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Abstract: The main purpose of this article is to present an objective, symmetrical and versatile family of strain measures 

based on the hyperbolic tangent function, both in its uniaxial and in its tensor form (3D): the Generalized Hyperbolic 

Tangent (GHT) strain measure. It is a goal of this work to examine the properties of the strain measure created and to 

discuss in which practical applications its use could be advantageous. The investigation of the new family of strain 

measures behavior will be done through the analytical study of pure deformation modes and through the analysis of a 

spatial truss using the Positional Finite Element Method (PFEM). The specific formulae for implementation of the 

Hyperbolic Tangent strain measure into the PFEM is presented. The mathematical definition of the GHT strain in its 

tensor form is made by transitioning from the uniaxial definition. To establish its conjugate stress tensor, the spectral 

decomposition of tensors will be used. With the variation of a single constant (n), versatility is obtained and calibration 

may be used to adequate the modeling of different materials. The results obtained from the analysis of trusses using the 

PFEM and analytical investigation of pure deformation modes of solids indicate that the GHT measures are suitable 

for engineering applications at small and moderate strains. In the present work, only the energy-conservative elastic, 

isotropic and homogeneous behaviors of materials are considered.  
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INTRODUCTION  

In the regime of moderate and large strains, the choice of the strain measure to be used is very important, this is 

because such a choice must consider the physical suitability, the mathematical complexity of the derived expressions and 

the computational efficiency of the entire formulation to be implemented. In large strain hyperelasticity, for example, the 

Green strain tensor is convenient because it doesn’t require polar decomposition of the Deformation Gradient, so the 

computational cost is lower, which makes the Green strain tensor a popular choice. Another example is the common use 

of the Logarithmic strain in plasticity because of the need to use the multiplicative decomposition of the Deformation 

Gradient in large strain regime, this because the logarithmic function has the property that the logarithm of a product is 

equal to the sum of the logarithms of the terms, which leads to an additive decomposition of the total strain into elastic 

and plastic parts. 

Furthermore, the choice of the strain measure also defines the strain rate and the stress, since the strain measure and 

the strain rate must conjugate with the stress, in work and power, respectively. Bazant et. al (2012) and Ji et. al (2010) 

analyze errors caused by the use of non-energetic-conjugate quantities in Finite Element Method commercial softwares. 

For small strain values, all strain measures converge, but the same cannot be said for stress, stress rate and strain rate, 

because they diverge even for small stretches. This aspect can be very relevant in the study of viscosity (material behavior 

is time-dependent) and in hypoelastic based plasticity formulations, which present constitutive equations in rate form. 

A considerable number of authors have created new strain measures and new family of strain measures, one can cite: 
Doyle e Ericksen (1956); Seth (1962); Hill (1968); Curnier and Rakotomanana, (1991); Curnier and Zysset (2006); Itskov 

(2004); Darijani et. al (2010); Darijani e Naghdabadi (2010); Darijani e Naghdabadi, (2013); Korobeynikov (2019); 

Beex (2019). In this context, the present work presents a new objective, symmetrical and versatile family of strain 

measures based on the hyperbolic tangent function. 

PROBLEM STATEMENT  

In the 1960s, the so-called classical strain measures were grouped into a single family by Seth (1962) and then by Hill 

(1968), thus becoming the Seth-Hill family. Equation (1) presents this family in the uniaxial form (1D): Green → 𝑚 = 2, 

Biot → 𝑚 = 1, Logarithmic → 𝑚 = 0, Hyperbolic → 𝑚 = −1 e Almansi → 𝑚 = −2, with 𝜆 being the stretching ratio. 
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 {
(1/𝑚). (𝜆𝑚 − 1)                   𝑚 ≠ 0          

ln(𝜆)                              𝑚 = 0
 (1) 

Figure 1 graphically represents Eq. (1). 

 

Figure 1 – Classical strain measures.  

Beex (2019) explains that, among the measures of the Seth-Hill family, the ones with 𝑚 > 0 are problematic in 

compression because they do not tend to −∞ when the stretch tends to 0, whereas the ones with 𝑚 < 0 are problematic 

in tension, because they do not present a monotonic stress increase. The Logarithmic strain measure (𝑚 = 0) tends to 

−∞ in compression and presents a monotonic increase in tension, however it has very asymmetric behavior, with stiffness 

that tends to infinity in compression and decreasing stiffness in traction. 

Observing the graph of the Seth-Hill family (Figure 1), it is noted that only the Biot measure has symmetry between 

compression and tension, the others, on the contrary, have strong asymmetries. This becomes a problem when one wants 

to model a material with approximately symmetrical behavior.  

