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Abstract. Modern parallel programming technology has granted a recent speed enhancement in the system of equations
solutions. The present paper proposes a CUDA-C-based numeric algorithm to analyze GPU devices’ acceleration in
solving thermo-fluid problems through the heat transfer and Navier-Stokes equations. The thermal study is approached
through the enthalpy function of non-linear thermal conductivity. In order to study this algorithm’s performance, this
paper solves a two-dimensional lid-driven cavity benchmark with heat conduction in various Reynolds Number (Re),
linear system of equations solvers, and mesh refinement. One of the objectives is to develop a high accelerated graphics
processing units (GPU) based algorithm. The problems are numerically solved using the semi-implicit finite volume
method in a GPU device. The results show that the parallel solver achieved 400-450 times faster than CPU-based codes
under double variables precision.
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1. INTRODUCTION

The graphics processing units (GPU) have drawn attention by exponentially enhancing their processing power in
the last decades [1]. GPU-based codes have higher algorithm velocity due to their bandwidth that solves simultaneous
operations. Despite this evolution, parallel coding in GPU is relatively new in the Computational Fluid Dynamics (CFD)
scenery. The CFD is one of the most crucial engineering tools used to solve therm-fluids problems. It has become a
reliable tool for projecting heat transfer and fluid dynamics [2]. Optimizing the CFD simulation time while reducing their
costs is mandatory. Thus, GPU-based codes have shown to be a promising way to address this problem.

The use of GPU devices allows significantly lower simulations costs. Since GPU devices provides faster simulations,
the use of clusters may be less needed. Vallero et al. [3] show that the convergence rate enhancement using a GPU-based
algorithm is a new avenue and promising way to faster CFD analysis. As the simulation time is shorter with parallel
solvers, the computational cost is minimal. In fluid mechanics, many researchers are investigating this topic. For instance,
Cohen et al. [1] got double-precision computations for solving the Boussinesq equation up to eight times faster than a
single-precision solver. They acquired simulation time reduction and concluded that this reductions might allow real-time
solutions. This is indeed a major challenge for engineering control and fast investigations. Real-time simulations may
improve the CFD investigations since it allows for instant valuable data visualization. On the other hand, GPU devices
provide ample data parallelism (bandwidth), allowing for the dispersion of this effort in parallel evaluation. Therefore,
one of the main challenges of fluid flow modeling is to develop numerical methods in an accurate and computationally
efficient way.

According to Niksiar et al. [4], the parallelism degree depends on the solver algorithm. For them, Jacobi solvers are
more accessible to parallelize than Gauss-Seidel solvers [5]. On the other hand, the successive over-relaxation (SOR) [6],
a variant of the Gauss-Seidel algorithm, can be fully parallelized in the GPU device. Despite its slow convergence rate,
when parallelized, SOR becomes much faster compared to serial form. Magalhães and Lemos [7] proposed a modified
SOR (SOR-M) to solve, in a GPU device, the unsteady state heat diffusion equation. They have found that SOR-M
reduced by 30% the computational time in comparison with the classical SOR. Tutkun et al. [8] applied a high-order
compact finite difference scheme on GPU to achieve a solution between 9–16.5 faster than a CPU-based code. Besides
the direct solvers, one can find the use of multigrid solvers applied in GPU devices in the Shi et al. [9] paper. As a
general rule, each linear equation solver has particularities and is going to perform well for a determined case. Besides the
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stationary methods, SOR and Jacobi solvers, there are non-stationary methods. This class of solvers applies a sequence of
orthogonal vectors to determine the residuals of the iterates. Among this class, there is the Conjugate Gradient Squared
(CGS) solver. The CGS solver is a useful tool in approximating solutions to linear partial differential equations. According
to Zabidin et al. [10], this method is highly efficient since it does not cost memory or storage of the second derivative.
The drawback is that the particular systems of linear equations must be positive-definite and the use of a pre-conditioner is
nearly mandatory. CGS solvers have high parallelism degree and using SOR solver as pre-conditioner seems a promising
way to faster solutions than Jacobi solvers in GPU-based codes. Therefore, it is hard to establish a general solver to be
used in CFD applications.

