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Abstract. Rotary-wings aeroelasticity is a field widely studied in order to improve the accuracy of fluid-structure in-
teraction responses using low computational effort. These aeroelastic analyses demand integrated models for both the
structural and the aerodynamical theories to properly describe the behavior of a rotary-wing. This work proposes the
implementation of a semi-aeroelastic numerical model that uses a mixed variational finite element theory to analyze the
aeroelastic behavior of a rotary-wing at hovering flight. The structural model stems from the Variational Asymptotic
Method (VAM) and relies on the Variation Beam Section Analysis (VABS) to be capable of modeling composite material
structures as geometrically non-linear beams. Also, the aerodynamic model, which computes the driving distributed loads
on the structure, is based on the thin airfoil theory and predicts the rotor aerodynamic field which will import the steady-
state induced velocity of the blade from a Blade Element Moment Theory (BEMT) analysis using an interaction process.
For the purpose of assembling the distributed aerodynamic load in the finite element structural model, the distributed
load will be transformed into concentrated equivalent loads in each element node using the numerical integration Gauss
Quadrature Method. Furthermore, the Newton-Raphson Method is applied to numerically solve the non-linear equations
for obtaining the steady-state response of a wing along the aerodynamic field in terms of geometric parameters, material
properties, rotary speed and aerodinamic coefficients. This formulation will be used to describe the aeroelastic behavior
of a rotary-wing mainly made of carbon-epoxy laminate and aramid fiber honeycomb composite materials that has the
UH-60A airfoil as cross-section. The results will present the steady aerodynamic forces distribution, the internal efforts
and blade’s displacements. Preliminary results show that the tip loss of the lift and drag starts in about 93% of the length
of the blade, and that the axial force is the critical force acting on the rotor
Keywords: Finite Element Method, Fluid-structure interaction, Non-linear analysis, Rotary Blades, Composite Mate-
rials

INTRODUCTION

Rotary-wings aeroelasticity is a field widely studied in order to improve the accuracy of fluid-structure responses, and
it needs to integrate both structural and aerodynamics theories to be properly described. Nowadays, since most of the
rotary blades are build in composite materials, the structural model needs to be capable of predicting all the internals
stresses and deformations of these type of materials. Also, the aerodynamic model needs to compute the distributed loads
applied on the blade, which can be a function of the deformations (Shang, 1995).

Modern helicopter blades usually have high aspect ratios, so it is acceeptable to model them using beam theories,
although their high flexibility and range operation lead to non-linear behavior (Hodges, 2006). Composite materials
are also widely used in the constructions of blades duo to their good fatigue life, high strain-to-weight ratio and low
maintenance costs (Ghorashi, 2016). But it can be a challenge to structurally model composite materials due to the
anisotropic behavior that involves the coupling among the extension, bending, torsion and shear deformations.

The Variational Asymptotic Method (VAM), in addition to Variation Asymptotic Beam Section (VABS) are effective
numerical techniques used to model composite blades as beams. The VAM divides a 3D structural analysis in two
complementary formulations: a main 1D geometrically nonlinear analysis discretized by finite element method (FEM)
that follows the beam reference line; and a 2D linear analysis which predicts the effect of each element cross-section using
VABS. This method yields results with a high level of accuracy, in spite of a strong reduction in the number of degrees of
freedom required by to build a 3D finite elements analysis (Hodges, 1990).

Helicopter rotor’s aerodynamic theories are used to compute the spanwise lift force, drag force and pitch moment for
an airfoil that performs a sinusoidal movement. The aerodynamic load applied on the blade is proportional to the current
blade’s elastic deformations, which integrates both the structural and aerodynamic models into an aeroelastic one. So, this
work studies the aeroelastic behavior response of a helicopter blade fully manufectured with composite material which
uses the UH-60A airfoil as cross-section. It is important to note that the assumption of steady induced flow, here derived
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from the BEMT, leads to a simplified aeroelastic model which, according to Hodges and Ormiston (1976), is judge to be
suitable for the stability analysis of blades flapping at low frequencies in hovering flight.

ROTARY BLADE AEROELASTIC FORMULATION

The rotary blade aeroelastic formulation is mainly based on a mixed variational formulation finite elements method
(FEM) with a one-dimensional discretized clamped-free beam. The nodal loads are computed using an aeroelastic model
with numerical integration along the element’s length, while the internal energy equilibrium is formulated using geomet-
rically non-linear Langragean beams (Shang, 1995).

