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Abstract: Research on undergraduate engineering education has increasingly focused on the systematic integration of
engineering disciplines and advanced mathematics, since it is commonly found in related studies that teaching the mathe-
matics curriculum emphasizing its underlying applications is a key factor in promoting a multidisciplinary and conceptual
understanding of mathematical concepts. In this context, this work proposes the use of Green’s Theorem as a tool capable
of exploring the interdisciplinarity between vector calculus and different engineering disciplines, such as statics and dy-
namics of rigid bodies. More specifically, it is shown how Green’s Theorem can be applied to obtain geometric properties
(or inertia properties, for materials with constant surface density) of planar shapes, such as area (mass), centroid (center
of mass), second moment of area (moment of inertia), and product moment of area (or product of inertia). For polygonal
shapes, the predicted values of the geometric/inertia properties are found to coincide with the analytical ones. For shapes
with curvilinear boundaries, the obtained expressions generate approximate values, which converge to the analytical re-
sults as the contour discretization is refined. The applicability of this methodology is illustrated through the dynamical
analysis of a planar mechanism using the Newton-Euler equations. This application also reveals that orbits obtained with
respect to an inertial reference frame or with respect to a body-fixed reference frame are the same.
Keywords: engineering education, Green’s Theorem, planar rigid body dynamics, Newton-Euler equations

1. INTRODUCTION

Mathematics subjects and concepts form the backbone of various engineering courses, upon which many of their
specific disciplines are built. Nevertheless, problems with learning mathematics seem to be a worldwide phenomenon,
which in many cases is responsible for students’ lack of motivation, problems in subsequent disciplines, and even students
dropping out of engineering courses (Alves et al., 2016; Flegg et al., 2012). This has led to a growing interest in the field
of mathematics and engineering education regarding the role of mathematics in engineering courses and how it should be
taught. As for the perception of its usefulness, Harris et al. (2015) discussed that students and lecturers ascribe two dis-
tinct values to mathematical knowledge: an use-value, in which mathematical knowledge is seen as a tool for practical use
by competent engineers; and an exchange-value, which sees mathematics only as a signal of academic and professional
distinction, for which financial reward is expected. They argued that teaching mathematics through abstract and decon-
textualized examples leads to a loss of perception of its use-value. It was also suggested by them that, whenever possible,
mathematics should be taught in an integrated manner with engineering concepts. In the same fashion, Faulkner et al.
(2019) concluded that teaching through modeling examples and more contextualized problems may help students to learn
the fundamental underlying concepts better, as well as improve their motivation. Similar conclusions are also made by
Alves et al. (2016). With respect to understanding the function of mathematics in the curriculum of engineering courses,
Craig (2013) and Harris et al. (2015) pointed out that students have a very vague notion of the role that mathematics will
play in their future studies and professional career. Wood et al. (2012) discussed that this lack of understanding can have
significant impacts on students’ motivation to learn and can be a barrier to understanding the mathematics they are pre-
sented with. On the other hand, as highlighted by Manseur et al. (2010), in order to effectively promote interdisciplinary
teaching, it is not enough for the teaching of mathematics to be contextualized, but it is also necessary for engineering
disciplines to embed mathematics content into their syllabus. As an example, when testing students ability to correctly
approach basic problems about elementary mathematics, Willcox and Bounova (2004) reported that while 80% of the
students were able to calculate the eigenmodes of a second-order system, only 20% were successful in calculating the
mean and standard deviation of a linear function. Interestingly, these students had previously completed an engineering
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course which not only revisited the concept of eigenvalues, but also exemplified its application in aerospace systems.
Based on this ubiquitous idea about the importance of contextualized teaching, this paper proposes the use of Green’s

Theorem as a tool capable of promoting a contextualized teaching of mathematics, and also of embedding and revisiting
mathematical subjects, in particular vector calculus, in specific engineering courses. In fact, Willcox and Bounova (2004)
found that vector calculus concepts are one of the most problematic for students to grasp in the MIT Department of
Aeronautics and Astronautics, despite being widely used in specific engineering disciplines such as fluid mechanics,
thermodynamics, and solid mechanics. Specifically, it is shown how Green’s Theorem, which is recognized as one of
the four fundamental theorems of vector calculus (Marsden, 2011), can be used to obtain meaningful geometric/inertia
properties of planar sections. Accurate knowledge of these properties is of main importance, for instance, in structural
engineering design (Hibbeler, 2014), dynamic modeling of mechanical systems (Rade, 2018), biomechanics (Crisco and
McGovern, 1997), and physically based animations for computer game applications (House and Keyser, 2017). Area,
mass, moments and product of inertia and position of the centroid are among the main ones. From these, other important
properties can be determined, such as the principal axes and principal moments of inertia. For plantar shapes, these
properties are defined and usually computed in terms of double integrals, which can be converted to appropriate line
integrals using Green’s Theorem. Considering the regions to be composed of connected line segments, a simple analytical
expression can be obtained for each of the properties. The main objective of this paper is to develop, verify, analyze and
apply those expressions to meaningful engineering problems.

