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Abstract. This work investigates the interpolation behavior of blending elements, characterized by the non-fulfillment
of partition of unity property leading to unwanted terms in the approximation and degrading the convergence rate. To
deal with this issue, a hierarchical polynomial enrichment approach in blending elements is used and compared with
classical XFEM, being verified by an analytical solution of a bi-material cantilever beam with a third-order displacement
field, a classic engineering case, widely used in various industrial segments. The hierarchical XFEM is compared with
the classical XFEM through the values of the relative error norms, convergence rate, and the local behavior of the
approximate field in blending elements for two opposite material configurations with a known analytical solution. The
results show that the hierarchical term enhances the approximated local field in blending elements to compensate for the
unwanted terms and better approximates the local field than classical XFEM.
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INTRODUCTION

The lack of accuracy and convergence rate in the finite element method (FEM) is well known when the exact solution of
the partial differential equation has non-smooth behavior (Belytschko et al., 2014). According to Belytschko et al. (2009),
physical problems having cracks, shear bands, inclusions, holes, shock waves, multi-phase fluids, et cetera need special
care in FEM: mesh refinement, high-order elements, mesh conforming to the non-smooth phenomena, re-meshing for
non-smooth evolution. Among several that have been used to circumvent such problems are the partition of unity-based
methods — (Babuska and Melenk, 1997), (Melenk and Babuska, 1996), (Duarte and Oden, 1996), (Strouboulis et al.,
2000) — that have proposed modifications in the approximation space with the aim of a more straightforward approach
to non-smooth solutions, adding a priori knowledge of the solution or adding an extrinsic basis that aims to increase the
consistency order of the approximation. These methods require specific approaches such as using appropriate numerical
integration, developing an effective data structure, reducing computational cost, dealing with conditioning problems, and
using special procedures for imposing boundary conditions.

Through the concept of partition of unity (PU), the generalized/extended finite element method (G/XFEM), proposed
by Moés et al. (1999) and Belytschko and Black (1999), introduces the possibility of using non-polynomial terms in the
approximation space to represent non-smooth phenomena such as high gradients, kinks, jumps, and singularities, not
requiring the use of a mesh conforming the discontinuity interface, such as FEM. The non-smooth effects, in large part,
are local phenomena, not being necessary a global enrichment of the whole approximation space, opting for enrichments
in specific subdomains. In this way, G/’XFEM can be considered a PU-based method with extrinsic bases added in
subdomains, and due to the locality of the enrichment, the method will be referred to only as XFEM in this paper.

With the use of enrichments only in subdomains, partially enriched elements arise and do not fulfill the PU property
by introducing pathological terms in the approximation space that, according to Khoei (2014), lead to poorly conditionate
stiffness matrix and perturbations in the approximation fields affecting the convergence rate. Therefore, many techniques
have been proposed to overcome those issues: XFEM with ridge function (Moés et al., 2003), enhanced strain XFEM and
hierarchical XFEM (Chessa et al., 2003), intrinsic XFEM (Fries and Belytschko, 2006), corrected XFEM (Fries, 2008),
DG-XFEM (Gracie et al., 2008), and others.

One of the two proposed techniques by Chessa et al. (2003) is the hierarchical XFEM, which utilizes different poly-
nomials order for the standard and blending shape functions. The authors have shown that if the shape function order of
the standard part is higher than the enriched part, the parasitic terms vanish. An advantage of this technique is that minor
modifications in the software data structure obtain more accurate results without much more computational effort than
standard XFEM.

In the present work, the blending pathological effects of the standard XFEM are compared with the blending effects of
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hierarchical XFEM — HXFEM for shortness — through comparison with an analytical solution of a bi-material cantilever
beam which has third-order polynomial terms in the displacement field, differing from the two classical solutions: bi-
material bar with a linear solution and the inclusion bi-material problem with 1/r term in solution in polar coordinates.
The idea is to investigate the effects of both approximation spaces, focusing on blending terms, when modeling a problem
where the solution involves a priori higher polynomial terms in the exact solution. The comparison is made regarding the
approximation spaces’ numerical integration and convergence properties.

This work is organized into five sections—this introduction. Section 2 describes the main aspects of blending element
error and how HXFEM circumvents it. Section 3 shows the solution of a bi-material cantilever beam with the hypothesis
and conditions. Section 4 presents the numerical results and follows the conclusions in Section 5.

