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In the present work, the linear viscoelastic behaviour of three-dimensional isotropic exponentially graded solids under
tensile loading conditions is investigated using the boundary element method (BEM). For the exponentially graded solids
considered, the elastic modulus varies exponentially along with one, two, or three directions and the Poisson’s ratio
is assumed to be constant. In order to model the material gradation a fundamental solution for exponentially graded
isotropic solids has been readily incorporated into the traditional boundary integral kernels. The viscoelastic behaviour of
the material is performed by including in the BEM formulation an approach based on the differential constitutive relations
for linear viscoelasticity employing rheological solids models. Numerical examples considering a creep behaviour of the
Kelvin-Voigt and Boltzmann material models are presented to demonstrate the accuracy, efficiency and versatility of the
used methodology. The results are confirmed by comparisons with the corresponding analytical responses, when possible,
or finite element analysis software. Useful information regarding displacement and traction of viscoelastic FGM are
obtained here.
Keywords: Viscoelasticity, Boundary element method, Functionally graded viscoelastic materials, Numerical methods,
Boundary element analysis

INTRODUCTION

Developments of high technologies applied to material science have provided substantial improvements in advanced
materials in the recent decades. Such enhancements stand for enriching the physical, chemical or mechanical properties
of a material. Special attention has been given to the enrichment of mechanical properties when related to the gradation
of material stiffness. Such features characterize advanced material composites known as functionally graded materials
(FGMs).

The concept of FGM was introduced in Japan in 1990 with the development of a composite material applied to an
aerospace project. Such composite material was artificially built in order to resist high temperatures in a reduced thickness
plate as reported in Miyamoto et al (1999).

Due to the advancement of technologies applied to manufacturing processes we can find distinct compositions of
FGMs available today. Some prominent compositions are based on metal–ceramic, metal–metal, ceramic–ceramic, ce-
ramic–polymer, metal–polymer and polymer–polymer structures (Saleh et al., 2020). One of the advantage of FGM is
the soft variation of material’s stiffness in a determined direction, thus minimizing the effects of interface as presented in
the traditional composite materials. Other relevant characteristic is the possibility to combine different classes of mate-
rials, thus taking advantage of the intrinsic behaviour of each one. Such combinations of behaviours can be required for
many structural components in order to satisfy specific applications. As example we have the combination of brittle and
ductile, linear and non linear or elastic and viscoelastic behaviours that are widely used to built components in areas like
aerospace, automotive, energy, marine, defence, etc.

The viscoelastic FGMs represent a versatile class of composite materials that have found a wide variety of engineering
applications. This kind of material exhibits creep and stress relaxation, thus it experiences strain and stress as a function
of time. According to Tschoegl (1989) the fundamental characteristics of viscoelastic material is that they behave as a
viscous fluid, elastic solid, or a combination of both when subjected to moderate loading.

In engineering science it is interesting to model and predict the behaviour of viscoelastic FGMs. To make an exact
prediction of the stress and strain fields in such materials a complex mathematical analysis is required and it still represents
a challenge. In order to overcome this hard task many researchers have applied the traditional finite element method (FEM)
or the boundary element method (BEM) to solve problems in distinct areas of engineering.

Most of the works available in the literature related to problems analysis of FGMs solids have been solved by using
the FEM. The use of BEM to solve FGM problems has been limited, specially because it requires a fundamental solution
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that accurately model the material behaviour. For exponentially graded FGM solids a fundamental solution in three-
dimensional domain and in two-dimensional domain are available in Martin et al. (2002) and in Chan et al. (2004),
respectively.

Using BEM to evaluate FGMs solids is an advantageous alternative to FEM, especially when analysing the stress field
of a problem, which leads to very accurate responses. Moreover, the absence of a domain element mesh can significantly
reduce the computational cost.

The objective of the present work is to present an efficient alternative to assess the behaviour of three-dimensional
viscoelastic FGM. Thus, the BEM is applied to solve three-dimensional linear elastic and viscoelastic problems for a
special FGM which presents the Young modulus exponentially graded in one, two or three directions. Most of the
investigations presented in the available literature has been restricted to two-dimensional problems as can be seen in
Paulino and Jin (2001), Sladek et al. (2006) and Mahamood and Akinlab (2017). In order to model the continuous
material gradation, a special fundamental solution obtained in Martin et al. (2002) and reviewed in Criado et al. (2007a)
and Criado et al. (2007b) is implemented in a BEM code. The linear viscoelastic behaviour of the FGM is performed
considering the Kelvin–Voigt and Boltzmann rheological material models as used in Neto and Leonel (2019) and Neto
and Leonel (2021). The time integration is handled using the time marching process as developed in Mesquita and Coda
(2007a) and Mesquita and Coda (2007b).