References Frames

The nonlinear beam representation requires three different references frames. As shown in Fig. (1), these systems are:
1) global frame (a1, a2, a3) that rotates along the rotor and is defined by the rotor’s rotation plane; 2) non-deformed beam
frame (b1, b2, b3) that is used to identify every beam’s element initial condition; and 3) deformed beam frame (B1, B2,
B3) that is used to represent every beam’s element orientation on the deformed state.

Figure 1: The global frame ai rotates with the rotor. The reference frame bi represents the non-deformed beam state. The
reference frame Bi represents the deformed beam state

The linear and angular displacements vectors u and θθθ, respectively, are measured on the global frame ai. However, the
deformation γγγ, curvature κκκ, linear speed VVV , angular speed ΩΩΩ, linear momentum P, angular momentum H, internal force F
and internal moment M vectors are measured on the deformed frame Bi (Cheng, 2002). Even though the internal forces
and moments are measured on the beam’s deformed state Bi, the static equilibrium condition is calculated on the beam’s
undeformed state bi as per a Lagrangean equilibrium definition (Ghorashi, 2016).

The use of the reference coordinate systems previously mentioned requires the usage of coordinate transformation
matrices. These matrices are following listed:

• Cba: transformation matrix from coordinate system ai to bi;

• Cab: transformation matrix from coordinate system bi to ai;

• CaB: transformation matrix from coordinate system Bi to ai;

• CBa: transformation matrix from coordinate system ai to Bi.

For untwisted blades, the transformation matrices, Cba and Cab, are functions of the collective pitch angle θpitch written
as

Cba(θpitch) =

 1 0 0
0 cos(θpitch) sin(θpitch)
0 −sin(θpitch) cos(θpitch)

 (1)
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Cab = CbaT
(2)

Also, the rotation matrix, C, can be obtained by Eq. (3).

C = CabCBa (3)

So, the rotation matrix can be written in function of the angular displacements θθθ, as shown in Eq. (4).

C(θθθ) =

(
1− θθθ

T
θθθ

4

)
∆∆∆− θ̃θθ+ θθθ

T
θθθ

2

1+ θθθ
T

θθθ

4

(4)

The angular displacements θθθ are the rotation vector set as a parametrization of the nodal rotation magnitude in terms of
Rodrigues’ Parameters (Hodges, 2006). Also, the operator (̃) transform a vector to its dual matrix, that is, if eee= [e1 e2 e3]

T

so

ẽee =

 0 −e3 e2
e3 0 −e1
−e2 e1 0

 (5)

Aerodynamic Model

Andrade (1992) used a aerodynamic theory based on the thin airfoil to describe the spanwise aerodynamic load which
stems from a generalized Theodorsen theory proposed by Greenberg (Hodges and Ormiston, 1976). This theory is applied
on airfoils that performs a sinusoidal movement, on which the air flow around the airfoil can be expressed with two
components: 1) circulatory, that is, associated with the wake vortex developed at the trialling edge; 2) non-circulatory,
associated with the downwash inflow which yields inertial forces because of the mass movement.

Figure (2) shows the aerodynamic loads acting on the airfoil, where L⃗C is the circulatory lift, L⃗NC is the non-circulatory
lift, D⃗ is the sum between the induced drag and the profile drag and M⃗ is the sum between the circulatory and the non-
circulatory pitch moments.

Figure 2: Representation of circulatory and non-circulatory forces acting on the airfoil

In the mixed variational beam formulation, Eq. (6) and (7) represents the steady aerodynamic loads in the Bi frame
expressed as distributed loads.
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fB =
1
2

acρ∞


0(

UP − c
2 Ω1

)
UP −

cd0
2 U2

T( c
2 Ω1 −UP

)
UT .

 (6)

mB =− 1
32

ρ∞ac3

 UT Ω1
0
0

 (7)

where ρ is the mass density of air, c is the chord length, a is the lift curve slope, cd0 is the profile drag coefficient, UT and
UP are the relative velocity components, parallel and normal to the airfoil line in Bi frame respectively, defined as:

UT = eT
2

(
VB +CbaCλe3

)
(8)

UP = eT
3

(
VB +CbaCλe3

)
, (9)

In Eq. (8) and (9), λ is the wake-induced inflow velocity which is included explicitly in the angle of attack and VB is
the inertial velocity in the aerodynamic center of the airfoil represented as

VB = CBa [va + u̇a + ω̃a (ua +d)] , (10)

The aerodynamic force and moments are transformed into the global coordinate system ai as

fa = CT CabfB
ma = CT CabmB

(11)

where ua is the linear displacements caused by deformation, va is the rotor’s linear velocity and ωωωa is the rotor’s angular
velocity. The wake-induced inflow λ will calculated using Blade Element Moment Theory (BEMT) and incorporated to
this model.