Greco and Peixoto (2021) presented a family of objective and symmetrical strain measures based on the Sine-

Hyperbolic function: the Generalized Sine-Hyperbolic (GHS) family – Eq. (2) and Figure 2. This family is suitable for 

the regime of large deformations, mainly in the modeling of hyperelastic materials that have increasing stiffness, both in 

compression and tension. 

 εSHG =
1

𝑛
senh[𝑛(𝜆 − 1)] (2) 

 

Figure 2 – Generalized Hyperbolic Sine strain measures. Adapted from: Greco and Peixoto (2021). 

In the present article, a new family of strain measures is presented: the Generalized Hyperbolic Tangent (GHT) family 

– Eq. (4) and Figure 3. The idea is now to consider materials that have a decreasing stiffness as a characteristic, both in 

traction and compression, in order to contemplate the materials that cannot be modeled by the GHS family. The GHT 

family is believed to be suitable for the moderate strain regime, since it does not tend to −∞ when stretch tends to 0 and 

in tension it does not present a monotonic increase in stress. 

 𝜀𝑇𝐻 = 𝑡𝑎𝑛ℎ(𝜆 − 1) (3) 

 
𝜀𝑇𝐻𝐺 =

𝑡𝑎𝑛ℎ[𝑛. (𝜆 − 1)]

𝑛
 (4) 
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Figure 3 – Generalized Hyperbolic Tangent strain measures. 

A possible area of application of the GHT family is in the representation of elastoplastic behavior and damage in 

materials that work under moderate strains. In this type of modeling, the materials tend to have approximately symmetrical 

behavior and loss of stiffness along the stress-strain curve. It is believed that the use of strain measures with a behavior 

closer (and more coherent) to the behavior of the material to be modeled is conceptually important, allowing an adequate 

conciliation between micromechanical models and the mathematical formulation. As an example, we can cite the 

Polyvinyl Chloride (PVC), whose material curve is shown in Figure 4. 

 

Figure 4 – Left Graph: PVC Logarithmic (“true”) stress vs. Logarithmic (“true”) strain curve; Right Graph: Force 
vs. Stretch curve. Data Source: Alves and Martins (2009). 

In the analysis of trusses (bar elements) for moderate and large deformations, it is common to use the Logarithmic 

measure due to the fact that this measure allows the multiplicative decomposition of the Deformation Gradient, [𝐹], which 

in the 1D case is the stretch 𝜆 (𝜆 = 𝜆𝑒𝜆𝑝), while an additive decomposition of the total strain can be used (𝜀𝐿 = 𝜀𝐿
𝑒 +  𝜀𝐿

𝑝
). 

Driemeier et al. (2005), Greco and Ferreira (2009), Felipe (2019) and Felipe et al. (2019) are a few examples of studies 

that use the Logarithmic strain in the analysis of trusses. However, this measure has a strong asymmetry, which makes 

the “correction” due to plastification and degeneration of the material (which are clearly energetically dissipative 

phenomena) difficult to reconcile with considerations about the micromechanics of these phenomena.  

 

Figure 5 – Correction imposed on the elastic prediction for PVC. Left graph: Logarithmic strain measure; Right 
graph: Hyperbolic Tangent strain measure.  

Observing Figure 5 it becomes clear that the “correction” using the Logarithmic strain is very different for 

compression and tension, while the “correction” when the Hyperbolic Tangent strain is used is more reasonable. One 

even wonders if smaller values of “corrections” may lead to smaller computational cost. Though further investigation is 

needed to confirm if the GHT family is really more coherent for elastoplastic and damage mechanics formulations, the 

discussion about how the use of different strain measures affects the parameters of those formulations needs to be made, 

because such parameters usually have physical meanings assigned to them, especially when a micromechanical model is 

used in the formulation conception.  
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Despite citing elastoplastic and damage mechanics models as an example of application of the THG family, this work 

will only focus on hyperelastic models. This because the characterization of the behavior of the THG family from the 

analysis of its hyperelastic Hookean-type model is a prerequisite for its use in elastoplastic and damage models, since, as 

a rule, the stress is considered to originate exclusively from the elastic portion of the deformation and, to be calculated, 

hyperelastic models are used. 

Finally, it is noteworthy that, knowing the definition of the hyperbolic sine and hyperbolic tangent functions, the 

Generalized Hyperbolic family, presented in Greco and Peixoto (2021), and the THG family presented here can be unified 

in a single family, the Generalized Hyperbolic (HG) strain: 

 𝜀𝐻𝐺 = {
𝑒[𝑛.(𝜆−1)] − 𝑒−[𝑛.(𝜆−1)]

2. 𝐴 + (𝑒[𝑛.(𝜆−1)] + 𝑒−[𝑛.(𝜆−1)]). 𝐵
} . 𝑛−1 → 𝐴 ∈ {1, 0}; 𝐵 ∈ {1, 0}; 𝐴 + 𝐵 = 1; 𝑛 ∈ ℝ (5) 

The graph presented by Figure 6 shows components of the HG family, which is highly versatile with the use of 

constants with clear physical meaning and is composed of symmetrical and objective measures. 