Useful information regarding displacement and traction fields are assessed herein considering different problems under
Heaviside step stress function loading, showing the BEM’s excellent numerical performance. The results are compared
with analytical responses, when available, and with numerical results extracted from a finite element software to confirm
consistency.

BOUNDARY INTEGRAL EQUATIONS FOR VISCOELASTIC FGMS

The viscoelastic FGM considered herein is assumed to be linear and isotropic as presented in Santos and Daros
(2022), thus the constitutive equations are based on the linear viscoelasticity for homogeneous materials as described in
Christensen (1982) and Tschoegl (1989).

A viscoelastic problem can be described through the following equilibrium equation:

σi j, j +bi = 0, (1)

were bi represents the body force. The elastic and viscous effects are characterized by the kinematic relations for strain
(εi j) and strain rate (ε̇i j), respectively. Here, these relations are described by

εi j =
1
2
(ui, j +u j,i), ε̇i j =

1
2
(u̇i, j + u̇ j,i). (2)

As presented in Aliabadi (2002) to evaluate an elastic problem by the BEM the integral equations for the boundary
and internal points of a domain are obtained using the equilibrium equation, Eq.(1), and can be performed applying the
weighting residual technique, as follows in Eq.(3):∫

Ω

(σi j, j +bi)U∗kidΩ = 0. (3)

In order to perform the integral over the domain Ω in Eq.(3), here is adopted the exponentially graded fundamental
solution for FGMs (U∗ki) as a weighting function.

With some manipulation in Eq.(3) and applying the divergence theorem to (σi jUki), j, the Cauchy’s relation σi jn j = pi
and the kinematic relation for strain σi jU∗ki, j = σi jε

∗
ki j, the integral equation as a function of the stress tensor σi j can be

written as follows: ∮
Γ

piU∗kidΓ−
∫

Ω

σi jε
∗
ki jdΩ+

∫
Ω

biU∗kidΩ = 0. (4)

According to Mesquita and Coda (2007a), Eq.(4) is the base to introduce the constitutive equations of a viscoelastic
rheological model into the boundary integral formulation.

As pointed in Mase and Mase (1999) the response of many viscoelastic materials presents a directly relation with
the deviatoric response while the material behaves elastically in dilatation. In order to simplify the solution for practical
problems it can be assumed that the material presents the same behaviour in the dilatation as in the deviatoric response.
Therefore a constant Poisson’s ratio can be applied for viscoelastic analysis, which avoid complex mathematical deriva-
tions (Wang and Birgisson, 2007).
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The constitutive equations for the rheological models adopted are as follow:

σi j =Ci jklεkl +ηi jkl ε̇kl , (5)

for the Kelvin-Voigt model. In Eq.(5) Ci jkl and ηi jkl are material tensors for the elastic and the viscous properties,
respectively, and ε̇kl is the strain rate. For the Boltzmann model we have

σi j =
EeEve

(Ee +Eve)
C̃i jklεkl +

γEeEve

(Ee +Eve)
C̃i jkl ε̇kl−

γEve

(Ee +Eve)
σ̇i j, (6)

where C̃i jkl = Ci jkl/Ee is used to simplify mathematical manipulation and σ̇i j is the stress rate. Moreover Ee and Eve
correspond to the Young moduli in the elastic and viscoelastic parts of the rheological model, respectively, see Santos and
Daros (2022).

In the realm of the BEM, Mesquita and Coda (2007a) observed that it is suitable to impose a proportionality between
the viscosity and stiffness parameters to transform the stress rate into a surface force rate on boundary integrals. Thus,
the following relation ηi jkl = γCi jkl has been considered, where γ is the material coefficient viscosity. Through evaluated
problems (see Mesquita and Coda (2007b)) it has been verified that such assumption does not affects the accuracy in the
convergence of the results.

The coefficient of viscosity is obtained from the creep shear test or the uniaxial tensile test and can vary in time, in
such case the proportionality between the viscosity and stiffness no longer exists. Therefore, we have assumed γ constant
in the present work, which restricts to viscoelastic materials possessing such characteristics. In addition γ corresponds to
the retardation time in a creep test or the relaxation time in a relaxation test (Mase and Mase, 1999).

