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Abstract. This article presents solutions for the displacement fields of full-spaces subjected to external vertical loads.
In this problem, the full-space is a three-dimensional, viscoelastic, isotropic, unbounded medium. The solution method
consists of writing the coupled Navier-Cauchy differential equations describing the medium in terms of independent vector
fields, in the sense of a Helmholtz decomposition. A subsequent Fourier transformation enables boundary conditions
corresponding to the external loads to be incorporated algebraically. In this paper, the external loads are time-harmonic
and have a biquadratic distribution over a rectangular area of the full-space. Expressions for these loads in the Fourier
domain are derived and presented. Since closed-form, non-singular, analytical expressions were able to be obtained for
these loads, the final displacement solutions can be used in the context of boundary element and meshless methods without
the issue of singularities resulting from collocation, which is a major application of these solutions. In addition to this
advantage, the fact that the solutions consider biquadratic loads enables an improved representation of sharply-varying
contact traction fields, which are common in many engineering applications. Final expressions for displacement fields are
presented in terms of double Fourier integrals. The paper discusses strategies for their accurate numerical evaluation,
and presents selected numerical results.
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INTRODUCTION

The boundary element method (BEM) is typically the method of choice to model the soil and other unbounded media.
The main reason for this is its ability to comply with the radiation condition of unbounded media (Sommerfeld, 1949) and
because the BEM does not require truncation of the mesh in the domain (Kuzuoglu and Mittra, 1997).

One of the formulations of the BEM is the Direct-BEM (DBEM), in which a discretized boundary integral equation
relates stress and displacement Green’s functions for the medium being analyzed. Pan (2019) brings a somewhat updated,
comprehensive literature review of Green’s functions that have been derived for elasticity analyses using the DBEM.
Formulations of the DBEM are known for their problems with singularities, which result from the collocation of singular
Green’s functions at the boundary of the problem (Dumont, 1994).

The Indirect formulation of the BEM (IBEM) proposes to sort this problem by using non-singular influence functions.
In these functions, singularities resulting from coinciding source and field points are integrated analytically, so that the
final displacement and stress fields are free from singularities, even if external loads are collocated directly at the boundary.
In the IBEM, stress and displacement states are related through sets of unknown, fictitious loads, rather than directly
through a boundary integral equation. These fictitious loads are then found by imposing that the displacement and stress
states belong to the same problem. Some applications of non-singular influence functions in the context of the IBEM
can be seen in Carneiro et al. (2022) for the problem of a surface wall and in Guerra et al. (2022) for the problem of
large-diameter shafts.

The authors of this paper have invested the past decades deriving non-singular influence functions for various types
of media, for their applications in DBEM and IBEM schemes. Among the successful results are influence functions for
isotropic (Mesquita et al., 2012) and anisotropic media (Barros and Mesquita, 1999), harmonic and transient excitations
(Mesquita et al., 2003), concentrated (Mesquita et al., 2009) and distributed loads, for half-spaces (Mesquita et al., 2012)
and full-spaces (Labaki et al., 2019). A variety of different methods of derivation were investigated (Adolph et al., 2007,
Romanini et al., 2019). The group has also invested in methods for the accurate numerical evaluation of these solutions
(Labaki et al., 2012) and in advanced schemes to address their associated computational cost problem (Mesquita et al.,
2009).

A variety of other influence functions are also available in the literature, which aim at representing other soil features,
such as its transverse isotropy, poroelasticity, and the layered constitution commonly found in engineering practice. Fu et
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al. (2017) and Fu et al. (2019) used these functions in an IBEM context to model the dynamic response of rectangular
plates embedded in layered, transversely isotropic soils. Ba et al. (2018a) used this formulation to obtain the response
of strip foundations in transversely isotropic, layered, elastic soils, which was later extended by Ba et al. (2018b) to the
poroelastic case. The more arbitrarily-shaped problem of alluvial basins has been more recently addressed by Ba et al.
(2020).

The motivation for the present paper is the case of discontinuous contact problems. These problems are common in
systems involving more than one medium or more than one interacting body. The difficulty is that contact tractions at
the interface between multiple media and bodies present sharp variation at their interfacing edge (Barros and Mesquita,
2000). These are difficult to represent accurately with influence functions that consider uniformly-distributed loadings,
such as those derived by Romanini et al. (2019). In order to represent these tractions accurately with uniformly-distributed
loading solutions, large number of elements are necessary, which aggravates the problem of the already high computa-
tional cost of these functions. Additionally, depending on the type of singularity experienced by these contact tractions,
their representation may only be possible by influence functions that match their type of singularity exactly (Barros and
Mesquita, 2009). Romanini et al. (2021) have recently put forward novel influence functions that consider external
loads with bilinear variation, which is a significantly improvement towards representing these sharply-varying contact
quantities. The solutions in the present article are yet another significant step towards solving this problem.