Structural Model

Cross-Sectional Bi-dimensional Energy Analysis

The VAM involves bi-dimensional analyses, which are made by establishing structural parameters from kinetic energy,
deformation energy and work of external efforts. The energy equations requires generalized 6x6 matrices that describes
the cross-section stiffness and inertia behavior and are obtained by taking into account the shape of the the section and its
material proprieties distributions (Cesnik, 1994). In most of the cases, VABS is used to compute this matrices.

In beams made of composite materials that has the displacements and curvature coupled, the cross-sectional stiffness
matrix S is a 6x6 matrix entirely populated. In that case, the constitutive material equation that associate forces F and
moments M with the deformations γγγ and curvatures κκκ, is written as:



F1
F2
F3
M1
M2
M3


=


S11 S12 S13 S14 S15 S16
S21 S22 S23 S24 S25 S26
S31 S32 S33 S34 S35 S36
S41 S42 S43 S44 S45 S46
S51 S52 S53 S54 S55 S56
S61 S62 S63 S64 S65 S66





γ11
2γ12
2γ13
κ1
κ2
κ3


(12)

The deformation energy density for the beam’s cross-section, U , can be calculated from:

U =
1
2

{
γγγ

κκκ

}T [ A3x3 B3x3
BT D3x3

]{
γγγ

κκκ

}
(13)
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where A has the force stiffness terms, B has the curvature-force related stiffness terms, and D has the moment stiffness
terms.

The linear and angular momentum of the beam are obtained by relating the linear and angular speed with a cross-
sectional inertia matrix that represents the inertia of the beam per length unit. The vectors PB, HB, VB, ΩΩΩB, which are the
linear momentum, angular momentum, linear velocity, and angular velocity, respectively, have the ”B” subscript because
they are measured on the deformed beam coordinate system Bi (see Fig. 1).

The relation of PB and HB with VB and ΩΩΩB are expressed as:

{
PB
HB

}
= [I]

{
VB
ΩΩΩB

}
(14)



P1
P2
P3
H1
H2
H3


=


µ 0 0 0 µx̄3 −µx̄2
0 µ 0 −µx̄3 0 0
0 0 µ µx̄2 0 0
0 −µx̄3 µx̄2 i2 + i3 0 0

µx̄3 0 0 0 i2 i23
−µx̄2 0 0 0 i23 i3





V1
V2
V3
Ω1
Ω2
Ω3


(15)

where µ is the mass density per unit length, x̄2 and x̄3 are the distances of the center of mass and the shear center of the
cross-section, i2 and i3 are the mass moments per unit length in the a2 and a3 directions, and i23 is the product of inertia
per unit length.

Also, the kinetic energy for the beam’s cross-section, K, can be obtained as following:

K =
1
2

{
VB
ΩΩΩB

}T
[

µ∆∆∆ −µ ¯̄
ξξξ

µ ¯̄
ξξξ i

]{
VB
ΩΩΩB

}
(16)

Variational Formulation and Finite Elements Discretization

The variational formulation which stands for the rotary beam equations is based on the Hamilton’s principle (cite
CHENG)

∫ t2

t1

∫ l

0

[
δ(K −U )+ ¯δW

]
dx1dt = δ̄A (17)

where t1 and t2 are arbitrary times, l is the length of the beam, K and U are the kinetic and deformation energy density
per unit length, respectively, ¯δW is the virtual work of external loads on the system per unit length, and δ̄A is the virtual
action of the conservative aerodynamic forces between t1 and t2.

The virtual variation of the kinetic energy stems from the variation of the vectors VB and ΩΩΩBBB, and the virtual variation
of the potential energy stems from the variation of the vectors γγγ and κκκ. Also, the nonlinear equations derived from the
application of Hamilton’s principle (Eq. (17)) are discretized for finite elements applications with 18 degrees of freedom
per node. The degrees of freedom are contained in the following vectors: linear displacements u, angular displacements
θθθ, force F, moment M, linear momentum P and angular momentum H. Since a node has both displacements and loads as
degrees of freedom, the elements is described by a mixed formulation.

