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Abstract. The design and analysis of railway vehicles has, for many years now, relied on multibody system dynamics
(MBD) modelling both to speed up the design cycle and reduce prototyping and instrumentation costs. The use of flexible
rails within these models, however, is a problem that is not completely solved yet: early approaches used concentrated
parameters to represent rail, sleepers, ballast, and other underrail elements; current state of the art commercial software
rely on modal reduction extracted from finite element models; and recent advances walk towards finite elements integrated
to the MBD solver or towards co-simulation between MBD and FEA. Based on the already established absolute nodal
coordinate approach with the continuum mechanics formulation and selective integration, this work presents a quadratic,
three-dimensional beam element that can be used to effectively model rails. The elements are implemented on a MBD
code and integrated using kinematic constraints and the augmented lagrangian technique, yielding a differential algebraic
equations system. A methodology for inverse mapping contact points between wheel and rail is also presented and results
are shown, comparing element performance under different choices of integration points.
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INTRODUCTION

Like most contemporary transportation equipment, railroad vehicles design, development, and analysis rely heavily
on computer simulations to decrease time to market, costs, avoid accidents, improve maintenance and increase reliability,
among other motivations (Evans and Berg, 2009). Among the techniques used to achieve such goals, dynamical modeling
by multibody systems is crucial, in that it provides information on accelerations, velocities, positions, forces and contact
parameters that have direct impact on vehicle performance.

Let one assumes a system composed of » rigid bodies, each one associated to a moving reference frame attached to
its center of gravity, with six degrees of freedom and connected via a set of m kinematic constraints and / forces. Then
the general multibody problem can be reduced to the following set of index-1 differential-algebraic equations (DAE) of
motion (Pfeiffer, 2005; Shabana, 2005):

¢ )00

is the inertia matrix

where

dg; . . . . .
G=G;= 25 s the jacobian of the constraint equations

dz;
Z ' is the vector with the second time derivative of the position coordinates
A is the vector of Lagrange multipliers associated to the constraints
h is the vector containing nonlinear terms related to angular speeds
f is the vector with active efforts applied to the system.

Equations (1) can be manipulated to yield either index-2 or index-3 DAE (a complete discussion on DAE indexes can
be found in Ascher and Petzold (1998)), but independently of the final form, it is clear that constant M and G matrices are
beneficial to the numerical solution because a single inversion decomposition can be made at the beginning of the solution
procedure.

Railroad vehicles, however, are not entirely composed of bodies that can be regarded as rigid. Taking, for instance, the
conventional three-piece-truck (Fig. 1) used in Brazilian and American freight transportation, Lima et al. (2022) showed
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Figure 1 — Three-piece-truck used in heavy haul transportation.

that the vertical stiffness of the sideframe is comparable to that of the primary suspension. Not only parts of the vehicle are
quite complaining, but also the track itself is known to be rather flexible in such a way that it can affect dynamic behavior.
The problem of a beam laid down on an elastic foundation has been studied since the late XVIII century (Winkler, 1867),
with major contributions by S. Timoshenko and collaborators occurring between 1920 and 1930 (Timoshenko, 1926). The
subject of flexible track remained of little interest between late 1930’s and early 1970’s, when increases in train speeds
showed that high frequency track response characteristics must be accounted for when analyzing railway vehicle dynamics.
Knothe and Grassie (1993) provided a very comprehensive review of track modeling techniques (mainly focused on vertical
responses) up to the beginning of the 1990 decade. Guimaraes (1999) implemented a Timoshenko beam finite element
model to analyze the vertical behavior of a track under a moving wheel with pots. Since then, several other authors have
advanced on the subject. Shabana et al. (2008) and Shabana and Sanborn (2009) used the floating frame of reference
formulation (FFRF) to develop a methodology to include a finite element description of the rails into a multibody model.
On one hand, this approach, however, had the downside of resulting in a very nonlinear, time dependent mass matrix which,
as discussed before, increase the computational cost of solving the differential-algebraic equations of motion. On the other
hand, as developed later by Recuero et al. (2011), the floating frame of reference applied to modeling rail flexibility is prone
to modal reduction via component mode synthesis, which selectively removes some degrees of freedom from the model.
In the same paper, Recuero et al. (2011) extended the original elements from Shabana’s group works cited earlier on this
paragraph to include also under-rail pads, sleepers and ballast interaction. Antunes et al. (2019) developed a co-simulation
technique to transfer data from a finite element specialized code into and from the mutibody solver, which implies in using
two separate codes and to establish a communication protocol between them.