 

Figure 6 – Generalized Hyperbolic strain measures. 

HYPERBOLIC TANGENT STRAIN TENSOR  

Equation (6) defines the 3D version of the Hiperbolic Tangent strain measure, that is, the Hiperbolic Tangent strain 

tensor, [𝜀𝐻𝑇], with [𝑈] being the Right Stretch tensor and [𝐼] the identity tensor. The Biot Strain tensor, [𝜀𝐵], is defined 

by Eq. (7).  

 [𝜀𝐻𝑇] = 𝑡𝑎𝑛ℎ([𝑈] − [𝐼]) (6) 

 [𝜀𝐵] = [𝑈] − [𝐼] (7) 

Knowing that the stretch 𝜆 for the uniaxial case is a 1D version of the tensor [𝑈], it is easy to associate the Eq. (3) and 

(6), which define the Hyperbolic Tangent measure for the 1D and 3D cases, and Eq. (1) and (7), which does the same for 

the Biot measure. 

The HT tensor is rewritten as: 

 [𝜀𝐻𝑇] = 𝑡𝑎𝑛ℎ([𝜀𝐵]) (8) 

The hyperbolic functions of second order tensors obey the following identities: 

 𝑠𝑖𝑛ℎ([𝐴]) =
𝑒[𝑋] − 𝑒−[𝑋]

2
 (9) 

 
𝑐𝑜𝑠ℎ([𝐴]) =

𝑒[𝐴] + 𝑒−[𝐴]

2
 (10) 

 
𝑡𝑎𝑛ℎ([𝐴]) =

𝑒[𝐴] − 𝑒−[𝐴]

𝑒[𝐴] + 𝑒−[𝐴]
 (11) 

Given a generic diagonal second order tensor [𝑋] shown by Eq. (12), its exponential is calculated as presented by 

Eq. (13). 

 [𝑋] = [

𝑋11 0 0
0 𝑋22 0
0 0 𝑋33

] (12) 
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𝑒[𝑋] = [

𝑒𝑋11 0 0
0 𝑒𝑋22 0
0 0 𝑒𝑋33

] (13) 

Given a generic diagonalizable matrix [𝑌], its exponential is determined in the following manner: 

 [𝑌] = [𝑍][𝑌′][𝑍−1] (14) 

On Eq. (14), [𝑌′] is the tensor whose diagonal is formed by the eigenvalues of [𝑌], and [𝑍] is the tensor whose 

columns are the eigenvectors of [𝑌].  

For strain and stress tensors, [𝜀] and [𝜎], the eigenvalues are the principal strains and stress, respectively, and the 

eigenvectors are the principal directions. The eigenvectors of the Biot strain tensor and the eigenvectors of the right stretch 

tensor coalesce, thus the Transformation Tensor [𝑄] (formed by eigenvectors) is equal for these two tensors [𝑄𝜀𝐵] =[𝑄𝑈]. 

With all the information and definitions showed so far, one can rewritten the HT tensor: 

 [𝜀𝐻𝑇] = 𝑡𝑎𝑛ℎ([𝜀𝐵]) =
𝑒[𝜀

𝐵] − 𝑒−[𝜀
𝐵]

𝑒[𝜀
𝐵] + 𝑒−[𝜀

𝐵]
 (15) 

With [Λ𝐵] being the diagonal tensor formed by the principal strains of the Biot strain tensor, one has  

 𝑒[𝜀
𝐵] = [𝑄𝑈]𝑒

[Λ𝐵][𝑄𝑈
−1] (16) 

The eigenvalues of the right stretch tensor, 𝜆𝑖, represent the stretches in the principal directions. The tensor whose 

diagonal is formed by these values, [Λ], has the following relationship with [Λ𝐵]: 

 [Λ𝐵] = [Λ] − [𝐼] (17) 

Eq. (16) can be rewritten as: 

 𝑒[𝜀
𝐵] = [𝑄𝑈] [

𝑒𝜆1−1 0 0
0 𝑒𝜆2−1 0
0 0 𝑒𝜆3−1

] [𝑄𝑈
−1] (18) 

 Substituting Eq. (18) in Eq. (15) one finds: 

 𝑡𝑎𝑛ℎ([𝐴]) = [𝑄𝑈]
𝑒[Λ

𝐵] − 𝑒−[Λ
𝐵]

𝑒[Λ
𝐵] + 𝑒−[Λ

𝐵]
[𝑄𝑈

−1] (19) 

When dealing with square matrices (and second order tensors), the division operation is equivalent to multiplying by 

the inverse of the divisor matrix. This approach fails to have a unique answer if the divisor matrix is not invertible or if 

the dividend matrix and the divisor matrix do not commute. In the case of the Eq. (19), since both terms of the division 

are diagonal matrices, both criteria are met and the result is unique. 

