beginning of the intruder’s motion followed
by an increase in FD due to an increasing number of contacts. After some time, the mean value of FD remains roughly
constant, however with very high oscillations with peaks that reach as much as three times the mean value. As shown in
(Carvalho et al., 2022), those strong oscillations are caused by the formation and breaking of contact networks that are
responsible for percolating forces within the the smaller grains. We should mention that the same behavior was found
experimentally by Seguin et al. (2016) and Kolb et al. (2013): an increase in FD while the bearing chains persist followed
by a fast decrease when these chains break.

Figure 2b shows the time-averaged magnitude of the drag force 〈FD〉 as a function of the intruder velocity V0 for φ
= 0.76. We observe that the values obtained are roughly independent of V0 (as in Seguin et al. (2016) and Seguin et al.
(2013)), with a mean value 〈FD〉 ≈ 0.21. For the exact same case, Seguin et al. (2016) found experimentally 〈FD〉 ≈
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Figure 2: (a) Magnitude of the resultant force on the intruder FD for V0 = 2.7 mm/s as a function of time t. (b) Time-
averaged magnitude of the resultant force on the intruder 〈FD〉 as a function of its velocity. Credits for (a) and (b):
Carvalho et al. (2022).

0.22. Considering that one may expect experimental uncertainties in Seguin et al. (2016) and that most of the materials
properties (with the exception of the diameter) were obtained from other works (as indicated in Tab. (1)), the agreement
is quite good. These results are remarkable as they not only validate our numerical routine but also indicate the non-
dependence of the intruder’s drag on its velocity, since in granular materials friction is more related to contact than to
inertia.

3.2 Two intruders case

As for the case with a single intruder, the instantaneous drag force FD was computed at each time step, as well as its
time-averaged magnitude FD for different vertical separations ∆y (as indicated in Fig. (1b)). We afterward computed an
average value for both intruders, 〈FD〉mean, by simply adding their time averages FD and dividing by two.
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Figure 3: Magnitude of the average resultant force on both intruders 〈FD〉mean as a function of their initial vertical
separation ∆y normalized by the intruder diameter dint. Credits: Carvalho and Franklin (2022).

Figure (3) shows 〈FD〉mean as a function of (∆y−dint)/dint, which corresponds to the spacing between the surfaces
of the intruders normalized by their diameter. It is clear that a non-monotonic variation is present, with a decrease in
the average drag force for (∆y − dint)/dint < 1.5 as the separation between intruders increases, and an increasing trend
for (∆y − dint)/dint > 1.5. This way, there is an optimal distance Dopt that results in minimum average drag when
the normalized separation between them is 1.5 (Dopt → ∆y = 2.5dint). We should also note that, in the vicinities of
this optimal separation the drag acting on each intruder is approximately 0.18 N, which corresponds to 85% of the value
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for a single intruder shown above (0.21 N) for the same velocity and packing fraction. Furthermore, there is a range 1
≤ (∆y − dint)/dint ≤ 3.5 in which 〈FD〉mean is smaller than the drag for a single intruder, indicating that some type
of cooperative dynamics between the intruders is taking action within the granular system, similar to that presented by
Pacheco-Vázquez and Ruiz-Suárez (2010). This can be useful for designing devices that agitate soil or other granular
surfaces.

4. CONCLUSIONS

We numerically investigated the forces on a two-dimensional granular system displaced by intruders moving with
constant velocity. We used the DEM open source LIGGGHTS (Kloss et al., 2012) together with the DESIgn toolbox
(Herman, 2016). For the case of a single intruder displacing the granular medium, we varied its velocity and showed
that the resultant force on it is approximately independent of its velocity and that the oscillations present in its time force
signal are associated with the formation and breaking of contact networks. As for the case of two intruders displacing the
granular medium, we showed that there is a cooperative behavior between them, as well as the existence of an optimal
separation to not only achieve minimum drag, but also reduce the drag compared to the case of a single intruder.
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