As its name suggests, the floating frame of reference formulation uses an intermediate coordinate system in which the
deformations of the body are described. As such, the position of any point rp of the body during the simulation is obtained
by summing the position of the floating frame r associated to the body with the displacements caused by deformation,
which are described in local, i.e., in the floating frame system:

FF FF
rp=rpp+App- ("Tugp+" up) 2

The second right-side term of (2) is composed of the sum of the time-independent undeformed position of point P in
the floating frame of reference, FF u,p, with the displacements caused by the deformation, FFy p» which can be obtained
by a finite element interpolation scheme applied to the nodal coordinates (please refer to the papers cited above to more
details). These components are multiplied by A y 5, which is the rotation matrix that converts from the floating frame to
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the inertial frame. The FF superscript before the vectors indicate that they are written on a frame that is not the inertial
one. This notation shall be kept from this point on in this paper.

Our goal is to propose a rail model that can be seamlessly integrated into equations (1) yielding a constant mass
matrix. This can be achieved by using an absolute nodal coordinate formulation (ANCF) to describe the elements, instead
of the FFRF cited before. The ANCF applied to beams was initially proposed by Prof. Shabana’s research group at the
University of Illinois Chicago (Shabana et al., 1997; Escalona et al., 1998; Shabana and Christensen, 1997) using cubic
functions to interpolate both longitudinal and transverse displacements. These first movements towards the development
of the technique showed that the internal force vectors, resulting from the strain field integration, were quite cumbersome
to calculate. To mitigate the difficulty in obtained such force terms, Berzeri and Shabana (2000); Berzeri et al. (2001)
developed a method to simplify them. Later on, a three-dimensional generalization of such elements was presented by
Shabana and Yakoub (2001b,a), but now using a cubic polynomial to interpolate the longitudinal coordinate and linear
functions to interpolate transverse coordinates. In order to solve the problem of shear locking that was noticed with the
original ANCF elements, Nachbagauer et al. (2011, 2013b) proposed a selective reduced integration scheme applied to a
quadratic element with rectangular cross section.

In this paper we present an element based on Nachbagauer et al. quadratic, selective reduced integration model, with
adaptations to a rail cross-section.

THE ANCF FINITE ELEMENT FORMULATION

Contrary to the FFRF, absolute nodal coordinates elements rely on node coordinates that are written on the inertial
frame of reference. Following the developments by Nachbagauer et al. (2011, 2013a), in this paper a quadratic beam
element using the ANCF and a solid mechanics approach with reduced selective integration to cope with Poisson locking
effects. A set of three natural coordinates & = [&,7,{], all contained in a [—1,1] interval, are used to describe element
length, height and width respectively.

The proposed element has three nodes located at the cross-section origin (1 = 0 and { = 0) with nine degrees of freedom
each. These degrees of freedom are collected on a vector q”, where (n) informs the node number:

T T T
q” = [qgn) q qé")] 3)

(n)
]
direction of the # axis of the cross-section, while qé") is analogous to q;") considering natural coordinate {. Considering an

initial configuration without any pre-deformation, both qf{')

their cross product it is possible, then, to define a local cartesian frame which can be used to transform quantities, like
strains, from the material local frame into the inertial frame. Figure 2 shows a representation of nodal coordinates.
The nodal degrees of freedom vector ¥ can be understood as composed by two separate parts: one that is related to