As the solvers are continually being proposed, many researchers compared their solution to the classical lid-driven
cavity problem. The lid-driven cavity is a renowned benchmark problem for viscous incompressible fluid flow [11]. For
instance, Lin et al. [12] applied the Multi Relaxation Time (MRT) and Lattice Boltzmann Equation (LBE) to simulate lid-
driven cavity flows in GPU. Franco et al.[13] solved a 2D lid-driven cavity flow simulation in a GPU device and obtained
a seventy times faster solution concerning their CPU-based algorithm. AbdelMigid et al. [2] proposed an accelerated
GPU-based code to the lid-driven cavity flow problem. Ghia et al. [14] solved this problem for several Reynolds numbers
(Re). Their work is a reference for the lid-driven solution [4] [2] [15] [16]. Thus, this paper proposes an accelerated
GPU-based algorithm for precise fluid flow model and validates the results through Ghia et al. [14] work.

2. Methodology

2.1 Lid-driven cavity model

Figure 1: Schematic representation of the lid-driven cavity flow.

Figure 1 presents a schematic view of the lid-driven cavity flow. It consists of a square with a 1m side cavity with
three rigid walls and a lid moving with a constant tangential velocity. The problem is solved for the same pressure
and temperature in different Reynolds numbers: 100, 1000, and 3200. The range chosen allows for simulating the flow
with the maximum agreement with the real fluid dynamics [17]. In a fully developed flow, laminar flows occur around
ReL = 3200 [18], depending on other factors such as surface roughness and flow uniformity [19].

The non-linear two-dimensional incompressible Navier-Stokes equations can model this fluid problem. Most studies
use these equations in dimensionless form, where Reynolds can be set directly. However, this paper uses a dimensional
form. Consequently, the Reynolds number is set by changing the lid horizontal velocity uL, since the Reynolds number
is given by

ReL = uL

(
ρL

µ

)
, (1)

where ρ is the fluid density, L is the characteristic linear dimension and µ is the fluid’s dynamic viscosity. Consider a
transient two-dimensional laminar incompressible flow lid-driven cavity, the the continuity equation and the Navier-Stokes
momentum equation for the velocity field u are given by
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∇ · u = 0, (2)

∂u

∂t
+∇ · (µ∇u) + ρu ·∇u = −∇p, (3)

where ρ is the density, µ is the dynamic viscosity, p is the pressure, and t is the time.

2.2 Numerical model

One can discretize equation 3 to solve the problem. This work applied the co-located grid for pressure and velocity
components [20]. Figure 2 presents the co-located grid. All solution vector and scalar numbers are stored in the cell’s
centers.

Figure 2: Co-located grid concept.

Integrating these equations over the control volume V– , it is possible to obtain:

t+∆t∫
t

∫
∆V–

∂ (ρu)

∂t
dV– dt+

t+∆t∫
t

∫
∆V–

∇ · (ρuu) dV– dt =

t+∆t∫
t

∫
∆V–

∇ · (µ∇u)dV– dt−
t+∆t∫
t

∫
∆V–

∂p

∂x
dV– dt.

(4)

Equation 4 can be written in finite difference applying the finite volume method for solving the above problem. For a
bi-dimension cavity, we have

aPuP =
∑
nb

anbunb +A (pw − pe) + bx, (5)

aP vP =
∑
nb

anbvnb +A (ps − pn) + by, (6)

where a is the linker coefficient, b is the source term, and A is the cell’s area. The subscript nb refers to the neighbors
of the P cell. For the mass flux calculation, we need to use the cell face velocities through the volume domain. The
momentum equations 5 and 6 can be re-written in a semi discretised form as follows:

Au = H−∇p, (7)

where

A =


a1,P 0 0 ... 0
0 a2,P 0 ... 0
0 0 a3,P ... 0
...

...
...

...
...

0 0 0 ... an,P

 , (8)
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H = −
∑
nb

anbunb +
uo

∆t
. (9)

One can remember that all information is stored in the cell’s center. In Figure 2, velocity Uf is the east face velocity of
P-cell. We need to interpolate the cell-centered velocities to calculate the face velocity. To address this problem, Rhie and
Chow [? ] propose a high order pressure interpolation, where west (W), prime (P), east (E), and far-east (EE) pressures
are used for velocity Uf interpolation given by

Uf = Uf − df

(
∂p

∂x

∣∣∣∣
f

− ∂p

∂x

∣∣∣∣
f

)
, (10)

where, the over-line is the distance interpolation modificator, d =
V–
aP

, and V– is the cell volume. Furthermore, right after

solving the momentum equations, it is necessary to correct the velocity field so it satisfies the continuity equation. Let us
take

u = A−1H−A−1∇p. (11)

Hence, by substituting this equation into the discretised continuity equation, we obtain the pressure correction p′

equation (Poisson equation):

∇ ·
(
A−1∇p

)
= ∇ ·

(
A−1H

)
=
∑
f

S
(
A−1H

)
f
, (12)

where S is the outward-pointing face area vector. The SIMPLE algorithm, by Patankar et al. [21], is used to solve
different kinds of fluid flow and heat transfer problems. Figure 3 shows the the basic steps in the iterative solution update.