HYPERBOLIC TANGENT STRESS TENSOR  

Hill (1968) generalized the strain measures through Eq. (20), where 𝜆𝑖  and 𝑁⃗⃗ 𝑖  are the eigenvalues and the 

corresponding eigenvectors of [𝑈], respectively. According to this author, the generic function 𝑓 must return null value 

and have its derivative equal to 1 when the stretch is equal to 1, in addition to always having a positive derivative. 

 𝑓([𝑈]) =∑ 𝑓(𝜆𝑖)
𝑖

𝑁⃗⃗ 𝑖⊗ 𝑁⃗⃗ 𝑖 (20) 

Using the notation presented by Eq. (20), the Tangent-Hyperbolic strain tensor can be rewritten as follows: 

 𝜀𝐻𝑇([𝑈]) = ∑ 𝑡𝑎𝑛ℎ(𝜆𝑖 − 1)
𝑖

𝑁⃗⃗ 𝑖 ⊗ 𝑁⃗⃗ 𝑖 (21) 

This new way of presenting the HT tensor is important for the definition of its conjugate tensor: the Hyperbolic 

Tangent stress tensor. Farahani and Naghdabadi (2003) presented a general formula (Eq. (22)) which allows defining the 

conjugate stress of any strain measure.  

 

{
 
 

 
 𝜎𝑖𝑖

𝑓
=
𝑔′(𝜆𝑖)

𝑓′(𝜆𝑖)
𝜎𝑖𝑖
𝑔
                            𝑖 = 1, 2, 3

𝜎𝑖𝑗
𝑓
=
𝑔(𝜆𝑖) − 𝑔(𝜆𝑗)

𝑓(𝜆𝑖) − 𝑓(𝜆𝑗)
𝜎𝑖𝑗
𝑔
                      𝑖 ≠ 𝑗

 (22) 
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In this formula the conjugate stresses, [𝜎𝑓] e [𝜎𝑔], of two generic strain measures, 𝑓([𝑈]) e 𝑔([𝑈]), are related to 

each other. Through Eq. (22) it is possible to define the Hyperbolic Tangent stress tensor using common stress tensors 

used in continuum mechanics theory and numerical applications, such as Piola-Kirchhoff stress tensor [𝜎𝐺]  and Jaumann 

stress tensor [𝜎𝐵], that are conjugate to Green strain tensor [𝜀𝐺] and Biot strain tensor [𝜀𝐵], respectively: 

 𝜀𝐺([𝑈]) =
1

2
∑ (𝜆𝑖

2 − 1)
𝑖

𝑁⃗⃗ 𝑖 ⊗ 𝑁⃗⃗ 𝑖 (23) 

 𝜀𝐵([𝑈]) =∑ (𝜆𝑖 − 1)
𝑖

𝑁⃗⃗ 𝑖⊗ 𝑁⃗⃗ 𝑖 (24) 

 

{

𝜎𝑖𝑖
𝐻𝑇 = cosh2(𝜆𝑖 − 1)𝜎𝑖𝑖

𝐵                            𝑖 = 1, 2, 3

𝜎𝑖𝑗
𝐻𝑇 =

𝜆𝑖 − 𝜆𝑗

𝑡𝑎𝑛ℎ(𝜆𝑖 − 1) − 𝑡𝑎𝑛ℎ(𝜆𝑗 − 1)
𝜎𝑖𝑗
𝐵                      𝑖 ≠ 𝑗

 (25) 

 

{

𝜎𝑖𝑖
𝐻𝑇 = 𝜆𝑖 cosh

2(𝜆𝑖 − 1) 𝜎𝑖𝑖
𝐺                             𝑖 = 1, 2, 3

𝜎𝑖𝑗
𝐻𝑇 =

𝜆𝑖
2 − 𝜆𝑗

2

2[𝑡𝑎𝑛ℎ(𝜆𝑖 − 1) − 𝑡𝑎𝑛ℎ(𝜆𝑗 − 1)]
𝜎𝑖𝑗
𝐺                       𝑖 ≠ 𝑗

 (26) 

GENERALIZED HYPERBOLIC TANGENT STRAIN TENSOR AND ITS STRESS CONJUGATE 

The tensor form of the Generalized Hyperbolic Tangent strain is defined by Eq. (27). 