This finite element model is proposed by Shang (1995) and comes from the integration of Eq. (17) within each element
which provides the equations starting from Eq. (18) up to Eq. (27), where the subscript i term indicates the ith element
and f are the internal force related to the degree of freedom of the subscript index.

fff ui
=−CT CabFi +

∆li
2

ω̃ωωaCT CabPi +
∆li
2

(
CT CabPi

)∗
− f̄i (18)

fff ψi
=−CT CabMi +

∆li
2

CT Cab (ẽee1 + γ̃γγi)Fi +
∆li
2

(
ω̃ωωaCT CabHi +CT CabṼiPi

)
+

∆li
2

(
CT CabHi

)∗
− m̄i (19)
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fff Fi
= ui −

∆li
2

[
CT Cab (eee1 + γγγi)−Cabeee1

]
(20)

fff Mi
= θθθi −

∆li
2

[
∆∆∆+

θ̃θθi

2
+

θθθiθθθ
T
i

4

]
Cab

κκκi (21)

fff Pi
= CT CabVi − vvva − ω̃ωωa (ui +Dli)− u̇i (22)

fff Hi
= ΩΩΩi −CbaCωωωa −Cba

(
∆∆∆− θ̃θθi/2

1+θθθ
T
i θθθi/4

)
θ̇θθi (23)

fff ui+1
= CT CabFi +

∆li
2

ω̃ωωaCT CabPi +
∆li
2

(
CT CabPi

)∗
− f̄i+1 (24)

fff ψi+1
= CT CabMi +

∆li
2

CT Cab (ẽee1 + γ̃γγi)Fi +
∆li
2

(
ω̃ωωaCT CabHi +CT CabṼiPi

)
+

∆li
2

(
CT CabHi

)∗
− m̄i+1 (25)

fff Fi+1
=−ui −

∆li
2

[
CT Cab (eee1 + γγγi)−Cabeee1

]
(26)

fff Mi+1
=−θθθi −

∆li
2

[
∆∆∆+

θ̃θθi

2
+

θθθiθθθ
T
i

4

]
Cab

κκκi (27)

In the equations above, the effective nodal loads are obtained by Gauss Quadrature numerical integration:

f̄i =
∫

li (1−ξ) fadx1 f̄i+1 =
∫

li ξfadx1
m̄i =

∫
li (1−ξ)madx1 m̄i+1 =

∫
li ξmadx1

(28)

Since the blade is unique and has all elements aligned in one direction, and each jth node with j ̸= 1,N + 1 belongs
to two sequenced elements, the global matrix with N elements is assembled as Eq. (29) and Eq. (30) , while FS is the
structure operator and FL is the load operator.

FS = [ fff (1)u1
+ F̂0 fff (1)ψ1 +M̂0 fff (1)F1

fff (1)M1
fff (1)P1

fff (1)H1
fff (1)u2

+ fff (2)u2
fff (1)ψ2 + fff (2)ψ2 fff (1)F2

+ fff (2)F2
fff (1)M2

+ fff (2)M2

. . . fff (i)Fi
fff (i)Mi

fff (i)Pi
fff (i)Hi

fff (i)ui+1
+ fff (i+1)

ui−1
fff (i)ψi+1 + fff (i+1)

ψi+1 fff (i)Fi+1
+ fff (i+1)

Fi+1
fff (i)Mi+1

+ fff (i+1)
Mi+1

. . .

fff (N)
uN

fff (N)
ψN fff (N)

FN
+ ûuuN+1 fff (N)

MN
+ θ̂θθN+1]

T (29)

FL = [f̄(1)1 m̄(1)
1 0 0 0 0 f̄(1)2 + f̄(2)2 m̄(1)

2 + m̄(2)
2 . . . f̄(i)i m̄(i)

i 0 0 0 0 f̄(i)i+1 + f̄(i+1)
i+1

m̄(i)
i+1 + m̄(i+1)

i+1 . . . f̄(N)
N+1 m̄(N)

N+1 0 0]T (30)

In Eq. (29) and Eq. (30), the superscript indicates the element number and the subscript the node number. The two
previous equations lead to the solution variable X that depends on the boundary conditions
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X = [Xroot Xcommon Xtip]
T (31)

The hingeless helicopter blade is treated as a clamped-free beam, so, assuming that the Xcommon vector represents all
the middle nodes that have all degrees of freedom, the solution vector is

X = [F̂0 M̂0 u1 θθθ1 F1 M1 P1 H1 . . . uN θθθN FN MN PN HN

ûN+1 θ̂θθN+1]
T (32)

Therefore, the nonlinear equation, in steady-state, that need to be solved is

F(X) = FS(X)−FL(X) = 0 (33)