BLENDING ELEMENT ERROR ANALYSIS

A brief introduction to XFEM is needed to analyze the blending element error. The approximation field in XFEM can
be written as

u(x) ~ul (x) = Zq),- () u; + Z*‘Pj (x)aj, (1
icl JEI

approximation with intrinsic basis = FEM  approximation with extrinsic basis

where: u(x) denotes a scalar or vectorial field; I is the set of all nodes of the mesh; I* is the set of enriched nodes; ¢; (x)
is the intrinsic basis shape function associated with the i node; u; is the degree of freedom of the intrinsic basis; ¥; (x) is
the local enrichment function associated with the j node; a; is the degree of freedom of the extrinsic basis.

The enrichment is constructed locally in a set /* C I since most of the non-smooth phenomena do not occur in the
whole domain. The local characteristic of the enrichment also enhances computational efficiency. The local enrichment
function has the form

Vi) =0;()w(x), Vjerl, @)

where: Y (x) is the global enrichment function that includes non-smooth terms that can represent a priori knowledge of
the solution; q);‘. (x) must be a shape function that fulfills the PU-property

Y oi(x) =1, 3)

jer
and not necessarily needs to be the same as the chosen for the intrinsic basis, ¢; (x). The enriched elements, in which
all nodes are in I*, are obtained through the level-set method, Osher and Sethian (1988), which implicitly represents
the non-smooth phenomena’ geometry; in the case of bi-material problems, the non-smooth phenomena are the inter-
face between materials. In these elements, the enrichment function reproduces exactly, ¥ jes« 9 (x) ¥ (x) = y(x). How-
ever, the neighbors of enriched elements have just some nodes in /*, and the PU-property is not satisfied, and then
Yjer 07 (x)w(x) # w(x). Those elements are named blending elements and introduce unwanted parasitic terms in the
approximation space that can lead to poorly conditionate stiffness matrix and perturbations in the approximation fields
affecting the convergence rate, (Khoei, 2014). Figure 1 shows the enriched and blending element.

X1 X2 X3 X4
e © & 0 20 ¢
IF'
1 int 2 3 4
Enriched element ~ Blending element ~ Standard element

Figure 1 — Mesh of one-dimensional problem used to analyze the blending error. The enriched nodes are represented as
circled dots, and the circled numbers represent the kinds of elements: 1 - Enriched element split by an interface I';;; 2 -
Blending Element; 3 - Standard Element.

Following the work of Chessa et al. (2003), which analyses the influence of applying a ramp function as an enrichment
function that could represent a bi-material interface in a one-dimensional problem, Tarancén et al. (2009) extends the idea
to arbitrary enrichment functions. The influence in the approximation error can be obtained from an analysis of a bar
discretized in three linear elements, as shown in Figure 1. Nodes 1 and 2 are enriched due to the interface I’ splitting
the element. The approximation field for the blending element, circled number 2 in the Figure 1, can be written as

uh(x):u2(1f§)+u3§+a2(lf§)w(x), Y x € [x2,x3], 4)
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where: & = (x —x;)/h and h is the element’s size.

Chessa et al. (2003) shows that raising the polynomial order of the interpolation in the blending element improves
the approximation field and, consequently, the convergence. They show this by getting a priori error estimate of the
maximum-norm changing the enrichment function with a Taylor series expansion and, through manipulations obtaining
the following inequality relation

2
d“u n 2un d_\p

a2 h odx|’ ©®)

1
max |A(x)| < ghz max

where: A(x) is the approximation error that is A(x) = u(x) — u™ (x), and ™ (x) is the approximation produced by changing
the enrichment function with a Taylor series expansion which coincides with u(x) at the nodes. The last term in Eq. 6,
2% %’ is responsible for the increase in the approximation error and does not exist in standard elements - which reproduce
the same inequality as in FEM - shown in Eq. 8. Adding a quadratical hierarchical shape function to the blending element,

the approximation in this element is

u"(x) = uz (1= &) +u3€ +ar (1 - E)y(x) + ba&(1 - &), (6)

where: b, is the new degree of freedom associated with the quadratical hierarchical shape function. Then the inequality is

1, d*u  2aydy  2b,
max |A(x)| < gh max|— s+t 0
and if by = —ah %Y, then
1 d’u
max |A(x)| < ghzmax T2l (8)

This means that increasing the polynomial order of the standard interpolation in the blending elements compensates
for unwanted parasitic terms caused by partial enrichment, this could be achieved by adding hierarchical nodes. With the
above results, Chessa et al. (2003) concludes that for a p-order polynomial enrichment function, if the shape function of
the standard part, ¢;(x), is s-order complete and the shape function of the enriched part q);f (x) is e-order complete, the
spurious terms vanish when the inequality s > e + p are fulfilled in blending elements. In two-dimensional problems,
hierarchical nodes are added on the sides of the elements between enriched nodes and standard nodes, as shown in
Figure 2, representing a discretized two-dimensional domain with a semi-circular interface splitting the mesh.