 [𝜀𝐺𝐻𝑆] =
𝑡𝑎𝑛ℎ(𝑛[𝜀𝐵])

𝑛
= (

1

𝑛
)(
𝑒𝑛[𝜀

𝐵] − 𝑒−𝑛[𝜀
𝐵]

𝑒𝑛[𝜀
𝐵] + 𝑒−𝑛[𝜀

𝐵]
) = (

1

𝑛
) [𝑄𝑈] (

𝑒𝑛[Λ
𝐵] − 𝑒−𝑛[Λ

𝐵]

𝑒𝑛[Λ
𝐵] + 𝑒−𝑛[Λ

𝐵]
) [𝑄𝑈

−1] (27) 

The tensor form of the Generalized Hyperbolic Tangent stress can be defined by Eq. (28) and (29). 

 {

𝜎𝑖𝑖
𝐻𝑇 = cosh2[𝑛(𝜆𝑖 − 1)] 𝜎𝑖𝑖

𝐵                             𝑖 = 1, 2, 3

𝜎𝑖𝑗
𝐻𝑇 =

𝑛(𝜆𝑖 − 𝜆𝑗)

𝑡𝑎𝑛ℎ[𝑛(𝜆𝑖 − 1)] − 𝑡𝑎𝑛ℎ[𝑛(𝜆𝑗 − 1)]
𝜎𝑖𝑗
𝐵                       𝑖 ≠ 𝑗

 (28) 

 

{

𝜎𝑖𝑖
𝐻𝑇 = 𝜆𝑖 cosh

2[𝑛(𝜆𝑖 − 1)] 𝜎𝑖𝑖
𝐺                             𝑖 = 1, 2, 3

𝜎𝑖𝑗
𝐻𝑇 =

𝜆𝑖
2 − 𝜆𝑗

2

2{𝑡𝑎𝑛ℎ[𝑛(𝜆𝑖 − 1)] − 𝑡𝑎𝑛ℎ[𝑛(𝜆𝑗 − 1)]}
𝜎𝑖𝑗
𝐺                       𝑖 ≠ 𝑗

 (29) 

POSITIONAL FINITE ELEMENT METHOD FORMULAE FOR TRUSSES 

Greco and Peixoto (2021) presented the Generalized Hyperbolic Sine strain measure and its formulae for 

implementation into a PFEM algorithm capable of analyzing truss structures. The authors then proceeded to analyze the 

result of truss benchmarks and compare the behavior of different strain measures. Following the same notation and the 

same algorithm, the implementation of the Hyperbolic Tangent relies on Eq. (30) (definition of the strain), (31) (internal 

force) and (32) (Hessian Matrix). 

 εTH  = 𝑡𝑎𝑛ℎ [
√(𝑥1

2 − 𝑥1
1)2 + (𝑥2

2 − 𝑥2
1)2 + (𝑥3

2 − 𝑥3
1)2

𝑙0
− 1] (30) 

 
(𝐹𝑘

𝛽(𝑖𝑛𝑡)
) =

𝜕𝑈𝑒
𝑗

𝑥𝑘
𝛽
= 𝐴0

(𝑗)
. 𝜎𝑇𝐻 . sech

2 (
𝑙 − 𝑙0
𝑙0

) . (−1)𝛽 .
(𝑥𝑘

2 − 𝑥𝑘
1)

𝑙
 (31) 

 
(𝐻𝑖𝑘

𝛼𝛽
)
𝑗
= 𝐴0

(𝑗)
. (−1)𝛼 . (−1)𝛽 . {

(𝑥𝑖
2 − 𝑥𝑖

1)

𝑙
.
(𝑥𝑘

2 − 𝑥𝑘
1)

𝑙
. [
𝐸𝑡(𝜀𝑇𝐻)

𝑙0
. 𝑠𝑒𝑐ℎ4(𝜆 − 1)

− 𝜎𝑇𝐻 . 𝑠𝑒𝑐ℎ
2(𝜆 − 1). (2. 𝑡𝑎𝑛ℎ(𝜆 − 1 ) +

1

𝑙
)] −

𝜎𝑇𝐻
𝑙
. 𝛿𝑖𝑘 . 𝑠𝑒𝑐ℎ

2(𝜆 − 1)} 

(32) 

APPLICATIONS 

In this section the new family of strain measures will be used in the analysis of a truss structure and its properties will 

be investigated through the study of its behavior in pure deformation modes of solids. 
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Truss analysis using PFEM and the GHT strain measure 

Greco and Peixoto (2021) used the Generalized Hyperbolic Sine strain in the analysis of four trusses, comparing the 

results with the ones obtained with the classical strain measures. In such article, the goal was to demonstrate that important 

divergences arise from the use of different strain measures in moderate and large strain regime, highlight the importance 

of symmetry and test the Positional Finite Element Method (PFEM) formulations developed. 

Here, the goals are to address the issue of symmetry of strain measures once more and proof the validity of the PFEM 

formulae developed for the GHT strains – Eq. (30), Eq. (31) and Eq. (32). To achieve those goals, the analysis of just one 

benchmark, the Circular Dome Truss, it is believed to be enough. 