Figure 3: SIMPLE method flowchart.
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2.3 Boundary conditions

The boundaries conditions for the lid-driven scenery are presented. According to the no-slip condition and the velocity
across the thickness lid, the velocities at the walls are zero. Furthermore, the reference point in the lower-left corner of the
cavity has zero pressure. In redundancy, the pressure gradient across the wall is set to zero. Figure 4 shows the schematic
boundary conditions view.

Figure 4: Lid-Driven Cavity boundary conditions.

2.4 Linear Equations System Solver

Each loop for the SIMPLE algorithm, we need to solve the linear system of equations 7 and 12, namely those
whose matrix is positive-definite. To address this problem, the Conjugate Gradient Squared (CGS) using Sucessive
Over-Relaxation (SOR) as pre-conditioner. Usually, these methods can be massively parallelized in GPUs, as shown in
[22] paper. These methods are based on the Krylov subspace, which can converge in a theoretically finite number of
steps. Thus, this paper applies the CGS-SOR solver method to investigate GPU devices’ potential precision and fastness
in coping with the numerical solution of the Navier-Stokes equation..

3. Results

3.1 The Lid-driven Cavity Problem

Using the standard ambient temperature and pressure (SATP) for the constant air properties and convergence residual
R = 1.0 × 10−6, the obtained results are compared by plotting the velocity components along the lines passing through
the geometric center of the cavity. The agreement between this paper and Ghia et al. [14] results are shown in figures 5,
6 and 7.

Figures 5a and 5b presents the results for Re = 100. At low Reynolds number, the viscous forces are dominant.
Therefore, this case tested the simulation performance at this range. For the velocity components u and v along the center
vertical line and horizontal line, respectively, figures 5a and 5b show good agreement with Ghia et al. [14] results.
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Figure 5: Results for velocity along line through geometric center of cavity for Re = 100.

Figures 6a and 6b displays the obtained results for Re = 1000.
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(b) v-velocity along horizontal Line
Figure 6: Results for velocity along line through geometric center of cavity for Re = 1000.

Finally, figures 7a and 7b present the obtained results for Re = 3200 case. Once again, the an agreement is achieved.
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(a) u-velocity along vertical Line
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(b) v-velocity along horizontal Line
Figure 7: Results for velocity along line through geometric center of cavity for Re = 3200.

Figure 8 presents the streamlines, which represent the path of a massless particle in a fluid relative to a solid body in
a laminar regime and steady-state. These streamlines are tangent to the velocity vector of the flow. Knowing that a fluid
particle can not have two different velocities simultaneously, different streamlines at the same instant do not intersect.
Note that the Reynolds number directly influences the streamlines. The solutions exhibit additional counter-rotating
vortices in or near the cavity corners as Re increases. Also, the primary vortex center moves towards the center with this
increase.
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Figure 8: Cavity streamlines: (a) Re = 100; (b) Re = 1000; (c) Re = 3200.

3.2 Performance Test

Solving for Re = 1000 and 40000 cells, the CPU-based solver converges to the solution in 4414.2 seconds. On the
other hand, when paralleled in device, the solution converges in 10.1 seconds. Therefore, when comparing GPU and
CPU-based algorithms for the same problem and parameters, the speedy-up is around 420–450 times. An interesting fact
is that the mesh size does not significantly affect the GPU simulation time.
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Figure 9: Simulation time for respective domain resolution.

4. Conclusion

This paper presented a methodology to solve the two-dimensional Navier-Stokes equations to study the difference be-
tween GPU and CPU-based algorithms. The traditional lid-driven problem was solved by this methodology and compared
to others works results. The numerical analysis showed that the numerical algorithm to solve the minimization problem is
one of the keys for fast and lower costs simulations. The CGS and SOR solvers have shown good performance. Although
the SOR is a slow method, it is highly effective when applied to the GPU device. Furthermore, the 430x times speed-up
reveals good enhancement in convergence rate using a GPU-based algorithm for the presented problem. One can say that
GPU devices are efficient for large-scale computations, since the domain resolution scale did not effected simulation time
significantly. Parallel simulation using graphic devices may be a new generation for engineering simulations with faster
results, lower costs, and real-time engineering. Future works with multi-grid application may reveal even better results in
solver performance.
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