Equation. (33) is solved by Newton-Raphson method with increment k iteration

J(Xk)∆Xk =−F(Xk) (34)

Xk+1 = Xk +∆Xk (35)

where J(X) is the Jacobian matrix analytically calculated defined as

J(X) =
∂FS(X)

∂X
− ∂FL(X)

∂X
(36)

SIMULATION SETUP

The simulated blade consists in a rectangular blade with the UH60A as cross-sectional shape. The cross-section is
mainly made by Plascore honeycomb and has a box-spar made by Carbon Fiber laminate with Aluminum 8009 in the
leading edge surface. VABS (Tian et al., 2021) (Atilgan and Hodges, 1991) has been run in the section, and Fig. (3)
presents its mesh. The output results are the 6x6 Timoshenko matrices shown in Eqs. (37) and (38).

Figure 3: Cross-sectional VABS Mesh

S =


2722 0.03555 0.02767 0.1773 8.8478 −42.84

0.3555 903.6 −8.1554 −3.8010 −0.1151 0.006190
0.02767 −8.1554 129.54 1.9401 0.003477 0.1675
0.1773 −3.8010 1.9401 1.1338 0.0009266 −0.004962
8.8478 −0.1151 0.003477 0.0009266 0.8470 −0.05198
−42.84 0.0061901 0.1675 −0.004962 −0.05198 10.59

×103 (37)

I =


1.1360×10−2 0 0 0 0 0

0 1.1360×10−2 0 0 0 0
0 0 1.1360×10−2 0 0 0
0 0 0 1.3624×10−4 0 0
0 0 0 0 2.832×10−6 4.0748×10−8

0 0 0 0 4.0748×10−8 1.3341×10−4

 (38)



Non-linear Aeroelastic Study of a Rotary-Wing

The units associated with the stiffness values are Si j [N], Si, j+3 [N.m], and Si+3, j+3 [N.m2]. Also, this cross-section
is used to build the rotor that has the properties described in the Tab. (1). The rotor is used to simulate a hover flight
(va = [0 0 0]T ) with the roll, pitch and yaw angles are zero.

Table 1: Characteristics of the Rotor

Variable Description Value
e root cutoff 0.2 m
l rotor length 2.0 m
c chord length 0.472 m
ρ air density 1.225 kg/m3

ωa3 rotor speed 250 RPM
a lift-curve slope 6.390

Cd0 profile drag 0.00508
Q number of blades 2

θpitch pitch angle 8°

RESULTS

The number of elements used was 13, as used by Shang (1995). The steady-state response of the rotor for each blade
are shown in Figs. (4-6), where:

Lift, induced drag and moment and inflow distributions: Fig. (4);
Blade internal loads: Fig. (5);
Blade displacements: Fig. (6).

Figure 4: Nondimensionl Aerodynamic Loads and Inflow Velocity

In Fig. (4) , the dimensional inflow velocity represents the speed of the air mass that moves in the ground direction.
The inflow has small values between the root and the center of the rotor, increasing as the length l increases and rising
drastically at the tip, but it leads to a tip loss in lift.

In Fig. (5), the axial force F1 is caused mainly by the centrifugal force field, produced by every blade’s elements mass.
Also, the shear force F3 around the blade’s root can be used in order to estimate the rotor’s total lift, multiplying it by the
number of blades. The observed total lift was approximately 120 N.

The linear displacements shown in Fig. (6) is used to analyse the structural integrity. Because of the material’s low
stiffness, the displacement u3 is about 7.5% of the total length of the blade. The angular displacements are important
because θ1 can change the airfoil’s angle of attack.
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Figure 5: Blades’s internal Forces and Moments

Figure 6: Blade’s displacements

CONCLUSION

In this work, the aeroelastic model (structural and aerodynamic theories) was successfully integrated with the BEMT
(inflow velocity computer). Because of the low computer effort, this type of analysis can be extremely efficiency in
the early stages of a project, when the rotor’s performances are compared. Different from Shang (1995), no symbolic
variables were used which improved the computational efficiency in relation to his work

The rectangular blade built by the UH-60A was analysed and the results were consistent with the behavior of slender
rotary blades undergoing aerodynamic loads. VABS showed that the cross-section has a low stiffness and the non-linearity
of the internal forces would need to be considered to properly represent the displacements of the blade.

The tip loss of the lift started in about 95% of the length of the blade, which is a typical feature of rotor lift distribution.
Also, the internal axial force caused by the rotation was observed as the highest force of the rotor in the simulated hover
flight condition.
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