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Abstract. Three different gradient reconstruction techniques are analyzed in the context of a cell-centered, finite volume
Sformulation for the discrete solution of the gas dynamics equations. Attention is given to the usage of quadrilateral meshes.
The quality of the results is assessed by considering two different test cases. The first one is the two-dimensional, zero
pressure gradient, flat plate. It is used to identify possible differences between each scheme when facing a geometrically
simple problem. The second one is the transonic OAT15A airfoil, used to display the general behavior of each scheme
when a shock wave is present in the solution domain. All cases are simulated using a code developed in-house, in which
Roe’s second-order, TVD, numerical flux is employed in the discretization of the inviscid flux vectors. Viscous flux vectors
are discretized by applying a standard centered scheme. Turbulence effects are taken into account by making use of
the negative Spalart-Allmaras turbulence model. Further comparisons are made with experimental and numerical data
available in the literature. No meaningful difference is observed between each discretization scheme, at least for the cases
considered here, and excellent agreement is obtained between the computed solutions and the expected results.
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1. INTRODUCTION

Numerical solutions of physical models are often sought in engineering applications due to their ability to provide
insights to the users regarding the complex physics of a given problem. Depending on the application, these results can
help engineers design better and more efficient products at lower costs. Therefore, any improvements to well established
numerical procedures are welcomed by the general community. In the realm of computational fluid dynamics (CFD),
finite volume (FV) formulations have been successfully used throughout the past few decades to numerically solve, among
others, different levels of approximation of the gas dynamics equations (Hirsch, 1988b). An important step of cell-centered
FV formulations is the evaluation of discrete properties at cell interfaces, including their gradients. These values, however,
are usually not readily available and, therefore, a reconstruction scheme must be employed.

It has been previously reported in the literature that the use of different gradient reconstruction techniques can dras-
tically change the outcome of viscous fluid simulations (Jalali et al., 2014). The effects vary from changing the overall
robustness of the CFD algorithm being employed, to modifying or dissipating fluid structures that are present in the solu-
tion field. Unfortunately, no single gradient reconstruction procedure has been found so far to be suited for all applications.
The present study is inserted in this context, and aims to provide numerical data for better understanding the effects that
different gradient reconstruction techniques have over the numerical solution of compressible turbulent flows when used
with quadrilateral meshes. It is hoped that the study here presented contributes such that CFD users can make better
judgment regarding which gradient reconstruction technique to use when facing problems with similar configurations.

In the current work, the three-dimensional gas dynamics are modeled using the compressible Reynolds-averaged
Navier-Stokes (RANS) equations. In the literature, they are also termed the Favre-averaged Navier-Stokes equations
(Hirsch, 1988b), coupled with conservation laws for mass and energy. These equations are discretized in a cell-centered
FV framework by using Roe’s flux-difference splitting scheme for the reconstruction of the convective fluxes (Roe, 1981;
Bigarella and Azevedo, 2009, 2012). A second-order, total-variation diminishing (TVD) version of the scheme is imple-
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mented by using a piecewise linear reconstruction of the solution (Barth and Jespersen, 1989), coupled with Venkatakr-
ishnan’s limiter (Venkatakrishnan, 1995). The closure problem, inherent to the RANS equations, is solved by making use
of the negative Spallart-Allmaras (SA-neg) turbulence model (Spalart and Allmaras, 1992; Allmaras et al., 2012; Rumsey,
2022). Average cell gradients are computed by using a volume-weighted Green-Gauss formulation. Furthermore, prop-
erty gradients at cell interfaces are computed using three different reconstruction schemes: A00, AOE and AJO, whose
naming conventions follow Jalali ef al. (2014). More details about each formulation will be provided in the forthcoming
sections.

