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Abstract. The flexural wave propagation in a 2-D platonic crystal with periodic arrays of inclusions in square and
honeycomb lattices is investigated. This platonic crystal is capable of filtering the propagation of flexural waves over
a specified range of frequency due to the formation of Bragg-type band gaps. The band structures are obtained by the
improved plane wave expansion (IPWE) and extended plane wave expansion (EPWE) considering the Kirchhoff-Love thin
plate theory. The band gaps are opened up with different values of unit cell wave attenuation. The type of lattice influences
significantly the propagating and the evanescent modes. The presented results can be used to investigate the elastic wave
attenuation using 2-D platonic periodic structures.
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INTRODUCTION

Plate structures are widely used in aeronautical, mechanical and civil engineering, aerospace, manufacturing etc. They
are one of the most commonly used structural components (Li et al., 2019). In this context, the phononic crystal (PnC)
plates, also known as platonic crystals, have been widely used for vibration reduction (Jung et al., 2020).

PnCs are artificial composite structures composed of units arranged in a specific spatially periodic form. By designing
the material composition and/or spatial arrangement of the artificial unit cell, PnCs can exhibit unusual dispersion charac-
teristics (Hu et al., 2021) able to manipulate the distribution and propagation of mechanical waves. PnCs have been also
applied to vibration attenuation, as mechanical wave filters, seismic wave shields, acoustic barriers, noise suppression
devices, among others (Miniaci et al., 2016; Miniaci et al., 2018; Dal Poggetto et al., 2021). The most common strategy
to analyse the wave attenuation behaviour in a PnC is to compute its complex band structure (Miranda Jr. et al., 2022).

The main purpose of this investigation is to study the complex band structure of a 2-D thin platonic crystal composed by
circular inclusions in a matrix with square and honeycomb lattices assuming flexural wave propagation and the Kirchhoff-
Love thin plate theory (Kirchhoff, 1850; Love, 1888).

SIMULATED EXAMPLES

The improved plane wave expansion (IPWE), ω(k) approach, and the extended plane wave expansion (EPWE), k(ω)
approach, are commonly used, respectively, to compute the propagating and evanescent modes of the band structure,
where k is the Bloch wave vector and ω is the angular frequency. The formulations are not derived for brevity. Moreover,
the IPWE formulation has already been derived in many preceding works, justifying its use and effect in improving the
convergence of the method (Sigalas and Economou, 1994; Yao et al., 2009; Li, 1996; Cao et al., 2004). The Kirchhoff-
Love thin plate theory (Kirchhoff, 1850; Love, 1888) can be used to model 2-D platonic crystals with periodic arrays
of circular inclusions in square and honeycomb lattices. The nomenclature of ”honeycomb” lattice is based on previous
studies (Torrent et al., 2013).

Figure 1 sketches the transverse cross sections of the 2-D platonic crystal with square (a) and honeycomb (b) lattices.
In Fig. 1, it is also shown the first irreducible Brillouin zone (FIBZ) (Brillouin, 1946) of the 2-D platonic crystal for
square (c) and honeycomb (d) lattices, where the FIBZ high-symmetry points are Γ (0,0), X (π/a,0) and M (π/a,π/a)
for the square lattice and Γ (0,0), X (4π/3

√
3a,0) and M (π/

√
3a,π/3a) for the honeycomb lattice, where a is the lattice

parameter.
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Figure 1 – Transverse cross sections of the 2-D platonic crystal with circular inclusions in a square (a) and honeycomb (b)
lattices, and the FIBZ for square (c) and honeycomb (d) lattices.

The physical parameters (Yao et al., 2009) of Al2O3 circular inclusions (A) and Epoxy matrix (B) of the 2-D platonic
crystals are listed in Tab. 1. The lattice parameter is considerable huge (a = 22 m), in order to shift the band gaps (Bragg-
type) to lower frequencies when using EPWE for reducing the computing cost. Thus, using the reduced frequency to plot
the band structure (Ω=ωa/2πCtB), where CtB ≈ 1.1756×103 m/s is the transverse velocity in the matrix, Bragg-scattering
band gaps opened up for a unit cell with lattice parameter of 22 mm, 22 cm and 22 m are the same, for instance. Moreover,
it is only considered the complete and partial (along ΓX direction) band gaps until Ω = 1. For a better understanding of
the following results, the basic issues of real and complex 2-D band structures can be revised in Kushwaha et al. (1993)
and Laude et al. (2009).

For EPWE calculations, the model assurance criterion (MAC) (Mencik, 2010) is used to estimate the correlation
among wave shapes. The band structures computed by the IPWE approach regarded 49 and 441 plane waves. Next, for
IPWE/EPWE calculation and comparison, 49 plane waves are considered, in order to reduce the computational time.

Figures 2 and 3 illustrate the propagating part of the band structure of the 2-D platonic crystal regarding 49 (a) and
441 (b) plane waves, computed by the IPWE, for square and honeycomb lattices, respectively. The complete and partial
(along the ΓX direction) band gaps are represented using shaded regions. For the square lattice (Fig. 2), one complete
and two partial band gaps along the ΓX direction are observed. In Fig. 3 (honeycomb lattice), there are two complete and
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Table 1 – Geometry and material properties of the Al2O3 circular inclusions (A) and Epoxy matrix (B) (Yao et al., 2009).
Geometry/Property Value
Lattice parameter (a) 22 m
Filling fraction ( f̄ ) 0.283
Mass density (ρA, ρB) 3.97 × 103 kg/m3, 1.142 × 103 kg/m3

Young’s modulus (EA, EB) 402.7 × 109 N/m2, 4.35 × 109 N/m2

Poisson’s ratio (νA, νB) 0.23, 0.378

many (b) partial band gaps.
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Figure 2 – Band structures of the 2-D platonic crystal with square lattice and circular inclusions for 49 (a) and 441 (b) plane
waves. The complete and partial (along ΓX direction) band gaps are identified by the shaded regions.