T u(n>T]T‘

In the equation above, qi") is the vector that informs the position of the node with respect to the inertial frame, q,, ~ is the

and q(g’) are defined as unitary and perpendicular. By taking

its initial configuration qé") and the other one associated with its displaced configuration u® = [uf”) u, c

" =g +u" 4)

Finally, the element degrees of freedom vector with 27 elements can be assembled as:

T
q© = [q(el)T q@” q(ea)T] )

where the superscripts (el), (e2), and (e3) indicate nodes number 1, 2, and 3 of the referred element.
Using a straightforward finite element interpolation scheme, the absolute coordinates of any point r p, on the element
can be calculated using a shape function matrix S such that

Cpee = SE* 7%, )9 =SE n*,¢*)- (qﬁf) +u<e)) 6)

The reader should notice that in Eq. 6 a starred version of the natural coordinates are used. This is because each natural
coordinate varies from -1 to 1, while the element has arbitary length, width and height. Furthermore, supposing that an
non-rectangular cross-section is used, one can establish the following relations between natural and starred coordinates:
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where L is element undeformed length, H is the element cross-section undeformed height, and W is the element cross-
section undeformed width. Eq. 9 shows that {* depends on r*. Compared the formulation by Nachbagauer et al., that
modification allows one to consider the non-rectangular cross-section of rails.

Because the shape function S in equation (6) is time-invariant, the absolute velocity of a point of the element is:

tpee = S(E*.n*.¢*)- 4 (10)
This result can be used to calculate the total kinetic energy of the element:
TO=L [T ipdm=1q@" sTSdv ) ¢ 11
—5 IpeolPee m—zq VP q (11)
e

The term between parentheses on the last term of equation (11) is the element mass matrix. It does not depend on the
nodal coordinates nor on nodal velocities, which makes it specially suitable to be introduced on the equations of motion (1).
If one splits the infinitesimal volume into the natural scaled coordinates of the element, the mass matrix of each element

can be obtained by
M© = / / / pSTSdc*dn* dEx (12)
e Jx Jex

Assuming an isotropic linear elastic material, the elastic potential energy (Hughes, 2000; Lai et al., 2010) is

1
U(e)z—/e:D:edV (13)
2 /e
where “:” is a tensor contraction operation, € is the Green-Lagrange strain tensor and D is the material constitutive tensor.
By taking the partial derivative of the elastic energy with respect to each nodal degree of freedom, the elastic nodal force
vector can be obtained:




////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();
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The term Jo = org,,_, /0E™ is the Jacobian of the initial configuration and is an identity operator if the beam element is
initially straight.
From the continuum mechanics theory, considering small strains, the Green-Lagrange strain tensor can be calculated

fle =

from the deformation gradient F = ;gf“ Jalz
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To simplify what follows, the matrix W = % is defined as:
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Then, by using equation (6) and rearranging the terms, one can reach:
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and S,  indicates the derivative of the first line of S, which is S, with respect to the natural coordinate & - and analogously
for the other similar symbols.

It is useful to note here that equation (17) yields a third order tensor HZ‘Z) = [el’,j % m] that can be written in index notation

as
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T 94y,

Now equation (17) can be feed into equation (18), which must be integrated to yield to elastic nodal force vector. As
noted before, however, the integration of equation (18) stiffens the element and a reduced selective integration (Nachba-
gauer, 2014) technique can be used to avoid Poisson locking effect. This is carried out by splitting the material constitutive
tensor into an extension D and a shear part D, and modifying the equation for the elastic forces to the following form:

o[ (o
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where A® represents the cross-section area.
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Figure 3 — Rail profile coordinate orientation (with TR68 profile) and simplified cross-section.