Two test cases are considered here. The first one is the two-dimensional, zero pressure gradient, turbulent flat plate
(Rumsey, 2022). It is mainly used to identify possible differences between the gradient reconstruction schemes when
facing a geometrically simple problem. The second one is the transonic OAT15A airfoil (Roddle and Archambaud, 1994;
Bigarella and Azevedo, 2009, 2012). This test case intends to illustrate the performance of each procedure when a shock
wave is present in the domain. All cases are simulated using a code developed in-house, BRU3D (Bigarella and Azevedo,
2009, 2012). This introduction section is followed by a presentation of the numerical formulation employed in the present
work. Then, a brief description of the test cases is made, accompanied by the obtained results and the concluding remarks.

2. NUMERICAL FORMULATION
2.1 General Method for Solving the Gas Dynamics Equations

The RANS equations are used to model the gas dynamics in the present effort. They can be written as

SEHVF(QVO) = S+ V- [A(Q) - F@.VG)] =0, M)

Fe(Q) = Ec(Q)i+ Fu(Q) j+Ge(Q) 2)

and

FAG.VQ) = B,(3,V0) i + F.(G,V0) j + Gu(G,V0) k. 3)

F=F - F,. 4)

Vectors £ = Ee — E_;,, F = fe — ﬁu and G = é; — C?,U are the flux vectors associated with the Cartesian coordinate
triad x, y and z, respectively. In the same manner, 7, 7 and k are unit vectors aligned with the same triad, respectively.
The subscripts e and v refer to the inviscid and viscous components of each flux vector. The functional relation that exists
between each vector and Cj and Vﬁ has been explicitly written. This has been done in order to emphasize that only the
viscous part of this formulation requires the evaluation of @ The complete description of each flux vector is well known
in the literature, such as Hirsch (1988a). Therefore, they are not repeated here.

One way to discretize Eq. (1) is to adopt the FV framework. Thus, Eq. (1) is integrated over an arbitrary Eulerian
domain of constant volume V, and outer surface S, as follows:

/V<aa?> dV+/V(v-f)dV:o — ;/chdv+ﬁf-.cﬁ:0. 5)

In Eq. (5), the Green-Gauss theorem has been applied in conjunction with the general form of the Leibniz rule. Moreover,
dS = n dS, where 7 is the unitary normal vector that points in the outward direction of S.

The computational domain is assumed to be divided into multiple discrete cells of polyhedral shape, composing an
unstructured grid. The discrete conserved variables vector, @Z associated with the -th cell of finite volume V;, is defined
as

-1 .
Gi=g [ @av. ©
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If ny is the number of faces of a cell, then Eq. (5) becomes

= nys = nyg

VI S (Fes) =0 = ZA_ LS (FS). 0

ot
k=1 k=1

after applying a 1-point Gaussian quadrature rule, which is sufficient for a second-order scheme.

Equation (7) is the finite volume discretization of the RANS equations and is applied to all cells in the domain. For a
mesh of constant geometry, the face area vectors, Sy, are known at all times. Consequently, only two procedures are yet
to be established: the reconstruction scheme used for the evaluation of the face flux vectors, fk, as well as a procedure
for integrating 8@ /Ot over time. Here, Roe’s second-order TVD scheme (Roe, 1981), coupled with Venkatakrishnan’s
limiter (Venkatakrishnan, 1995), is used in the discretization of all inviscid fluxes (Bigarella and Azevedo, 2009, 2012),
including the ones related to the turbulence model. The integration of the temporal derivatives is performed by using an
implicit time-march scheme, as described in Bigarella and Azevedo (2009, 2012). These schemes were chosen as part of
an effort to improve the overall robustness of the solution process. Hence, the only remaining issue is to define a scheme
for computing the viscous fluxes.