The paper is structured in the following way. After this introduction, the methodology for obtaining the desired
geometric/inertia properties using Green’s Theorem is addressed. Then, the obtained expressions are validated for four
planar shapes of increasingly complexity using analytically computed values. Following, the expressions are applied in
obtaining the governing equation of motion for a slider-crank mechanism. Lastly, concluding remarks are presented.

2. GEOMETRIC PROPERTIES OF PLANAR SHAPES USING GREEN’S THEOREM: MATHEMATICAL
BACKGROUND

Geometric properties of plane shapes such as area, centroid, moment of inertia, and product of inertia are quantities that
can be assessed by computing a double integral over the underlying region. For instance, the area A of a two-dimensional
region D can be computed by the following double integral over D:

A =

∫∫
D

1 dA. (1)

For relatively simple shapes such as rectangles and circles, the integral expressed in Eq. (1) can be calculated in a
relatively simple and straightforward way. However, for complex or non-smooth shapes (cf. Fig. 1), analytical calculation
becomes too complicated and error-prone. In these cases, numerical integration methods (Press et al., 2007) such as
Gaussian quadratures or Simpson’s rules are commonly used. Generally speaking, these techniques evaluate the integrand
at a finite set of points, called integration points, and approximate the sought integral through a weighted sum of these
values. The integration points and weights vary according to the method considered.

Another alternative, which is proposed in this work, is to calculate the desired integral in an exact fashion, but over
a simplified region. As shown in Fig. 1, a general region can be approximated by means of a polygon whose vertices lie
on its contour, i.e. by a polygon inscribed in the region. By increasing the number of edges/vertices of the polygon, the
simplified region will naturally become more similar to the original shape.

Since the simplified region is now made up of connected straight lines, the integral can be calculated more simply.
Alternatively, the double integral over the polygonal region can be recast into a line integral along the line segments that
make up its boundary. This can be done using Green’s Theorem, which ensures the equivalence between a line integral of
a vector field F and the double integral of the 2D-curl of F. Green’s Theorem can be stated as follows (Kreyszig, 2010):

Theorem 1 Let D be a closed bounded region in the xy plane whose boundary ∂D consists of finitely many smooth
curves positively oriented. By positively oriented it is meant that the boundary ∂D is oriented in such a way that D is on
the left as ones advances along the curve. Let Fx(x, y) and Fy(x, y) be functions that are continuous and have continuous
partial derivatives everywhere on an open region that contains D. Then:∫∫

D

(
∂Fy

∂x
− ∂Fx

∂y

)
dA =

∮
∂D

F · dr, (2)

where F(x, y) = Fx(x, y) i+Fy(x, y) j, with i and j being the unit vectors in the direction of the x and y axes, respectively,
of a two-dimensional Cartesian coordinate system.

Therefore, by carefully selecting the vector field F, it is possible to switch from evaluating a double integral over a
closed region to computing a line integral along its boundary. For the computation of area, it is chosen the vector field
F(x, y) = −y i+ x j, since:∫∫

D

(
∂Fy

∂x
− ∂Fx

∂y

)
dA =

∫∫
D

2 dA = 2×A. (3)
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Figure 1: Approximation of a planar shape as a polygon inscribed to it.

Here, we assume that the general boundary ∂D can be represented by connected line segments. Thus, we discretize the
general boundary by a series of n edges with n+1 vertices with coordinates (x1, y1), (x2, y2), . . . , (xn, yn), (xn+1, yn+1).
Since the region D is closed, both the first and the last vertices must coincide, i.e., (xn+1, yn+1) = (x1, y1).