Now the multibody equations (1) can be extended to comprise also the flexible bodies, yielding:

M, 0 -GI'|[z —h, | [f.
0 M, -Gil|ldq,|=| 0 [+|f, (19)
G G 0 |4 0 0

where the subscripts » and f refer to rigid and flexible bodies respectively. The flexible mass matrix M , must be assembled
from the individual elemental mass matrices in equation (12) according to the nodal connectivity. Likewise, the elementary
force vector in equation (18) is used to assemble f Iz

A rail element

A rail used in railway transportation has standard profiles in which the width of the cross-section changes with height
(figure 3). To perform an exact calculation of the rail beam element, then, equations (12) and (18) must be solved with
integration limits #* that depend on {*. To simplify the integration process, the cross section can be divided into three
rectangular cross sections representing the rail foot (the part connected to the sleepers), rail web, and rail head. Each one
of these three sections have its respective height and width, and the resulting cross-section must have structural properties
that matches the original rail profile.

With that simplification, the first term of Eq. (18) can be calculated separately for each of the three subareas. One can
also drop the starred version of the natural coordinates and replace them by the non-scaled natural coordinates &, {, and 5
by performing a variable substitution:

Lh €
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(20)

where the integration limits are:
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Likewise, Eq. 12 must be calculated for each subsection as:
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The shape functions used for this paper results were the same applied by Nachbagauer et al. (2011):

Shape functions

SX
S = [S] S2 S3 S4 SS SG S7 Sg Sg] = Sy (22)
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Linearization

Displacements on rails are usually small compared to its length. For most situations, then, it is reasonable to use a
linearized version of the nodal force vector from Eq. (18). A Taylor series expansion around a reference configuration

where the nodal coordinates are qge) would read:

— (¢ -q¥)+0, 19 +K¥ (¢ -q¥) (24)
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where fr(e) @) and ng) is the element tangent stiffness matrix. With that simplification, one can retain the convenient
constant representation of the ANCF mass matrix for large rotations and translations, while avoiding the cumbersome
calculation of the complete non-linear force vector.

RESULTS

In the following, some results from simulations carried out with the proposed element are shown. The first set of
simulations comprise of static calculations of a beam fixed at one end, and subjected to a vertical load on the opposing
end.
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Table 1 — Simplified cross-section area properties and errors compared to nominal TR68 properties.

Property Simplified section Error / %
Area 8700 mm 0.012
Moment 1, 39x 10 mm* 0.35
Moment I, 6.0x 10 mm* —0.023
Centroid height 85 mm —0.00000047
z
¢
Y62.5kN
X
N 2.0m

Figure 4 — Static test problem.

Beam under simple static bending

The AREMA TR68 rail have a cross-sectional area of 8700 mm?, second area moment around centroidal axis n* of
39 x 10° mm*, second area moment of inertia around centroidal axis ¢* of 6.0% 10° mm*, and centroid height of 85 mm.
By fixing the total section height to be the same as the standard profile (190 mm) and performing an error minimization
procedure using Newton’s method, the following set of dimensions were found: w;, = 140mm, A, = 22mm, w,, = 24 mm,
h,,=130mm, w;, =78 mm, and h;, =32mm. Table 1 shows the properties of the simplified cross-section session compared
to the original, standard TR68 profile.

To verify the element performance, a static test was setup using a 2.0 m long rail, fixed at its left edge and with a
vertical load of 63 kN applied to the other edge, as shown in Fig. 4. The rail is considered to be initialy horizontal. Four
simulations were carried out using different element configurations:

e a non-linear ANCF element with rectangular cross-section with 7, that match the ones from the AREMA TR63
rail;

e anon-linear ANCEF rail element with the simplified cross-section approach described in this paper and properties as
presented in Tab. 1;

e alinearized ANCEF rail element with the same cross-section characteristics as above;
e a B23 Abaqus beam element with general cross-section and properties from the AREMA TR68 rail profile.