Standard element
mBlending element
Enriched element
« Standard node
® Enriched node

= Hierarchical node
Figure 2 — A discretized two-dimensional domain with a semi-circular interface not complying with the mesh.

The approximation field, Eq. 1, can be rewritten with the additional hierarchical term being

u@x) " (x) =Y 0 () ui+ Y Wi (x)a;+ Y 0 (x) b ©)

il jer kek

where: K is the set of hierarchical nodes associated with the sides of the elements that connect an enriched node with a
standard node.
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To illustrate the addition of hierarchical shape functions, in the bottom half of Figure 2 a blending element is selected
in which the nodes are numbered. In this element, there are two hierarchical nodes, and the bi-linear shapes functions in
this element are

1 .
¢i(§,n)=1(1+§if’;)(l+nm), fori=1,2,3,4 (10)
and the two corresponding quadratical hierarchical shape functions are
N 1
ds(&m) = 5(1-8)(1-m) (11)
N 1
d6(&m) = 5(1-m*)(1+8) (12)

where: & and 1 are the parent element coordinates.
ANALYTICAL SOLUTION FOR CANTILEVER BI-MATERIAL BEAM

Wang and Liu (2010) obtained an analytical solution through the Airy stress function for a bi-material beam with a
graded intermediate layer that is subjected to different boundary conditions at the two ends; a specific case is a cantilever
beam which will be used to evaluate the blending element behavior. The model of the cantilever bi-material beam is
shown in Figure 3 with three different layers. In this section, the subscript i will be used exclusively to denote the layers,
i=1,2,3. The beam is subjected to a transverse force Q at the left and has a fixed end at the right. The three layers are
isotropic, whose Young’s moduli are E;, and Poison’s ratios are v;, both constants. The cross-section is rectangular with
unit width and the thickness of which layer is /;. The subsequent proceeding is detailed in Wang and Liu (2010).

ANNNNNNNNNNTINNNNNY

'y
Figure 3 — Geometry, coordinates and boundary conditions of a bi-material cantilever beam.

The linear elastic problem is static with the hypothesis of plane stress without body forces; therefore, the equilibrium
equations, stress-strain relations, strain-displacements relations, and the strain compatibility equation are respectively

dGix | O0ixy —0, 90iy , I0ixy =0, 13)
ox dy dy ox
€ix = E (Gix —ViG,‘y) s Eiy = E (Giy _ViGix) ) 'Yixy = %Gbﬂh (14)
dui dv; ou; 9v;
Six:aixl7 Eiy:aiyla ’Yixy:aiyl—"_aixla (15)
e 0%y 0%y (16)

+ =
o2 ox?  oxdy’
where: Gjy, Gjy, Oiyy are the stress components; €, €y, Yixy are the strain components; u; and v; denote the displacement
components.

The solution of the cantilever bi-material beam is determined through Airy stress functions ¢; that satisfy the equilib-
rium and yield a single governing equation from the compatibility statement. Then, the relation between stress and Airy
stress function can be written as
oY _ i 0%

== =55 iy = "3 17
oy’ O = o Oin 0xdy a7

Gix
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The stress function used is the polynomial

Xi =X fo(y) +xfin () + fio(y) (18)

where f, fi1, fiz are functions to be determined.
The boundary conditions at the two ends are

Q=-P atx=0, (19)

8v1
ox
By proceeding with the necessary replacements and manipulations with the equations shown above, the stress fields
obtained from a cantilever bi-material beam with constant elastic properties are

uy =0, v =0, =0 at(l,0). (20)

Gix = xE; (YAis +Ajs) , (21)

Gy =0, (22)
1

Oiry = — EiAisy* — EiAisy — An, (23)

and the displacements

E;i(— (24 Vi) Aisy’ =3 (24 Vi) Aiey* + (3x*Ajs — 6Aj10) Y+ 3Aigx> + 6Aj12) — 12yA7 (14 V)
6F; ’

(24)

Ui =

1
vi=-—¢ (Aisx® + (3Y*AisVi+6yAiVi — 6Ai10) X) +Aini. (25)

where A;s —A;7, Ailo — Aj12 are integral constants, that authors omitted due to the size of the equations and are shown in
Wang and Liu (2010). Note that, the exact displacement solution involves third-order polynomials.