Let r(t) be the parametric equation which represents the straight line segment connecting two successive points (xi, yi)
and (xi+1, yi+1), from the first to the second. It can be written as:

r(t) = [xi + (xi+1 − xi)t] i+ [yi + (yi+1 − yi)t] j, 0 ≤ t ≤ 1. (4)

Calculating the line integral in the right-hand side of Eq. (2) along the curve represented by r(t) yields:

∫
r

F · dr =

t1∫
t0

F(r(t)) · r′(t) dt (5)

=

1∫
0

{−[yi + (yi+1 − yi)t] i+ [xi + (xi+1 − xi)t] j} · {(xi+1 − xi) i+ (yi+1 − yi) j}dt (6)

=

1∫
0

(xiyi+1 − xi+1yi) dt = xiyi+1 − xi+1yi. (7)

Applying Green’s Theorem on the successive line segments which constitute the discretized boundary ∂D yields:

A =
1

2

∫∫
D

2 dA =
1

2

∮
∂D

F · dr =
1

2

∮
r1+r2+...+rn

F · dr (8)

=
1

2

∫
r1

F · dr+
∫
r2

F · dr+ · · ·+
∫
rn

F · dr

 (9)

=
1

2
[(x1y2 − x2y1) + (x2y3 − x3y2) + · · ·+ (xnyn+1 − xn+1yn)] (10)

=
1

2

n∑
i=1

(xiyi+1 − xi+1yi). (11)

The expression given in Eq. (11) allows approximating the area of the original region by means of an algebraic
expression that depends only on the coordinates of the vertices of the surrogate region. Furthermore, since it is written as
a sum, it can be implemented computationally in a very straightforward and simple way.

The vector field chosen is just one of a multitude of other possible fields. In fact, it is possible to choose any other
vector field as long as (∂Fy/∂x − ∂Fx/∂y) is a constant and the continuity requirements of Green’s Theorem for the
components of F and their partial derivatives are satisfied. Although the expression that would be obtained after computing
the integral using another vector field may differ, the summation along the edges of the polygon must produce the same
result. To illustrate this, consider the vector field F(x, y) = −y i, which is also suitable for computing the area of the
region. In this case the double integral produces directly the area, since:∫∫

D

(
∂Fy

∂x
− ∂Fx

∂y

)
dA =

∫∫
D

1 dA. (12)

Calculating the line integral in the right-hand side of Eq. (2) along the curve r(t) for the alternative vector field F
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yields:

∫
r

F · dr =

t1∫
t0

F(r(t)) · r′(t) dt (13)

=

1∫
0

{−[yi + (yi+1 − yi)t] i · {(xi+1 − xi) i+ (yi+1 − yi) j} dt =
1

2
(xi − xi+1)(yi + yi+1), (14)

such that the area can be computed as:

A =
1

2

n∑
i=1

(xi − xi+1)(yi + yi+1). (15)

This equation can be further manipulated to produce:

A =
1

2

n∑
i=1

(xiyi − xi+1yi+1 + xiyi+1 − xi+1yi) =
1

2

n∑
i=1

(xiyi − xi+1yi+1) +
1

2

n∑
i=1

(xiyi+1 − xi+1yi). (16)

It is easy to see that the first summation results in zero. Expanding this summation ones gets:

1

2

n∑
i=1

(xiyi − xi+1yi+1) =
1

2
[(x1y1 − x2y2) + (x2y2 − x3y3) + · · ·+ (xnyn − xn+1yn+1)] = 0, (17)

since, as previously stated, (x1, y1) = (xn+1, yn+1). Therefore, the resulting expression of Eq. (16) coincides with the
expression obtained in Eq. (11). It is emphasized that, although the choice of vector field is somewhat arbitrary, the curve
must be parameterized in the positive orientation. The incorrect parametrization will give an incorrect sign generating, for
instance, a negative area.

The same procedure can be applied for calculating another geometric properties of planar shapes, such as the x- and
y-components of the centroid (x̄ and ȳ), the area moments of inertia about the x- and y-axis (Ixx and Iyy) and the area
product of inertia about the x- and y-axis (Ixy). These properties are defined by the following double integrals (Hibbeler,
2014):

x̄ =
1

A

∫∫
D

xdA, ȳ =
1

A

∫∫
D

y dA, Ixx =

∫∫
D

y2 dA, Iyy =

∫∫
D

x2 dA, Ixy =

∫∫
D

xy dA. (18)

For each of these properties, the chosen vector fields and the resulting algebraic expressions are given in Tab. 1. The
integrands of the line integrals resulting from applying Green’s Theorem are all polynomials in t and, therefore, easy to
compute. Accordingly, the details concerning their calculation are omitted.