Circular Dome Truss 

The Circular Dome Truss showed in Figure 7 was exhibited for the first time by Papadrakakis (1981), since then it 

has become a benchmark for post-buckling analysis of trusses. The structure is composed of 168 bars and 73 nodes and 

has an axial stiffness of 10 000 [𝑁] for each element. The analysis was performed using the PFEM through the use of the 

algorithm presented in Greco and Peixoto (2021), but now using Eq. (30), Eq. (31) and Eq. (32). Displacement control 

was used, with vertical position increments being imposed on the central node. Both the force 𝑃 and the displacement are 

considered positive downwards. 

 

Figure 7 – Circular Dome Truss with its most important dimensions. Source: Greco e Ferreira (2009). 

Figure 8 displays the results. On the left graph one has the classical strain measures, the Hyperbolic Sine (HS) strain 

measure (GHS with 𝑛 = 1) and Hyperbolic Tangent (HT) strain measure (GHT with 𝑛 = 1). One notes that when large 

strains are reached, the classical measures diverge significantly from each other, especially when the vertical displacement 

is greater than 200. However, the Biot, HS and HT measures remain very close to each other throughout the entire 

equilibrium trajectory, being an indication that symmetry is an important factor in itself. The graph on the right shows the 

curves referring to the measures of the GHT family with the use of different values of 𝑛, which generates very different 

measures, although, obviously, they all remain symmetrical. The result is that the symmetrical measures curves (right 

graph) are clearly closer to each other than the asymmetrical measures curves (classical measures in the left graph), which 

is another indication of the relevance of symmetry. 

 

Figure 8 – Force vs. Vertical Displacement. Left: Classical, Hyperbolic Sine and Hyperbolic Tangent strain 
measures; Right: GHT strain measures. 

The formulae implemented to represent the GHT strain measure in the PFEM showed a very good stability, given that 

the curves displayed in Figure 8 represent a complex equilibrium trajectory, with many snap-throughs. For the use in truss 

structures (unidimensional), the GHT family had results that attest its adequacy. 

Pure Modes of Solids 

In articles that present new strain measures or in the ones in which the classical measures are investigated, it is very 

common to carry out an analytical study of the behavior of the hyperelastic model formed by using the proposed strain 

measure and its conjugate stress in the context of Hooke's law, the so-called Hookean-type models (Batra (1998); Batra 

(2001);Darijani and Naghdabadi (2010); Korobeynikov (2019); Beex (2019)). In these studies, pure deformation modes 
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are used, establishing intervals of physical coherence and indicating the types of applications suitable for the strain 

measures.  

Here the Simple Axial Extension (SAE), Equi-Biaxial Loading (E-BL) and the Simple Shear (SS) modes will be 

studied. The material is considered hyperelastic, isotropic, incompressible and homogeneous. 

 Simple Axial Extension 

The SAE is the first pure mode to be examined and the development of Batra (1998) is used here, considering the 

deformation motion represented by the mathematical expressions below (Eq. (33)) and assuming that the deformation is 

produced by surface tractions parallel to the 𝑥1-axis, applied only on the end faces of the prismatic body, which has its 

mantle considered traction free. In Eq. (33), 𝑥𝑖 are the current coordinates, 𝑋𝑖 are the reference coordinates and 𝜆𝑖 are the 

stretches in the principal directions, with 𝜆1 ≠ 𝜆2 = 𝜆3. 

 𝑥1 = 𝜆1𝑋1;      𝑥2 = 𝜆2𝑋2;      𝑥3 = 𝜆3𝑋3; (33) 

Figure 9 shows on the left side a representation of the SAE mode and on the right the results obtained. The graph 

presents only the portion of the curves that has physical coherence, meaning that the GHT with 𝑛 = 1 looses physical 

meaning when 𝜆1 ≈ 1.93 in tension, for example. From these results, it can be seen that smaller values of 𝑛 allow a wider 

range of application of the strain measures of the GHT family, with 𝑛 values between 0 and 1 being the most appropriate 

for the regime of moderate and large strains. For 𝑛 ≥ 1 the GHT strain measures have limits both in tension and 

compression, for 𝑛 = 0.5 the measure looses coherence in compression, and for 𝑛 = 0.1 the measure is really close to 

the Biot strain measure and has no limits of physical meaning. 

  

Figure 9 – SAE mode. Normalized Cauchy Stress vs. Stretch in the 𝒙𝟏-axis direction. 

Equi-Biaxial Loading 

The same script used in the SAE mode is used here for the E-BL pure mode. The difference is that now the deformation 

is produced by equal surface tractions parallel to both 𝑥1-axis and 𝑥2-axis (Figure 10 left side). Equation (34) represents 

the E-BL pure mode, with 𝜆1 = 𝜆2 ≠ 𝜆3. 