The calculation of the viscous components of ? &, requires the reconstruction of both Q and @ at the k-th cell face.
In the present formulation, a centered approach is followed. Therefore, if ¢ and ;7 are the indexes of two adjacent cells,
then:

— —

Qr; + Qk,

Qr = s (8)

in which Qk and Q’kj are the piecewise reconstructed properties of ¢ and j, respectively, evaluated at the centroid of the

k-th face (Barth and Jespersen, 1989). Based on the same idea, (V@)k is also reconstructed as a function of the directly
adjacent cell discrete properties. The definition of this function is what sets the gradient reconstruction procedures apart
from each other. In the next subsection, the three gradient reconstruction procedures considered here are briefly presented.

2.2 Gradient Reconstruction Schemes
2.2.1 Weighted Green-Gauss Gradient Scheme

The evaluation of a property gradient at a cell interface usually involves the definition of a reconstruction procedure
that utilizes known information from the directly adjacent cells. The selection of a suitable reconstruction depends on
multiple factors, such as the problem configuration and the available computational resources. In the present work, three
different gradient reconstruction procedures are considered: A00, AOE and AJ0, following the naming conventions from
Jalali et al. (2014). Other reconstruction schemes do exist, as described, for instance, in Jalali ef al. (2014) and Nishikawa
(2010, 2011), but only these three are analyzed here due to their simplicity and overall computational efficiency.

All reconstruction schemes analyzed here are a function of the discrete cell property gradient. Therefore, it is neces-
sary to define a method for computing it before presenting the formulation of each cell-interface gradient reconstruction
scheme. Here, a Green-Gauss approach is adopted (Blazek, 2015). If A is defined as a property whose discrete values,

A;, are known at each cell, then its average cell gradient, (V A);, after some algebraic manipulation can be computed as

ny
= 1 = 1 - 1 =
VA);, = — VAV =— ¢ AdS = — Ay Sk . 9

vA) Vi/v Vifg Vi;kk ®
Once gain, the interface properties, Ay, are computed by using some sort of average between the adjacent known values.
A volume-weighted average is used here, as follows:

ViA; +V,;A;
A, — 41y 741 ) 10

T TVt (10)
More robust, but more computationally expensive, schemes for computing cell-averaged property gradients are also avail-
able in the literature, such as the Linear Preserving Gradient (LPG) and the Least Squares (LS) family of methods (Cary
et al., 2009).
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k

Figure 1. Mesh schematic diagram picturing cells ¢ and j. Focus is given to the k-th face of the i-th cell. Face normal
unitary vector, 7, as well as relevant distance vectors, 7, are also shown. The dots are used to represent the cell centroid
locations.

2.2.2 Scheme A00

The first gradient reconstruction procedure presented here, A00, is perhaps the simplest formulation possible. It
consists of a simple average between the two directly adjacent cell values:

_>
(VA = W = (VA). (n
This reconstruction can also be improved by, instead, using a weighted average (Jalali et al., 2014), without loss of
computational efficiency. However, only the formulation shown in Eq. (11) is considered in the present effort. In the same
equation, a new term, (VA);, has been defined in order to simplify the formulation of other equations throughout this
document.

Although extremely cheap to compute, the usage of this scheme results in a stencil that effectively does not utilize
information from the ¢ and j cells (Blazek, 2015; Weiss et al., 1998). In turn, high-frequency errors can develop in the
solution (Jalali ef al., 2014). To solve this problem, the formulation from Eq. (11) is augmented by the introduction of
extra terms that ensure dependency on cell-averaged data of the two cells that share the interface. Schemes AOF and A.JO
are inserted in this category.

2.2.3 Scheme AOE

The AOE scheme, also known as the edge-normal scheme, is one of the possible solutions for the previously mentioned
AQ00 problem. It consists in exchanging the gradient component in the direction that connects the ¢ and j cell centroids
with a finite difference construct (Jalali ez al., 2014; Weiss et al., 1998). Following the diagram illustrated in Fig. 1, the
AOFE formulation can be written as

e
(VA = (VA + | 220 (TA), - 4| L

= N gL (12)
751 |71 ] 17351

—
Hence, cells i and j are effectively reintroduced to the stencil of (VA).