RESULTS

In order to compare the effects of blending elements in XFEM and compensated HXFEM, given by approximation
Eq. 1 and Eq. 9, respectively, the bi-material cantilever beam problem was solved, for both, with: shifted absolute en-
richment function y; (x) =y(x) —y(x;), Vj € I, constructed with signed distance function y(x); and bilinear Lagrangian
shape functions in standard and enriched parts, becoming ¢ (x) = ¢* (x). For the compensation interpolation term from
HXFEM, the hierarchical quadratic Lagrangian shape functions are used in the blending parts, (f)(x)

The numerical integration was performed in two ways: using the Gauss-Legendre quadrature with 36 points and
sub-cells integrations conforming to the bi-material interfaces resulting in 24 points.

The geometry sizes and elastic properties of layers 1 and 3 are the same; the length of the cantilever is / =5, the height
is unitary, with the layer’s height being 7| = h3 = 0.25, and h, = 0.5.

The Cartesian meshes are discretized and linearly refined with the sizes n¢/ x nil , where n¢/ = [30,50,70,90,110] and
nfl = [6, 10, 14, 18,22] are the numbers of elements per direction. The interfaces are localized, splitting the middle of the
elements.

Two cases with different materials properties combinations are analyzed:

» Case 1: Which can represent a coating structure with two soft outer films with £} = E3 = 100, vi = v3 =0.25, and
the hard core with £, = 500 and v, = 0.3;

e Case 2: Which can represent a sandwich beam with two rigid external skins with E; = E3 = 500, vi{ = v3 = 0.3,
and the soft core £; = 100 and v, = 0.25;

For the sake of shortness, abbreviations are defined that combine the approximation fields and the integrations used,

according to Table 1.
1/2

Some error measures are defined to verify the solutions. The energy norms can be defined as ||u”" | EQ)= a(ul,u") g

and the L?-displacement norm as ||u"|| Q)= (uh,uh)sl{ ?. The relative error concerning the energy norm eg(q) and Lo-

displacement norm e; > q) are respectively defined as

||”—’4hHE Q ||”—”hHL Q
CEQ) = L LS Q) = @ (26)
||”HE(Q) ||uHL2(Q)
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Figure 4 — Relative norms behavior for Case 1 and 2.
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(d) Case 2: Stress field Gyy.

Figure 5 — Stress fields o, and G,y obtained from a slice nearly to x = //2 in a mesh of size n¢/ x n;l = 110 x 22 for Case 1 and
2. The dashed vertical lines represent the edges of the enriched elements, and the dotted vertical lines and the adjacent
dashed lines form the edges of the blending elements.
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Table 1 — Abbreviations that combine the approximation fields and integration types.

Abbreviation  Approximation Field Integration
XFEM-std Eq. 1 standard as in FEM
XFEM-sub Eq. 1 sub-cells

HXFEM-std Eq.9 standard as in FEM

HXFEM-sub Eq.9 sub-cells

To begin the investigation of the results, a mesh with size n¢/ x n;l =50 x 10 was selected to analyze the approximated
stress fields for Case 1 qualitatively. The result obtained for the stress field G,y is shown in Fig. 6, which presents stress
concentrations in the hard core, layer 2, nearly the fixed end with the maximum absolute value of G, = 0.043988; this
behavior is expected because layers 1 and 3 are soft than layer 2. Furthermore, Figure 7 shows the stress field Gy,
which presents non-null fields differing from the analytical solution, given by Eq. 22, with zero value. The maximum
absolute value for this field is oy, = 0.0016277, being one order of magnitude less than o,,. Moreover, Figure 8 shows
the stress field oy, which exhibits apparent parabolic behavior concerning the y-axis in the domain, varying only close
to the prescribed boundaries differing from the analytical solution, Eq. 23, which does not vary with x. These variations
can be justified through Saint Venant’s principle in which the stress fields near the ends are influenced by the exact local
traction distribution and should decay with distance from then. The analytical solution provided here does not consider
these effects, which could allow a better representation of the field in this region.