 𝑥1 = 𝜆1𝑋1;      𝑥2 = 𝜆2𝑋2;      𝑥3 = 𝜆3𝑋3; (34) 

 

 
 

Figure 10 – E-BL mode. Normalized Cauchy Stress vs. Stretch in the 𝒙𝟏-axis direction.  
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The graph in Figure 10 (right side) shows that, in tension, the higher 𝑛 is the faster the stress tends to infinity as 𝜆1 

increases. Although there is no loss of physical coherence, lower values of n generate more reasonable results in tension. 

In compression, there is a loss of physical meaning for values of 𝑛 ≥ 1, and the greater 𝑛, the smaller the interval. Only 

values of 𝑛 ≤ 1 are suitable to represent moderate and large deformations. 

Simple Shear 

The Simple Shear pure mode is mathematically expressed by Eq. (35), with 𝛾  being the Shear Parameter. The 

analytical study of the SS pure mode is done following almost entirely the procedure created by authors Hashiguchi e 

Yamakawa (2012). 

 𝑥1 = 𝑋1 + 𝛾. 𝑋2          𝑥2 = 𝑋2          𝑥3 = 𝑋3 (35) 

Figure 11 shows on the left side the representation of the SS mode and on the right side the graph with the shear 

component of the Nominal stress tensor (𝑃12) vs. the Shear Parameter. With exception of the GHT measure with 𝑛 = 0.1, 

all other strain measures loose physical coherence at some point of the curve, with the interval of physical coherence 

increasing as the value of 𝑛 decreases. Only values of 𝑛 ≤ 1 are suitable to represent moderate and large deformations. 

  

Figure 11 – SS mode. Normalized Nominal Stress vs. Shear Parameter.  

CONCLUSIONS 

The Generalized Hyperbolic Tangent strain tensor, an objective, symmetrical and versatile family of strain measures 

based on the hyperbolic tangent function, was presented both in its uniaxial and in its tensor form (3D). The mathematical 

definition for the multiaxial (tensor) form was developed starting from the uniaxial definition. The formulae for 

implementation in the PFEM for trusses was also determined. 

The results obtained from the analysis of a truss benchmark, the Circular Dome Truss, attest the validity of the PFEM 

formulae developed for the GHT strains and the adequacy of the new family of strains for the uniaxial case in moderate 

and large strain regime. The question about the importance of symmetry was addressed once more and again, in 

accordance with the results of Greco and Peixoto (2021), there were indications that symmetry is in itself a relevant factor 

to have closer equilibrium trajectories when using different strain measures. 

An investigation about the behavior of the GHT family for solids under pure mode deformations was carried out and 

the results revealed that smaller values of 𝑛, specially between 0 and 1, lead to larger intervals of validity and more 

reasonable results in the moderate and large strain regime. For 𝑛 > 1, the GHT family is adequate only for small strains. 

Further investigation about the GHT family need to be made to determine where its application will be more useful. 

Especial interest should be given for its application in elastoplastic and damage formulations, especially in truss structures, 

because the behavior of the GHT family seems to lead to more reasoned energy dissipation corrections. 

ACKNOWLEDGMENTS  

Authors would like to thank the support from Fundação de Amparo à Pesquisa do Estado de Minas Gerais (FAPEMIG) 

[grant number TEC-PPM-00444-18] and Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq) [grant 

numbers 405183/2018-6, 302597/2019-0]. 

REFERENCES  

ALVES, L. M.; MARTINS, P. A. F. Understanding Invert Forming of Thin-Walled Polyvinyl Chloride Tubes Using a 

Die Based on a Mechanical Flow Formulation. Materials and Manufacturing Processes, v. 24, n. 12, p. 1398–1404, 

21 dez. 2009.  

x1

2

3

x

x



Presentation of a New Family of Strain Measures Based on the Hyperbolic Tangent Function  

BATRA, R. C. Linear Constitutive Relations in Isotropic Finite Elasticity. Journal of Elasticity, v. 51, n. 3, p. 243–245, 

1 jun. 1998.  

BATRA, R. C. Comparison of results from four linear constitutive relations in isotropic "nite elasticity. p. 12, 2001.  

BAŽANT, Z. P.; GATTU, M.; VOREL, J. Work conjugacy error in commercial finite-element codes: its magnitude and 

how to compensate for it. Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, 

v. 468, n. 2146, p. 3047–3058, 8 out. 2012.  

BEEX, L. A. A. Fusing the Seth–Hill strain tensors to fit compressible elastic material responses in the nonlinear regime. 

International Journal of Mechanical Sciences, v. 163, p. 105072, nov. 2019.  

CURNIER, A.; RAKOTOMANANA, L. Generalized Strain and Stress Measures: Critical Survey and New Results. 