2.2.4 Scheme AJO

Another approach is to use a jump term construct, AJ0, in which information from the discontinuous solution at the
face center is introduced to the face gradient reconstruction (Jalali et al., 2014; Nishikawa, 2010). The equation, then,
becomes
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— S a

(VA) = (VA), + (Ar, — Ax,) 7, (13)

|75 o

where Ay, and Ay are the piecewise linear reconstructed A properties of cells ¢ and j, respectively, evaluated at the face
centroid. Furthermore, 7, is the face normal unitary vector pointing outwards from the current cell. For the AOE scheme,
the jump coefficient, «, is taken to be o = 4/3.

It can be shown that multiple gradient reconstruction techniques can be cast into the form of Eq. (13) (Nishikawa,
2010). In fact, the AOE scheme can be written by using Eq. (13) with the following «:

o = (’flk . ézy) |’flk . éU . (14)
where

. Ty

== 15

7, ()

The above expression for the AOE scheme is the one that is effectively implemented here.
3. DESCRIPTION OF TEST CASES
3.1 Zero-Pressure Gradient Flat Plate

The flat plate case follows NASA Langley’s Turbulence Modeling Resource (TMR) setup (Rumsey, 2022). Hence, it
is an essentially incompressible case solved by using a compressible fluid formulation. The problem consists of a simple
rectangular domain with a length of 2.33 m and a height of 1 m. The first 0.33 m of the bottom boundary is a symmetry
plane. An infinitely thin flat plate, which is modeled as an adiabatic no-slip wall, lies in the other 2 m. A diagram that
illustrates the problem can be seen in Fig. 2. The same figure also shows the enforced boundary conditions. Freestream
properties are computed based on the known freestream Mach number, M, reference temperature, 7., and Reynolds
number, Re, based on the reference length, £,.. s, as shown in Tab. 1.

Table 1. Freestream conditions for the zero-pressure gradient flat plate case.

Reoo Moo gref Too
5%x 105 0.2 1m 300.00K

Since BRU3D is a 3-D code, a quadrilateral mesh is simulated by using hexahedral meshes with a single cell depth-
wise. The mesh employed here is the finest hexahedral mesh available in the TMR website (Rumsey, 2022), and is
composed of 544 cells in the X direction and 384 cells in the Y direction. Cells are clustered in the region near the
leading edge of the flat plate, as seen in Fig. 3.

3.2 OAT15A Airfoil

The second case is the transonic OAT15A airfoil, described in Roddle and Archambaud (1994). The domain has two
boundary conditions: no-slip adiabatic wall, enforced over the airfoil surface, and non-reflective farfield, imposed over
the outer surface of the domain. The freestream conditions are presented in Tab. 2, where c is the airfoil chord length and
aA04 1s the flow angle of attack. The mesh is constructed with 410 cells distributed along the airfoil chord. The farfield
is located at 240 chords away from the airfoil surface. Cells are clustered around the airfoil surface, in such a way that
y+ ~ 1 at the no-slip wall, as depicted in Fig. 4.

Table 2. Freestream conditions for the transonic OAT15A airfoil case.

Reso My c T QAoA
3x105 0.724 1m 246.66K 1.15 deg.
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Figure 2. Boundary condition placement for the two-dimensional, zero-pressure gradient, flat plate case.
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Figure 3. Mesh used in the flat plate case, containing 544 x 384 cells.
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Figure 4. Zommed-in view of the mesh used in the transonic OAT15A airfoil case.