Solving the cases for all defined meshes, the convergence plots for the relative norms, as the & of the elements de-
creases, were obtained and are shown in Fig. 4. Furthermore, an analysis of the evolution of approximated stress fields
Gy, and Gy, are done in y-direction taken from the integration points from a slice nearly to x = //2 in a mesh of size
nfcl X n§l = 110 x 22; these results are shown in Figure 5.

Overall, for both cases, the relative L>-displacement norm did not present any behavior pattern besides the linear
convergence rate in the logarithmic scale. In contrast, improvements were observed in the values in the relative energy
norm, and there was no considerable difference in the type of integration for this norm.

In Case 1, the relative L?-displacement norm, shown in Fig. 4a, did not present a conclusive pattern about which is
significantly better, only that the convergence rates did not vary substantially with the kind of integrations. Thus, for
XFEM, the rate was around m = 2.08, and for HXFEM of m = 1.94, a relative worsening of 7%.

The HXFEM values of the relative energy norm, shown in Fig. 4b, were slightly better, and there is no significant
difference between the convergence rates, which were at m = 0.94 and m = 0.93, for XFEM and HXFEM, respectively.

For XFEM-std and HXFEM-std, it can be seen in Fig. 5a that the stress field Gy, does not reproduce the steep behavior
of the core as in the exact solution, appearing to be translated to low values than the exact solution. This could be improved
with the p-refinement or by A-refinement, since the problem has convergent characteristics.

In Case 2, HXFEM performed better regarding values and convergence rate in both norms, with subcell integration
showing better values than the standard in the relative displacement norm L?. In terms of convergence rate, there are
no notable differences in the type of integrations used, so the values shown below are the average convergence rate
between both integrations, with the exact values shown in the legends of Fig. 4c and Fig. 4d. The relative L2-displacement
norm showed a convergence rate for XFEM around m = 1.12 and HXFEM around m = 2.01, equivalent to a relative
improvement of approximately 44%. Furthermore, the energy norm had a relative improvement of 20.6%, between
XFEM and HXFEM, with the convergence rates of m = 0.73 and m = 0.92, respectively.

Figure 5b shows the Gy, for this case, differing from Case 1, the approximation field is better reproduced given the
plateau behavior of the core, which facilitates the approximation. In the same way, as in Case 1, the HXFEM-std does not
show oscillation in blending elements like the XFEM-std.

The approximated stress field o,,, shown in Fig. 5c and Fig. 5d, presents some oscillatory behavior with smaller
amplitude in blending elements, which could be justified in both cases by the approximation space orders in contrast with
the polynomial order of the exact fields.

Given all the results, it can be seen that the similarity between the relative norms for both approximation fields in
Case 1 can be justified probably by the lack of reproducibility of the exact stress field Oy, controlling the error more
than the blending effects, needing further A-refinement to interpolate the fields better. In Case 2, due to the stress field
O,y being better behaved, the blending element starts to command the convergence rate, and the resulting spurious terms
in XFEM are evident. Another interesting result in HXFEM is the better interpolation of the fields in blending elements
than the standard, which is justified by adding the hierarchical quadratic term and compensating for the spurious terms,
and better interpolating the stress fields. Note that the approximation space is constructed with bilinear Lagrangian shape
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Figure 6 — Stress field o, for a mesh size 10x50 in case of HXFEM-std.
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Figure 7 — Stress field c,, for a mesh size 10x50 in case of HXFEM-std.
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Figure 8 — Stress field oy, for a mesh size 10x50 in case of HXFEM-std.
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functions and quadratic local enrichment functions on the enriched elements, given by Eq. 2, which does not guarantee
the continuity between elements in the stress fields.

Thus, to even better approximate the bi-material cantilever beam, a possibility is to use the idea of the hierarchical
element to raise the order of the approximation, respecting inequality between the polynomial orders of the intrinsic and
extrinsic bases not adding unwanted terms.

CONCLUSION

This work investigated the interpolation behavior of blending elements in a bi-material cantilever beam with a third-
order displacement field for the hierarchical XFEM. Compared with the standard XFEM, the hierarchical XFEM results
show a better interpolation of the fields in the blending elements than other elements; this is justified by the addition of the
hierarchical quadratic term, compensating for the spurious terms, and better interpolating the stress fields, leading in some
cases better values and/or convergence rates in the relative norms of L-displacement and energy. However, to even better
approximate high-order problems, the idea of the hierarchical element can be used to raise the order of the approximation
without much effort, which may be a topic for future studies.
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