Incorporating the Eq.(5) into Eq.(4) and considering the symmetry of stress and strain tensors, the kinematical rela-
tions, and the symmetry of Ci jkl and ηi jkl , we can write the boundary integral equation for the viscoelastic Kelvin-Voigt
model as follows:

Ckiui(xxx′′′)+ γCkiu̇i(xxx′) =
∮

Γ

piU∗kidΓ−
∮

Γ

uiP∗kidΓ− γ

∮
Γ

u̇iP∗kidΓ. (7)

Following the above procedure, it is necessary to insert Eq.(6) into Eq.(4) to obtain the boundary integral equation for
the viscoelastic Boltzmann model. Here we have to take into account the kinematical relations and use the following
symmetry concepts ε∗ki jEeC̃i jlmεlm = σ∗ki jui, j,γε∗ki jEeC̃i jlmε̇lm = γσ∗ki ju̇i, j and ε∗ki jσ̇i j =U∗ki, jσ̇i j. Thus, it yields

Ckiui(xxx′)+ γCkiu̇i(xxx′) =
Ee +Eve

Eve

∮
Γ

U∗ki pidΓ−
∮

Γ

P∗kiuidΓ− γ

∮
Γ

P∗kiu̇idΓ+ γ

∮
Γ

U∗ki ṗidΓ. (8)

In Eq.(7) and Eq.(8) xxx′′′ is the source point in a domain or over the boundary and Cki is the coefficient tensor of the free
term which depends on the boundary smoothness.

The kernels of the fundamental solutions inserted in Eq.(7) and Eq.(8) reproduce the behaviour of a specific class of
isotropic FGM which considers a constant Poisson’s ratio (ν) and the Lamé moduli varying exponentially in a continuous
function, such that

µ(x) = µ0e(2β · x) and λ(x) = λ0e(2β · x), (9)

where the vector β represents the material gradient coefficients (β1,β2,β3), with 1, 2 and 3 corresponding the three
Cartesian directions. The assumption Eq.(9) is typical in the engineering literature devoted to FGM (Martin et al, 2002).
Moreover, according to Chan et al (2004), a constant Poisson’s ratio is reasonable and it is widely used in the literature
dedicated to this class of material.

The kernels U∗ki and P∗ki are the displacement and traction fundamental solution tensors, respectively. According to
Martin et al. (2002) the displacement kernel is defined as follows:

U∗ki(x,x
′) = e

[
-β · (x+ x′)

] [
U0

ki(x,x
′)+Ug

ki(x,x
′)
]
, (10)

where k is the displacement component at point x due to a unit point force acting in the i-direction at point x′. Moreover,
U0

ki(x,x
′) is the displacement fundamental solution for a homogeneous medium (Aliabadi, 2002) and is written as follows

U0
ki(xxx,xxx

′′′) =
1

16πµ0(1−ν)r
[(3−4ν)δki + r,kr,i] . (11)
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The term Ug
ki(x,x

′) corresponds to the grading component and is expressed as follows

Ug
ki(x− x′) =− 1

4πµ0r
(1− e−βr)δki +Aki(x− x′), (12)

where Aki(x− x′) is a sum of five single and double integrals, including first kind Bessel and hyperbolic functions as
described in Criado (2007a) and Criado (2007b). When β = 0 Eq. (12) vanishes, which restores to the solution for
homogeneous medium in Eq.(10).

It is observed that Eq.(11) and Eq.(12) have the same weak singularity at r = 0.
Following the displacement kernel, the traction kernel is also split into two components, such that

P∗ki = eβ·(x−x′) [P0
ki(x,x

′)+Pg
ki(x,x

′)
]
, (13)

where P0
ki(x,x

′) represents the homogeneous part and according to Aliabadi (2002) is written in the following way

P0
ki(xxx,xxx

′′′) =
−1

8π(1−ν)r2

{
∂r
∂n

[(1−2ν)δki +3r,kr,i]− (1−2ν)(nir,k−nkr,i)
}
. (14)

The grading term Pg
ki(x,x

′) is given by Martin et al. (2002)

Pg
ki = µ0

[
∂Ug

ki
∂xl

+
∂Ug

li
∂xk
−βk(U0

li +Ug
li)−βl(U0

ki +Ug
ki)

]
nl(x)+λ0

[
∂Ug

ji

∂x j
−β j(U0

ji +Ug
ji)

]
δklnl(x), (15)

with nl(x) being the unit outward normal vector.
The homogeneous component of the traction kernels Eq.(14) presents a strong singularity while the graded component