Table 1: Vector fields and resulting algebraic expressions for several geometric properties.
Property Chosen F(x, y) Resulting expression

Area −y i+ x j A =
1

2

n∑
i=1

(xiyi+1 − xi+1yi)

x-component of the centroid −xy i+ x2 j x̄ =
1

6A

n∑
i=1

(xi + xi+i)(xiyi+1 − xi+1yi)

y-component of the centroid −y2 i+ xy j ȳ =
1

6A

n∑
i=1

(yi + yi+i)(xiyi+1 − xi+1yi)

Area moment of inertia
about the x-axis

−y3 i+ xy2 j Ixx =
1

12

n∑
i=1

(y2i + yiyi+1 + y2i+1)(xiyi+1 − xi+1yi)

Area moment of inertia
about the y-axis

−x2y i+ x3 j Iyy =
1

12

n∑
i=1

(x2
i + xixi+1 + x2

i+1)(xiyi+1 − xi+1yi)

Area product of inertia about
the x- and y-axis

−xy2 i+ x2y j Ixy =
1

24

n∑
i=1

[(xiyi+1 + 2(xiyi + xi+1yi+1) + xi+1yi)

(xiyi+1 − xi+1yi)]
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It is worth to point out that all algebraic equations given in Tab. 1 produce the exact value for their respective property
when D is a polygonal shape. This stems from the fact that no approximation is involved in the calculation of the integral
given by Eq. (2). The only approximation made in the methodology was the substitution of the original boundary by a
series of connected line segments. Therefore, if the original contour is already composed of line segments, the integral
calculation must be exact. Otherwise, for the case when the boundary ∂D is constituted by curved lines, the obtained
result will be just approximated, converging to the exact value as the number of considered line segments approaches
infinity (cf. Fig. 1).

3. RESULTS AND DISCUSSION

This section aims to validate and show the application of the expressions given in Tab. 1 for the computation of geo-
metric/inertia properties of planar shapes. First, the values predicted by these expressions are compared to the analytical
ones for four plane sections of increasing complexity. Next, it is shown how the expressions obtained for the moments of
inertia Ixx ans Iyy can be applied to verify the equivalence of Newton-Euler equations, whether written in an inertial or
non-inertial (body-fixed) frame of reference.

3.1 Validation and Convergence Study

In order to validate and verify the accuracy of the obtained expressions (cf. Tab. 1), this subsection considers the
geometric properties of the four plane shapes shown in Fig. 2. They concern, respectively, an I-shaped section, a circular
section, a square section with a circular hole, and a complex shape formed by three semicircles, with ellipsoidal and
rhombus-shaped holes. For the sake of simplicity, hereinafter these forms will be referred to as sections I, II, III, and IV,
respectively. The relevant dimensions of the sections can be readily read from the axes of the plots.

For each section, Tab. 2 shows the analytical and approximate values obtained for each of the properties of interest.
The error of the approximated value, here defined as the percentage deviation from the analytical value, is also reported.
The discretization level of the curved boundaries was taken as the minimum necessary to produce a maximum error of
0.1%.

The results shown in Tab. 2 verify the validity of the obtained expressions. They also show some interesting features.
First, it is noted that the values computed for the section I are exact. As discussed earlier, the only approximation involved
in the methodology concerns the discretization of the boundary of the plane shape. As the I-shaped section already
presents a polygonal shape, there is no approximation involved at all, so that the results obtained are exact. Second, the
extremely small errors found for the centroid position of sections II and III are remarkable. This is due to the fact that even
a coarse discretization can create a shape which preserves the general arrangement of the actual region, leading to results
close to the analytical ones for the centroid position. In fact, the section size-dependent properties (area, and moments
and product of inertia) in general showed greater errors compared to those for the centroid position, which is by definition
area-normalized. Third, it can be seen that less edges were required for the section II as compared to the section III to
reach the desired accuracy, even though the circles existing in both shapes have the same radius. Since the expressions in
Tab. 1 produce exact values for straight lines, the overall accuracy is influenced only by any existing curved boundaries.
For such regions, the larger the perimeter of the curved contours (relative to the total perimeter), the more edges are
required to achieve a given accuracy. Likewise, for section IV, whose contours are formed mainly by non-straight lines,
the amount of edges required to achieve the same percentage error was significantly larger. In this sense, when more than
one curvilinear contour exists, it becomes interesting to discretize them with the number of edges for each curve being
proportional to its length. This was the discretization strategy adopted for section IV.

The discussions provided above are ratified by Figs. 3 and 4. Figure 3 shows a convergence study for the properties of
section III as the number of edges discretizing its inner circle is increased. Due to the symmetry of the shape, the errors
are equal for both Ixx and Iyy , as well as for A and Ixy . Figure 3(a) shows that all estimated values showed a decreasing
error with increasing number of edges. As shown in Fig. 3(b), even very coarse discretizations (whose number of vertices
is close to zero) produce an error around the machine precision for the position of the centroid. As discussed earlier, this
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Figure 2: Planar shapes under analysis.
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Table 2: Comparison between approximate and analytical values for geometric properties of the four planar shapes
under study.