Engineering Transactions, v. 39, n. 3–4, p. 461–538, 31 dez. 1991.  

CURNIER, A.; ZYSSET, PH. A family of metric strains and conjugate stresses, prolonging usual material laws from 

small to large transformations. International Journal of Solids and Structures, v. 43, n. 10, p. 3057–3086, 1 maio 

2006.  

DARIJANI, H.; NAGHDABADI, R. Constitutive modeling of solids at finite deformation using a second-order stress–

strain relation. International Journal of Engineering Science, v. 48, n. 2, p. 223–236, fev. 2010.  

DARIJANI, H.; NAGHDABADI, R. Kinematics and kinetics modeling of thermoelastic continua based on the 

multiplicative decomposition of the deformation gradient. International Journal of Engineering Science, v. 62, p. 

56–69, 1 jan. 2013.  

DARIJANI, H.; NAGHDABADI, R.; KARGARNOVIN, M. H. Hyperelastic materials modelling using a strain measure 

consistent with the strain energy postulates. Proceedings of the Institution of Mechanical Engineers, Part C: 

Journal of Mechanical Engineering Science, v. 224, n. 3, p. 591–602, 1 mar. 2010.  

DOYLE, T. C.; ERICKSEN, J. L. Nonlinear Elasticity. Em: DRYDEN, H. L.; VON KÁRMÁN, TH. (Eds.). . Advances 

in Applied Mechanics. [s.l.] Elsevier, 1956. v. 4p. 53–115.  

DRIEMEIER, L.; PROENÇA, S. P. B.; ALVES, M. A contribution to the numerical nonlinear analysis of three-

dimensional truss systems considering large strains, damage and plasticity. Communications in Nonlinear Science 

and Numerical Simulation, v. 10, n. 5, p. 515–535, 1 ago. 2005.  

FARAHANI, K.; NAGHDABADI, R. Basis free relations for the conjugate stresses of the strains based on the right 

stretch tensor. International Journal of Solids and Structures, v. 40, n. 22, p. 5887–5900, nov. 2003.  

FELIPE, T. R. C. Análise Mecânica e Probabilística de Estruturas Treliçadas Sujeitas ao Colapso Progressivo. Tese 

de Doutorado—São Carlos - SP: Universidade de São Paulo, 2019. 

FELIPE, T. R. C. et al. A comprehensive ductile damage model for 3D truss structures. International Journal of Non-

Linear Mechanics, v. 112, p. 13–24, 1 jun. 2019.  

GRECO, M.; FERREIRA, I. P. Logarithmic strain measure applied to the nonlinear positional formulation for space truss 

analysis. Finite Elements in Analysis and Design, v. 45, n. 10, p. 632–639, 1 ago. 2009.  

GRECO, M.; PEIXOTO, D. H. N. Comparative assessments of strain measures for nonlinear analysis of truss structures 

at large deformations. Engineering Computations, v. ahead-of-print, n. ahead-of-print, 1 jan. 2021.  

HASHIGUCHI, K.; YAMAKAWA, Y. Introduction to Finite Strain Theory for Continuum Elasto-Plasticity. 

Illustrated edição ed. Chichester, West Sussex: Wiley, 2012.  

HILL, R. On constitutive inequalities for simple materials—I. Journal of the Mechanics and Physics of Solids, v. 16, 

n. 4, p. 229–242, 1 ago. 1968.  

ITSKOV, M. On the application of the additive decomposition of generalized strain measures in large strain plasticity. 

Mechanics Research Communications, v. 31, n. 5, p. 507–517, 1 set. 2004.  

JI, W.; WAAS, A. M.; BAŽANT, Z. P. Errors Caused by Non-Work-Conjugate Stress and Strain Measures and Necessary 

Corrections in Finite Element Programs. Journal of Applied Mechanics, v. 77, n. 4, p. 044504, 1 jul. 2010.  

KOROBEYNIKOV, S. N. Objective Symmetrically Physical Strain Tensors, Conjugate Stress Tensors, and Hill’s Linear 

Isotropic Hyperelastic Material Models. Journal of Elasticity, v. 136, n. 2, p. 159–187, 1 ago. 2019.  

PAPADRAKAKIS, M. Post-buckling analysis of spatial structures by vector iteration methods. Computers & 

Structures, v. 14, n. 5, p. 393–402, 1 jan. 1981.  

SETH, B. R. Generalized strain measure with applications to physical problems. . Em: IUTAM SYMPOSIUM ON 

SECOND ORDER EFFECTS IN ELASTICITY, PLASTICITY AND FLUID MECHANICS. Haifa: 1962.  

RESPONSIBILITY NOTICE  

The authors are the only parties responsible for the printed material included in this paper. 

 

 

 