Eq.(15) is weakly singular.
To perform the numerical integration procedure over Eq.(7) and Eq.(8), the boundary is divided into triangular or

quadrilateral quadratics elements. Moreover, in this work we have used continuous and discontinuous elements. The
standard procedure to separate the numerical integration into regular and singular has been considered here. In order to
evaluate the regular numerical integration over an element the Gaussian quadrature has been used as follows:∫

η

∫
ξ

U∗kiφk|J|dξdη≈
n

∑
α=1

n

∑
ρ=1

U∗kiφk|J|wρwα,
∫

η

∫
ξ

P∗kiφk|J|dξdη≈
n

∑
α=1

n

∑
ρ=1

P∗kiφk|J|wρwα (16)

where −1 ≤ ξ ≤ 1 and −1 ≤ η ≤ 1 are the homogeneous coordinates, J is the Jacobian of the transformation from
Cartesian coordinates to homogeneous coordinates, w is the Gauss weight, n is the number of Gauss points (n = 6 for
quadrilateral elements and n= 4 for triangular elements in this work) and φ is the interpolation function for each functional
node k. The interpolation functions for the geometrical and functional nodes for quadrilateral continuous elements, as
presented in Aliabadi (2002), are written in Eq.(17).

φ1 =
1
4

ξ(ξ−1)η(η−1), φ2 =
1
2
(1−ξ

2)η(η−1), φ3 =
1
4

ξ(ξ+1)η(η−1),

φ4 =
1
2

ξ(ξ+1)(1−η
2), φ5 =

1
4

ξ(ξ+1)η(η+1), φ6 =
1
2
(1−ξ

2)η(η+1),

φ7 =
1
4

ξ(ξ−1)η(η+1), φ8 =
1
2

ξ(ξ−1)(1−η
2), φ9 = (1−ξ

2)η(1−η
2).

(17)

When using quadrilateral discontinuous elements the interpolation functions for functional nodes have been obtained
using ξ = (3/2)ξ and η = (3/2)η in Eq.(17). In the other hand the interpolation functions of functional nodes used for
triangular discontinuous elements are as follows:

φ1 =
8
5

(
ξ− 1

8

)[
16
5

(
ξ− 1

8

)
−1
]
, φ2 =

8
5

(
η− 1

8

)[
16
5

(
η− 1

8

)
−1
]
,

φ3 =

[
7
5
− 8

5

(
ξ+η

)][
9
5
− 16

5

(
ξ+η

)]
, φ4 =

256
5

(
ξ− 1

8

)(
η− 1

8

)
,

φ5 =
32
5

(
η− 1

8

)[
7
5
− 8

5

(
ξ+η

)]
, φ6 =

32
5

(
ξ− 1

8

)[
7
5
− 8

5

(
ξ+η

)]
.

(18)
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The weakly singular integrals involving the kernel U∗ki are dealt with a triangle to square transformation as described in
Aliabadi (2002), in which the singularity is cancelled out by the Jacobian of the transformation. In addition, the rigid body
motion procedure is applied to evaluate the sum of the coefficient tensor of the free term Cki and the Cauchy principal
value integral present in the kernel P∗ki when r→ 0.

The here adopted technique is based on the traditional triangle to square transformation for continuous element as pre-
sented in Aliabadi (2002) and has been adapted for discontinuous element. Figure (1) illustrates the element subdivision
procedure for discontinuous elements.

3(1,1)4(0,1)

2(1,0)1(0,0)
𝜒1

𝜒2

3(1,1)4(−1,1)

2(1, −1)1(−1,−1)

𝜍1

𝜍2

Figure 1: Element subdivision for singular integration.

The quadrilateral element is divided into 9 identical squares, then the squares that contain the functional nodes are
divided into 4 triangles such that the functional node is located in one of triangle vertex. Each triangle is transformed
into a square in (χ1,χ2) coordinate system, such that the Jacobian of the transformation (ξ,η) to (χ1,χ2) becomes zero
in the collocation point. Moreover, in order to use the Gaussian quadrature again a new transformation to the coordinates
(ς1,ς2) has been applied. While the integration is performed over the triangles another integration procedure using simple
Gaussian quadrature is performed over the empty squares (squares that not contain the collocation point). The numerical
integration using the subdivision of an element has been implemented as follows:∫

η

∫
ξ

U∗kiφk|J|dξdη≈
4

∑
triangle=1

n

∑
α=1

n

∑
ρ=1

U∗kiφk|J|(ς1 +1)
A
4

wρwα +
8

∑
square=1

ns

∑
αs=1

ns

∑
ρs=1

U∗kiφk|J||Js|wρs wαs , (19)

where A is the area of the triangle in dimensionless coordinates (ξ,η), Js is the Jacobian of the transformation from (ξ,η)
to (ξ′,η′) in the empty squares, ns and wps are the Gauss points and Gauss weight, respectively. In the present work we
have used ns = 4 integration points for each square. The strong singularity present in the traction kernel P∗ki has been
treated via rigid body motion procedure.