Value Section I Section II Section III Section IV

Number of
edges

- 12 89 64 141

Area [mm2]
Exact 4.5× 104 7.8540× 103 1.4646× 104 5.7890× 104

Approximated 4.5× 104 7.8474× 103 1.4660× 104 5.7866× 104

Error 0% 0.0830% 0.0980% 0.041%

x̄ [mm]
Exact 150 50 75 47.2866
Approximated 150 50 75.0000 47.2906
Error 0% 8.526× 10−14% 0% 0.008%

ȳ [mm]
Exact 200 50 75 −65.9869
Approximated 200 50 75.0000 −65.9650
Error 0% 8.526× 10−14% 1.8948×10−14% 0.033%

Ixx [mm4]
Exact 2.8375× 109 2.4544× 107 1.1966× 108 6.0973× 108

Approximated 2.8375× 109 2.4519× 107 1.1976× 108 6.0914× 108

Error 0% 0.0996% 0.0824% 0.097%

Iyy [mm4]
Exact 1.240625× 109 2.4544× 107 1.1966× 108 5.9017× 108

Approximated 1.240625× 109 2.4519× 107 1.1976× 108 5.8964× 108

Error 0% 0.0996% 0.0824% 0.089%

Ixy [mm4]
Exact 1.35× 109 1.9635× 107 8.2384× 107 9× 106

Approximated 1.35× 109 1.9619× 107 8.2465× 107 9.0000× 106

Error 0% 0.0830% 0.0980% 1.45× 10−13%
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Figure 3: Convergence for the properties of section III as the number of edges discretizing its inner circle is in-
creased.
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Figure 4: Discretization of the inner circle of section III using only 3 vertices.

is due to the symmetry of the surrogate section for every discretization level. Even when the inner circle is discretized
with only 3 edges (cf. Fig. 4), the symmetry of the plane shape is kept, causing the error for the centroid position to be
virtually zero.
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3.2 Application in Rigid Body Dynamics

The previous section showed the direct application of the expressions in Tab. 1 in computing the geometric properties
of planar shapes. This section aims to illustrate how they can be applied in the study of planar dynamics of rigid bodies.
Under the Newton-Euler formalism, the equations of motion for a rigid body can be obtained by applying the following
equations, which establish the balance of linear and angular momenta:

Ftot = L̇, where L = m · vCM, (19)
Mtot

P = ḢP, where HP = JP · ω +m · rCM/P × vP, (20)

where m is the mass of the body, vCM is the velocity of its center of mass, JP is the inertia tensor of the body about point
P (which is assumed attached to the body), ω is the angular velocity of the body, rCM/P is a vector denoting the position of
its center of mass relative to point P, and vP is the velocity of point P; Ftot is the resultant force and Mtot

P is the resultant
moment (about P) applied to the rigid body.

The inertia tensor is formed by the mass moments and products of inertia. These can be obtained from the area
moments and products of inertia, whose expressions are given in Tab. 1. For a rigid body of uniform density ρ and
constant thickness t, they are related by:

Jij =

∫∫∫
V

ij dm =

∫∫∫
V

ij × ρ dV =

∫∫
D

ij × ρt dA (21)

= σ

∫∫
D

ij dA = σ × Iij , with i and j = x, y, z, (22)

with σ being the area density of the rigid body.
The vectors and the tensor present in Eqs. (19) and (20) can be represented in any frame of reference. It is common

practice to write the angular momentum vector in a body-fixed reference frame (hereinafter referred to as body frame),
denoted as B, because its components are time-independent in this representation, making it simpler to compute the time
derivative of the angular momentum vector. Under this assumption, the Euler’s equation given in Eq. (20) can be expanded
as (Santos, 2001):

BM
tot
P =BJP ·Bω̇ +Bω ×

(
BJP ·Bω

)
+m ·BrCM/P ×BaP, (23)

where BaP is the acceleration of point P. The left subscript denotes the frame of reference in which the vector or tensor is
represented. It can be seen from Eq. (23) that this approach indeed circumvents the need to differentiate the components
of the inertia tensor with respect to time. Alternatively, the vectors and tensor in Eqs. (19) and (20) can be written with
respect to an inertial reference frame I . In this case, Eq. (20) can be expressed as:

IM
tot
P =

d

dt

(
IJP ·Iω +m ·IrCM/P ×IvP

)
(24)

= IJ̇P ·I ω +IJP ·Iω̇ +
d

dt

(
m ·IrCM/P ×IvP

)
, (25)

for which the time dependence of the components of the inertia tensor are explicitly represented.
Although Euler’s equation is guaranteed to yield the same set of differential equations whether written with respect

to a body frame or to an inertial one, Eq. (23) is used almost exclusively to obtain the equations of motion of mechanical
systems, since the components of the inertia tensor are constant in the body frame (Rade, 2018). To verify this equiv-
alence, the equation of motion governing the dynamics of the slider-crank mechanism shown in Fig. 5 is derived using
Euler’s equation written in both the inertial and the body frames. This mechanism is widely used to convert straight-line
reciprocating motion to rotary motion or vice versa (Ha et al., 2006). While the slider and the crank develop purely
translational and rotational motions, respectively, the connecting rod undergoes general planar motion. For simplicity, the
mass of the slider is neglected in the analysis that follows. The system is driven by a moment M(t) applied to the crank,
and possesses only one degree of freedom, which is taken to be the angle θ(t) made by the crank with the horizontal. In
addition to the inertial, two auxiliary reference frames are employed. The first, denoted as B1, has point O as its origin
and rotates attached to the crank. The reference frame B2, in turn, has its origin at point B and is rigidly attached to the
connecting rod.

Since the motion of the mechanism is restricted to the xy plane, the only moment of inertia required to obtain the
equation of motion is Jzz . As the crank describes a rotation around a fixed axis, its moment of inertia Jzz is the same with
respect to both the inertial and the body frames. Appendix A shows how the expressions shown in Tab. 1 can be used to
reach this conclusion. On the other hand, the connecting rod presents a moment of inertia Jzz which, when described in
the inertial frame, varies with time. To compute it, first the position vectors of its vertices are written in terms of its body
frame, as follows:

B2
rP1/B = [0 h/2 0]

>
, B2

rP2/B = [−L h/2 0]
>
, B2

rP3/B = [−L − h/2 0]
>
, B2

rP4/B = [0 − h/2 0]
>
,

(26)
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where the vertices P1, . . . , P4 are defined from point B (cf. Fig. 5), traversing the boundary of the connecting rod in a
counterclockwise direction.

These vectors can be written with respect to the inertial reference frame using the transformation matrix Tβ and the
position vector of point B relative to point O:

IrPj/B =IrB/O +IrPj/B =IrB/O +T>
β ·B2

rPj/B, j = 1, . . . , 4, (27)

where:

Tβ =

cosβ − sinβ 0
sinβ cosβ 0
0 0 1

 . (28)

Substituting the components of rPj/B into the expressions given in Tab. 1, the following expressions for the moments
of inertia J

(2)
xx,O and J

(2)
yy,O can be found:

J
(2)
xx,O = m(2)

(
L2 sin2 β

3
− Lr sinβ sin θ +

h2 cos2 β

12
+ r2 sin2 θ

)
, (29)

J
(2)
yy,O = m(2)

(
L2 cos2 β

3
+ Lr cosβ cos θ +

h2 sin2 β

12
+ r2 cos2 θ

)
. (30)

The superscript to the right of a quantity denotes the body to which it refers. From Eqs. (29) and (30) the moment of
inertia J

(2)
zz,O can be readily obtained:

J
(2)
zz,O = J

(2)
xx,O + J

(2)
yy,O = m(2)

(
L2

3
+

h2

12
+ r2 + Lr cos(β + θ)

)
, (31)

which shows that J (2)
zz,O depends on β and θ and therefore on time.

Figure 6 shows free-body diagrams for the bodies that compose the mechanism. Based on them, the application of
Euler’s equation to the connecting rod, represented in the inertial frame, is given by:

IrCM2/O ×IFCM2 +IrA/O ×
(
−IFA

)
+IrB/O ×IFB =I J̇O ·Iω(2) +IJO ·Iω̇(2) +

d

dt

(
m ·IrCM/O ×IvO

)
. (32)

Expanding and simplifying Eq. (32), one gets:

−m(2)g

(
r cos θ +

L

2
cosβ

)
− FAyr cos θ + FAxr sin θ + FBy(r cos θ + L cosβ) = −İ

(2)
zz,Oβ̇ − J

(2)
zz,Oβ̈ (33)

+m(2)r2
(
β̈ + θ̈

)
+m(2)r

L

2

[
cos(β + θ)

(
β̈ + θ̈

)
− sin(β + θ)