4. RESULTS AND DISCUSSION
4.1 Zero-Pressure Gradient Flat Plate

Values of skin-friction coefficient, cy, plotted along the length of the flat plate are shown in Fig. 5. The skin friction
coefficient is defined as

Tw

, 16
%poougo (16)

CfE

in which 7, is the fluid shear stress measured at the wall. Experimental data from Coles and Hirst (1969), along with von
Karman’s empirical curve (White, 2006) are also shown for comparison. The von Kdrman empirical curve is defined as

0.027
(Reg)™

A7)

~
f'uonKrm,n

Simulation data from TMR (Rumsey, 2022), obtained using NASA’s CFL3D and FUN3D codes using the Spalart-
Allmaras turbulence model, are also plotted. It is clear that, despite slight changes being visible between the experimental
data and most of the simulation data, the results obtained by the three different gradient reconstruction schemes are virtu-
ally identical in the context of the current case setup. This observation is also valid when comparing the current data to the
simulation results obtained by using CFL3D and FUN3D. Figure 6 shows a zommed-in view of Fig. 5. It highlights the
fact that the numerically computed cy values differ from each other by a maximum of, approximately, 0.1%. This differ-
ence is, for engineering purposes, negligible, which shows that the numerical results from Fig. 5 are not dependent on the
discretization techniques being currently considered. Therefore, differences between experimental data and simulation
data can be attributed to the turbulence model adopted and not to the gradient reconstruction technique in use.

4.2 Transonic OAT15A Airfoil

The OAT15A airfoil is a transonic case and, therefore, shock waves are expected to develop in the discrete solution.
Distribution of ¢, along the chord of the OAT15A airfoil is shown in Fig. 7, compared against experimental data from
Roddle and Archambaud (1994). Likewise, no meaningful differences are observed in the obtained results, using the three
different schemes, throughout the entire length of the airfoil. This is true even in regions close to the shock wave, as seen
from Fig. 8, where an extremely zoomed-in view is presented in order to visualize separate curves.

Computed aerodynamic coefficients, in the form of ¢y, and cp, are shown in Tab. 3. Interpolated data are extracted from
the plots available in Roddle and Archambaud (1994). There is a significant disparity between the computed coefficients
and the experimental values. This is, however, a known limitation of the Spalart-Allmaras turbulence model, due to its
inability to correctly solve the shock wave location for this case, as shown by Bigarella and Azevedo (2009, 2012).
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Figure 5. Skin friction coefficient distribution, cy, as a function of Re,, along the first 1.2 m of the flat plate. Experimental
data from Coles and Hirst (1969) are added for comparison.
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Figure 6. Zoomed-in view of Fig. 5, which highlights the small differences between all numerical results.

Table 3. Comparison between computed aerodynamic coefficients and interpolated experimental data for the transonic
OAT15A airfoil case.

Source cy, cp

BRU3D V00 0.69178  0.013152

BRU3D AJO 0.69163  0.013197

BRU3D AOE 0.69183  0.013183
Interp. Exp. Data  0.5949 0.0106
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Figure 7. Pressure coefficient, ¢,, distribution along the airfoil surface for the transonic OAT15A case.
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Figure 8. Zoomed-in view of Fig. 7 in the region near the airfoil upper surface shock wave.
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5. CONCLUDING REMARKS

The current research effort analyzed the performance of three different gradient reconstruction techniques when solv-
ing two different two-dimensional, steady-state, turbulent cases. Special attention is given to problems formulated using
quadrilateral meshes. No meaningful difference is observed between the results obtained using the different reconstruction
schemes, at least in regards to the test cases taken into account. Therefore, for problems of similar configuration to the
ones shown here, CFD users can theoretically utilize any gradient reconstruction technique they prefer, with virtually no
loss of accuracy. The authors, however, emphasize that this recommendation is limited to the use of quadrilateral meshes
on problems which are essentially two-dimensional, where high-orthogonality cells are usually present. In the context of
a more general mesh, especially for truly three-dimensional problems, where ill-conditioned cells might be present, this
conclusion may no longer be valid. Hence, more pronounced differences are expected to be seen in the results produced by
each gradient reconstruction scheme for these more complex cases. This issue is precisely what the authors are addressing
as a continuation of the present effort.
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