The grading term Ug
ki has been completely integrated using simple Gaussian quadrature. Due to a singular integral of

the type 1/
√

δ present in the term Pg
ki (see Criado (2007a) page 155, eq. 36) we have applied the special Gauss-Jacobi

quadrature to treat the singularity. For both quadratures (i.e. Gauss and Gauss-Jacobi) we have used 10 points to integrate
the terms in Ug

ki and Pg
ki.

After the integration over each element, Eq.(7) and Eq.(8) are conveniently written in a matrix form such that we have
for the Kelvin-Voigt rheological model the following

[H]{u(t)}+ γ[H]{u̇(t)}= [G]{p(t)}, (20)

and for the Boltzmann rheological model

[H]{u(t)}= Ee +Eve

Eve
[G]{p(t)}− γ[H]{u̇(t)}+ γ[G]{ ṗ(t)}. (21)

Using the time marching process with u̇s+1 = (us+1−us)/∆t and ṗs+1 = (ps+1− ps)/∆t, where s + 1 represents the
current instant and ∆t is the time increment, Eq.(20) and Eq.(21) are reduced to

[A]{x}s+1 = {F̄}s+1 +{F}s, (22)
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where {F}s = γ/∆t[H]{u}s and {F}s = γ/∆t[H]{u}s− γ/∆t[G]{p}s are used in the Kelvin-Voigt and Boltzmann formu-
lation, respectively.

NUMERICAL RESULTS

In order to verify the versatility of the formulation shown before, in this section three practical problems in elasticity
and viscoelasticity fields are investigated.

Regular hexahedron subjected to a constant traction

The first problem corresponds to a regular hexahedron subjected to a constant traction on the upper face while the
displacements on the lower face are restricted. In this case study the objective is to analyse the behaviour of an elastic
FGM where the gradation is adopted to vary in one direction (z) or over the three directions (x, y, z). The hexahedron has
side L = 1 [cm] and is subjected to traction P = 100[Pa]. The considered shear modulus in the origin of the coordinate
system is µ0 = 1 [MPa] and in the upper face is imposed µ(z)= 25.53µ0. At first, in order to compare with the displacement
analytical solution, where U(z) = P/(4µ0βz)(1−e−2βzz), the Poisson’s ratio assumed is ν = 0. The displacement response
and the numerical error can be seen in Fig. 2a and Fig. 2b, respectively.

(a) Uz (b) Numerical error

Figure 2: Displacement in unidimensional analysis.

(a) Uz. (b) Ux.

Figure 3: Displacement in three-dimensional analysis.
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Another consideration is related to the material gradation in the three directions where µ(x) = 2.22µ0, µ(y) = 4.05µ0
and µ(z) = 7.39µ0. Here the Poisson’s ratio assumed is ν = 0.3. For this case there is no analytical solution, thus the BEM
responses of displacements are compared with finite element software results as shown in Fig. 3.

Through Fig. 3a and Fig. 3b one can notice the effects of material gradation on the displacements. Although sym-
metric boundary conditions have been applied, the displacement behaviours in the two regions in opposite sides present
significant effects of the material gradation.

It can be verified on Fig. 2 and Fig. 3 the displacements are to the order of 10−5[cm] resulting in deformations lower
than 10−5 [cm/cm], which is small enough to be considered a linear problem.

In this problem only quadrilateral quadratic continuous elements have been applied. The mesh used is composed with
216 boundary elements as illustrated in Fig. 2b.

Disc subjected to a uniform displacement

In the second case study the objective is to verify the behaviour of a disc graded in the radial direction under a constant
displacement (uz =−8.488x10−2[mm]) applied on the upper face. In this case the material is assumed linear elastic with
µ0 = 22.2222 [MPa] at the centre and µr = 40µ0 at the extremity r = 20[mm]. The Poisson’s ratio assumed is ν = 0.35.
Since the fundamental solution has been derived in Cartesian coordinate system, in this problem the radial gradation of the
material is approximately assessed using the subregion methodology as presented in Santos (2021). For this problem there
are analytical solutions for the normal displacement (u(z) = uzz/h), radial displacement (u(r) =−νuzr/h) and traction on
the lower surface (σz(r) = uzµ0(1+ν)e2βrr/h), where βr = 1/(2r)ln(µr/µ0). The mesh used in this problem is composed
of 1240 quadrilateral and 80 triangular quadratic discontinuous elements distributed in 40 subregions, as shown in Fig.
4a. Figure 4b shows the traction response as function of the radius distance as well as the numerical error.