(
β̇ + θ̇

)2
]
, (34)

x
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Figure 5: Slider-crank mechanism under study.
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Figure 6: Free-body diagram for the slider-crank mechanism under study.
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Figure 7: θ(t) and θ̇(t) for the slider-crank mechanism due to initial conditions θ0 = π/4 rad and θ̇0 = 0 rad/s.
: results obtained using Eq. (34); : results obtained using Eq. (37).

where the time derivative of the moment of inertia J
(2)
zz,O can be computed using Eq. (31), being given by:

J̇
(2)
zz,O = −m(2)Lr sin(β + θ)(β̇ + θ̇). (35)

Newton’s equations for the crank and connecting rod, along with Euler’s equation for the crank (all provided in
Appendix B) and Eq. (33) can be combined to obtain the equation of motion for the slider-crank mechanism, which is
given by:

4
[
m(2)L3r cos2 β sin θ sinβ −m(2)Lr3 cosβ cos θ cos(2θ)−m(2)r4 cos4 θ + J

(1)
zz,OL

2 cos2 β + J
(2)
zz,Or

2 cos2 θ
]
θ̈

= 4L2M(t) cos2 β + 2r2 sin(2θ)J
(2)
zz,O

(
θ̇2 − β̇2

)
− 2L2g(m(1) +m(2))r cos2 β cos θ − 4r2 cos2 θθ̇İ

(2)
zz,O

+m(2)L2r2 sin(2β)θ̇2 + 2m(2)r4 sin(2θ)β̇2 − 2m(2)L2r2 sin(2θ)β̇2
(
1 + cos2 β

)
−m(2)L4 sin(2β)β̇2

(
1 + 2 cos2 β

)
− 4m(2)L3rβ̇ cos2 β sin(β + θ)

(
β̇ + θ̇

)
(36)

For a given set of initial conditions θ(t = 0) = θ0, θ̇(t = 0) = θ̇0, this equation can be integrated numerically to
obtain θ(t), θ̇(t). Euler’s equation for the connecting rod can also be written with respect to the frame B2, which is
attached to it at point B. Applying Eq. (23) one gets:

B2
rCM2/B ×B2

FCM2 +B2
rA/B ×

(
−B2

FA
)
=B2

J
(2)
B ·B2

ω̇(2) +B2
ω(2) ×

(
B2
J
(2)
B ·B2

ω(2)
)
+m(2) ·B2

rCM/B ×B2
aB, (37)

which can be simplified to:

(FAy cosβ + FAx sinβ)L+m(2)g
L

2
cosβ = −J

(2)
zz,Bβ̈ +m(2)L

2
(Lβ̈ + rθ̇2 sin(β + θ)− rθ̈ cos(β + θ)). (38)

It is emphasized that the moment of inertia J (2)
zz,B is calculated with respect to the body frame. It can be easily computed

using the expressions given in Tab. 1 and the position vectors given in Eq. (26). The resulting equation of motion for the
mechanism can be found by combining Eq. (38) with the Newton’s equations for the crank and connecting rod, along with
Euler’s equation for the crank. This time, it can be written as:

2
[
m(2)L2r2 cosβ sin θ sin(β + θ) + J

(1)
zz,OL

2 cos2 β + J
(2)
zz,Br

2 cos2 θ
]
θ̈

= 2L2M(t) cos2 β − (m(1) +m(2))grL2 cos θ cos2 β −m(2)rL2 cosβ(Lβ̇2 sin θ − rθ̇2 sin(2θ + β))

+ J
(2)
zz,Br

2 sin(2θ)(θ̇2 − β̇2). (39)

Both Eqs. (36) and (39) represent the equation of motion for the slider-crank mechanism under consideration. Al-
though it is laborious to show analytically that they can be reduced to the same expression, it is easy to verify that they
yield the same values for θ(t) and θ̇(t) when numerically integrated for the same initial conditions.

To illustrate this, the following parameters are considered for the bodies of the mechanism: r = 0.3 m, L = 0.7 m,
h = 0.15 m, m(1) = 0.5 kg, m(2) = 1 kg, g = 9.81 m/s2.

Figure 7 shows the free oscillation (M(t) = 0) of the system when subject to initial condition given by θ0 = π/4 rad
and θ̇0 = 0 rad/s. It can be seen that the results obtained by integrating Eqs. (36) and (39) coincide. Since the mechanical
system is conservative, its total mechanical energy is conserved, as shown in Fig. 8.