For all cases, the 2.0 m beam was discretized using 10 elements of 0.20m. In the case of the elements proposed in
this paper, the implementation was carried out in Python and the routine fsolve from the Scipy package was used to find
the equilibrium configuration of the rail. Figure 5 presents the final configuration of the neutral fiber of the rail for the
simulated cases. It can be seen that results were very close.

Table 2 shows the displacements of the tip of the beam subjected to the vertical load. One can verify that the proposed
rail element vertical (z) displacements are in good agreement with the Abaqus B32 element, and with the equivalent
rectangular element as well.

Table 2 — Free edge displacements of the test beam

Case z displacement / m  x displacement / m
ACNEF rectangular element —2.06737x 1072 -1.27676x 10~*
Proposed rail element —2.11837x 1072 8.36648 x 10~

Proposed rail element (linearized) — —2.11668 x 1072 9.70630 % 10~4
Abaqus B32 element —2.14434x 1072 —1.40000x 10~
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Figure 5 — Comparison between final shape of the neutral line for: (a) a rectangular ANCF element with cross-section
properties equivalent to TR68; (b) the proposed rail ANCF element with non-linearized force calculation, and (c) linearized
force calculation; (d) Abaqus B32 elements with generic cross section with TR68 properties.

<

Figure 6 — Double pendulum example

Double pendulum

The previous results confirmed that the proposed element can achieve similar static results as other types of elements
and implementations. To verify its behavior under dynamic circumstances, a double pendulum example was set up, as
shown in Figure 6. The system is composed of two three-dimensional, 0.40 m long beams with rectangular cross-section
with height of 20 mm and width of 30 mm. Both are made of an elastic material with Young’s modulus of 210 MPa,
Poisson’s coefficient 0.30, and density 7900 kgm™3.

The proposed element was solved using a simple Euler time-stepping scheme, and then also with the IDA solver from
the SUNDIALS package (implemented via the Asimulo Python library). Comparative results are presented against the
same system modeled using Abaqus/Standard’s B23 elements, and Simpack’s linear SIMBEAMS elements. The linear
SIMBEAM approach presented uses a modal reduction in order to save simulation times.

Results, shown in Figure 7, are very similar to the four cases, but start to diverge when the first oscillation of the beam
that is pinned to the ground ends. When that happens, it can be seen the the proposed element results are in good agreement
with the Abaqus model, and more so when the more robust IDA solver is used. The SIMBEAM element, however drifts
away from the positions predicted by Abaqus and by the proposed element.
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Figure 7 — Results for the dynamic simulation of a double pendulum. Curves show the trajectory of points B and C from
Figure 6
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Figure 8 — Wheelset on flexible rail. Vertical section.
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Wheelset on rails with sleepers

Finally, an example with a railway vehicle wheelset supported by rails over sleepers was developed, Figure 8. General
mechanical properties are shown in Table 3. The wheels are considered to be cylindrical, and the rails use AREMA TR68
profiles, with track width of 1.0m. No friction between wheel and rails is considered.

At first, the wheelset is released from its initial position and let rest for 1 second, in order to accommodate on the rails.
Then, a 10 N horizontal force is input on its center of mass.

CONCLUSIONS

In this paper, a method to consider a rail profile is proposed to enhance quadratic beam elements written in the absolute
nodal coordinate formulation. Preliminary results suggest that the element can adequately model rails used in railroads
inside a multibody framework.
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Table 3 — Properties of the wheelset on rails simulation.

Property Value
Wheelset mass 100kg
Wheelset polar inertia 1.1kgm?

Wheelset transverse inertias 8.3 kgm?

Number of elements per rail 4

Element length 1.6m
Vertical sleeper stiffness 3.0x10°Nm™!
Vertical sleeper damping 3.0x10*Nsm™!
Lateral sleeper stiffness 1.4%x10°Nm™!
Lateral sleeper damping 29% 10 Nsm™!
T T T T T T T T t()
| 1| —tl
| | | | | | | |
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Figure 9 — Caption
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