(a) Geometry and mesh. (b) Traction

Figure 4: Disc geometry with boundary conditions and traction results.

Normal and radial displacements are illustrated in Fig. 5a and Fig. 5b, respectively. In this case study the material
gradation has drastically distorted the traction behaviour as seen in Fig. 4b.
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(a) Normal displacement on line (0,0,z). (b) Radial displacement in r on the upper surface.

Figure 5: Displacement.

Hollow cylinder subjected to a uniform internal pressure

The objective of this problem is to demonstrate the consistence of the BEM formulation incorporated with the previ-
ously described rheological models to numerically reproduce the viscoelastic behaviour of FGM. The problem consists of
a hollow cylinder undergoing creep deformation subjected to a uniform internal pressure PH(t) = 100[kPa], where H(t)
is the Heaviside function. Using symmetric boundary conditions only a quarter of the cylinder has been modelled. The
internal and external radius are ri = 5 [mm] and re = 20 [mm], respectively. The height is h = 8[mm]. Figure 6a illus-
trates the geometry and boundary conditions assumed. The boundary mesh is composed of 220 quadrilateral quadratic
discontinuous elements distributed in 10 subregions as can seen in Fig. 6b. In order to verify the viscoelastic behaviour,
the materials properties assumed in this problem are ν = 0.35, γ = 10[s], ∆t = 1[s] and Evis

0 = 60[kPa], Eel
0 = 250[kPa].

Eel
0 corresponds to the stiffness only in Boltzmann model and Evis

0 corresponds to the stiffness in both models. The cylin-
der is graded in radial direction such that the stiffness in re is 15.894 times the stiffness in ri. Figure 7 illustrates the
displacements in internal and external walls monitored during T = 100[s].

(a) Geometry of the problem. (b) Boundary element mesh

Figure 6: Problem considered with mesh and boundary conditions.

This problem has analytical solutions for the radial displacement as well as the Hoop stress as described in Santos
(2021). It is noted in the Boltzmann model response the elastic reaction represented by an instantaneous displacement.
The numerical Hoop stress results for both rheological models extracted from the nodes on the middle of the symmetry
surface (y= 0) are shown in Fig. 8. The equivalence in stress for both material models exhibited in Fig. 8 are in accordance
since the Boltzmann model is composed of a Kelvin-voigt model connected to an elastic element. For Boltzmann model
the stress in the viscoelastic and elastic components is the same.
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(a) Internal wall. (b) External wall

Figure 7: Viscoelastic displacements.

(a) Kelvin rheological model (b) Boltzmann rheological model

Figure 8: Viscoelastic Hoop stress.

CONCLUSIONS AND DISCUSSIONS

In the present work a three-dimensional viscoelastic boundary element analysis of exponentially FGMs has been
demonstrated. The formulation used to reproduce the time dependence of the material is based on the rheological models
and a time marching process. The FGM properties has been included into the formulation using a special fundamental
solution. In order to solve practical problems the BEM formulation has been implemented in a Matlab code. To avoid the
high computational cost required in the fundamental solution processing a parallel multiprocessing based on the Single
Program Multiple Data function has been incorporated into the BEM code.

Practical elastic and viscoelastic problem responses have shown the consistence and versatility of the formulation in
comparison with analytical and finite element software package results.

As can be observed the effects of material gradation presents substantial influence on the displacement and specially
on the traction field results. In the disc problem subjected to a uniform displacement the responses have shown the
proportionality between the traction field and material gradation. For this case the traction results along the radius direction
are up to 40 times greater than the results for homogeneous material.

It is important to notice that the viscosity component of the materials is assumed to be constant, thus it is not affected
by the material gradation although it can be dependent on temperature.

In this work we have assessed the traction in the boundary and even using symmetry conditions the results agree very
well with the analytical one, nonetheless it is interesting to assess the stress field in the domain. It is expected in future
work to implement a complete formulation including the stress kernels in order to investigate the influence of material
gradation on the stress field in FGM solids, which is one of the recognizable qualities of the BEM.
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