The system response due to a forcing moment M(t) = 5 + sin(10πt) N·m is shown in Fig. 9. Once again, the results
obtained for θ(t) and θ̇(t) are the same, regardless of which version of the equation of motion is integrated.
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Figure 8: Conservation of mechanical energy for the slider-crank mechanism due to initial conditions θ0 = π/4
rad and θ̇0 = 0 rad/s.
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Figure 9: θ(t) and θ̇(t) for the slider-crank mechanism driven by a forcing moment M(t).

4. CONCLUSION

This paper presented how Green’s Theorem can be used to promote interdisciplinarity between mathematical concepts
and engineering applications. Through it, simple algebraic expressions that allow calculating the area, centroid position,
moments and products of inertia of plane shapes were determined and validated against four plane shapes of increasing
complexity. The expressions developed were applied in the study of the dynamics of a slider-crank mechanism. It was
shown that Euler’s equations lead to the same response for the mechanical system, whether written in an inertial frame
of reference or in one fixed to the body. It is expected that the methodology presented can serve as a tool to promote
interdisciplinarity in mathematics disciplines of vector calculus, as well as in engineering courses related to statics and
dynamics of rigid bodies. As an extension of this work, it is recommended to further develop the methodology for dealing
with three-dimensional bodies. One possible way is to replace Green’s Theorem with the Divergence Theorem or Stokes’
Theorem and make the necessary adaptations.
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6. APPENDIX A

The position vector of the vertices that form the crank can be readily written into the crank-fixed reference frame,
B1:

B1
rP1/O = [0 − h/2 0]

>
, B1

rP2/O = [r − h/2 0]
>
, B1

rP3/O = [r h/2 0]
>
, B1

rP4/O = [0 h/2 0]
>
,

(40)

where the vertices P1, . . . , P4 are defined from point O (cf. Fig. 5), traversing the boundary of the crank in a counter-
clockwise direction.

These vectors can be written with respect to the inertial frame using the transformation matrix Tθ:

IrPj/O = T>
θ ·B1

rPj/O, j = 1, . . . , 4, (41)
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where:

Tθ =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 . (42)

The components of the previous position vectors can be fed into the expressions shown in Tab. 1 to produce the
moments of inertia J

(1)
xx,O and J

(1)
yy,O:

J
(1)
xx,O = m(1)

(
h2

12
cos2 θ +

r2

3
sin2 θ

)
, J

(1)
yy,O = m(1)

(
h2

12
sin2 θ +

r2

3
cos2 θ

)
. (43)

From both, the moment of inertia about the z-axis can be computed as:

J
(1)
zz,O =

∫∫
D

(
x2 + y2

)
dm, = J

(1)
xx,O + J

(1)
yy,O = m(1)

(
h2

12
+

r2

3

)
. (44)

Although the moments of inertia J
(1)
xx,O and J

(1)
yy,O vary with θ, and therefore with time, the moment of inertia J

(1)
zz,O is

constant. This is because the distance from the crank’s center of mass to the z-axis is constant, while the distance to the x
and y axes vary as a function of θ.

7. APPENDIX B

Based on the free-body diagram for the mechanism bodies shown in Fig. 6, Newton’s equations for the crank can be
written as:

IFO +IFA +IFCM1 = m(1) ·IaCM1 , (45)

which yields:

FOx + FAx = −m(1) r

2

(
cos θθ̇2 + sin θθ̈

)
,

FOy + FAy − gm(1) = −m(1) r

2

(
sin θθ̇2 − cos θθ̈

)
.

(46)

Euler’s equations for the crank, using frame B1, can be written as:

B1
rA/O ×B1

FA +B1
rCM1/O ×B1

FCM1 =B1
J
(1)
O ·B1

ω̇(1) +B1
ω(1) ×

(
B1
J
(1)
O ·B1

ω(1)
)
+m(1) ·B1

rCM/O ×B1
aO, (47)

which can be simplified to:

M(t)− r(FAx sin θ − FAy cos θ)−m(1)g
r

2
cos θ = J

(1)
zz,Oθ̈, (48)

where J
(1)
zz,O is given by Eq. (44).

Finally, Newton’s equations for the connecting rod can be written as:

−IFA +IFB +IFCM2 = m(2) ·IaCM2 , (49)

which generates:

FAx = m(2)

(
L

2
sinββ̈ + r cos θθ̇2 + r sin θθ̈ +

L

2
cosββ̇2

)
,

FBy − FAy − gm(2) = m(2)

(
L

2
sinββ̇2 − L

2
cosββ̈ − r sin θθ̇2 + r cos θθ̈

)
.

(50)
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