Moreover, for the honeycomb lattice, there are some partial band gaps along ΓX direction that are not opened up (a)
when using only 49 plane waves. For the honeycomb lattice, it can be observed that more band gaps are opened up,
even though they are narrower than for square lattice (Fig. 2). Furthermore, more wave modes exist for the honeycomb
lattice (Fig. 3), thus the convergence is poor for this lattice, which should be associated with the fact that the unit cell of
a honeycomb lattice has two inclusions. The influence of lattice type on the band structure (considering only the real part
of Bloch wave vector, i.e., purely propagating waves) has already been discussed for solid PnCs (Miranda Jr. and Dos
Santos, 2017).

In Fig. 4, the comparison of the band structure computed by IPWE using 49 (red circles) and 441 (blue asterisks) plane
waves for square (a) and honeycomb (b) lattices is illustrated. It can be observed that the modes present good agreement
for both lattices regarding lower frequencies. However, for higher frequencies, there are a significant mismatching.
Nevertheless, the next results are computed with 49 planes just for computational cost reduction.

In Figs. 5 and 6, the complex band structures for square and honeycomb lattices, respectively, along ΓX direction,
i.e., φ̄ = 0, is shown. The wave modes in the complex band structures can be purely real (propagating), purely imaginary
(evanescent) or complex (evanescent). The real part of the reduced Bloch wave vector (ka/2π) is illustrated in Figs. 5 and
6 (a) and it is computed by both the IPWE (blue circles) and EPWE (coloured points) approaches.

A good agreement between the IPWE and EPWE methods is observed in Figs. 5 and 6 (a). However, some modes
captured by the EPWE method are not obtained by the IPWE in Figs. 5 and 6 (a), since these modes are complex and
IPWE only identifies purely propagating (real) modes (Laude et al., 2009). Hereafter, the band gaps identified in Figs. 2
and 3 (a) are illustrated by using coloured dashed lines.
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Figure 3 – Band structures of the 2-D platonic crystal with honeycomb lattice and circular inclusions for 49 (a) and 441 (b)
plane waves. The complete and partial (along ΓX direction) band gaps are identified by the shaded regions.
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Figure 4 – Band structure comparison of the 2-D platonic crystals with square (a) and honeycomb (b) lattices, considering 49
(red circles) and 441 (blue asterisks) plane waves.

In Fig. 7, only the smallest positive imaginary part (least attenuated wave mode) of the reduced Bloch wave vector
(lowest component whose real part of the reduced Bloch wave vector lies inside and around the FIBZ is the most accurate
(Miranda Jr. and Dos Santos, 2019)) are plotted for the square (a) and honeycomb (b) lattices.

Figures 8 and 9 show the complex band structure (positive and negative values) for square and honeycomb lattices,
respectively, along the ΓX direction, computed by the (a) IPWE (blue circles) and (a− b) EPWE (coloured points)
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Figure 5 – Complex band structure (along the ΓX direction) of the 2-D platonic crystal with square lattice and circular
inclusions computed by (a) IPWE (blue circles) and (a−b) EPWE (coloured points) approaches. The complete and partial

band gaps are identified by the coloured dashed lines.
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Figure 6 – Complex band structure (along the ΓX direction) of the 2-D platonic crystal with honeycomb lattice and circular
inclusions computed by (a) IPWE (blue circles) and (a−b) EPWE (coloured points) approaches. The complete and partial

band gaps are identified by the coloured dashed lines.

approaches, considering only the complex modes (computed by EPWE) which match the real modes (computed by IPWE)
along ΓX direction.

From Figs. 8 and 9, it can be observed that the modes obtained by EPWE (those that agree with the PWE) present a
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Figure 7 – Lowest imaginary part of the complex band structure (along the ΓX direction) of the 2-D platonic crystal with
square (a) and honeycomb (b) lattices with circular inclusions computed by EPWE. The complete and partial band gaps are

identified by the coloured dashed lines.
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Figure 8 – Complex band structure (along the ΓX direction) of the 2-D platonic crystal with square lattice and circular
inclusions computed by (a) IPWE (blue circles) and (a−b) EPWE (coloured points) approaches, considering only the

complex modes (computed by EPWE) which match the real modes (computed by IPWE). The complete and partial band gaps
are identified by the coloured dashed lines.

complex pattern and are nonsymmetrical.
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Figure 9 – Complex band structure (along the ΓX direction) of the 2-D platonic crystal with honeycomb lattice and circular
inclusions computed by (a) IPWE (blue circles) and (a−b) EPWE (coloured points) approaches, considering only the

complex modes (computed by EPWE) which match the real modes (computed by IPWE). The complete and partial band gaps
are identified by the coloured dashed lines.
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CONCLUSIONS

The complex band structure of a 2-D platonic crystal with circular inclusions in square and honeycomb lattices is
computed considering the IPWE and EPWE approaches to obtain the propagating and evanescent modes, respectively.

First, the band structure is investigated by the IPWE considering only flexural propagating waves. Next, the flexural
evanescent waves are also obtained using the EPWE. Some complex modes cannot be computed by the IPWE. The 2-D
platonic crystal with honeycomb lattice opens up more complete and partial (along ΓX direction) Bragg-type band gaps.
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