This article presents displacement solutions for a 3D, isotropic full-space under time-harmonic vertical loads. The
solutions can consider the loads to have arbitrary biquadratic distribution over a rectangular area of the full-space. These
influence functions can be thought of as quadratic boundary elements, which can be used in DBEM and IBEM frameworks
and meshless methods to solve elastodynamic problems.

PROBLEM DEFINITION

Consider a 3D, isotropic full-space, subjected to time-harmonic loads of circular frequency ® applied in the vertical
(2) direction. The loaded surface is a square patch defined by |x| < A;|y| < B;z = 0. The spatial distribution of the load
over this area is considered to have arbitrary biquadratic variations (Fig. 1).

Figure 1 — Biquadratically-varying load distribution within the full-space.

It is a reasonable hypothesis for this problem to disregard body forces, without which the equation of motion for the
full-space is given by

VU +(A+u)V(VeU) = —o’pU. (1)

In Eq. 1, g and A are Lamé’s constants and p is the mass density of the full-space, and U = U (x, y, z) is the displacement
vector of an arbitrary point of coordinates (x,y,z). The corresponding stress field 6 = 6 (x,y,z) can be obtained from U
through the generalized Hooke’s Law for the isotropic medium:

6ij =MV eU)d;+u(U;+Uj,), )
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in which §;; is the Kronecker Delta.
The problem to be solved in this paper consists of finding solutions for the displacement field U for the loading case
illustrated in Fig. 1.

SOLUTION PROCEDURE

In this paper, a Helmholtz decomposition scheme is used to find an expression for the coupled displacement field in
Eq. 1 (Helmholtz, 1858). According to this scheme, the terms u; of U, U = u;é; (i = x,y,z) are expressed as the linear
superposition of two independent vector fields A and Q:

1 2
Ui = _72A,i + *Zeimngn,m7 3
kL kS

in which &z, and kg are primary and secondary wave numbers of the full-space, given by

®’p
k= —— 4
L™ N +2u “)
and
2
2=2P 5)
u

Analogously to the decomposition of u; in terms of A and €, stress components ;; from Eq. 2 can also be decomposed
in terms of A and Q as

G 1—2n? 2
20— A
u n

2
_ kTA’ij +o (eirQuij + € ju i) , ©
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in which n? = k2 /k2. The problem of finding U is now reframed as the problem of finding A and Q. Ansatz solutions for
A and Q can be proposed in the wave number domain (B,7) as

A(I,Z) :A(1’2>k%eiaLz+i<Bx+Yy), (7)
and
95_172) — Bglﬁz)kgeiaseri(ﬁer'Yy)' (8)

The exponential terms in these trial solutions are planned so that A and Q vanish for x — =£oo, in order for them to satisfy
the radiation condition (Sommerfeld, 1949). In Eqs. 7 and 8, the index m denote the two halves of the full-space: m = 1
refers to (—oo < 7 <0), and m = 2 refers to (0 < z < 4-o0).

A property of the vector fields A and Q is that they are curl-free and divergence-free, respectively. Mathematically,
these properties can be expressed as

€k, =0 )
and

S (10)

aXI elmn n,m| — .

Substituting Eqgs. 9 and 10 into Eqgs. 7 and 8 results in

of g = (B2 +7) — ks, (11)

and

i
B = i? (BB1+7B2). (12)
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Substituting Eqs. 7 and 8 into Egs. 3 and 6 results in expressions for the displacement and stress components in the wave
number domain:

ug’z) = { AU2)iBeF0uz 4 O%S [B BY+B 2 (V- océ)] eio‘sz} el(Bxrw) (13)
= { AUDjyetous 4 (fs [Bgl 2 (=% +03) —BY? By} eﬂw} ei(Bxw) (14)
P = {FADayetens — i B2y B p| etos } i) (15)
ol =u {A“*z) (B> =7 — o5 +207) e £ 4P { DBy+ By (P~ 0&%)} eiasz} ellPerm) (16)
oy = { 120yt - (B (PP Bog — B) + 5 (1~ vo8 - B eﬂ*ﬂ} ci(Brw) (a7
GXZ _ { 12 [30‘ e:taLz+ [23 B,Y+B 2) (,YZ —(X% _ [32)} e:l:(xsz}ei([}x+w) (18)
o\ = { (12 (P - B2 — 0 + 20 ) =% £ % [BELZ) (o3 —B?) —Bgl’z)By} ei‘xsz} el(Px+m) (19)

o\ = 2u {1F1A(‘ 2yo et + |B [ (1.2 (o5 +v —B?) —23&1’2)[37} eio‘sz}ei@”M (20)

and

ol = {_A“@) (Y + B + o) e F dicyg [Bgl’z)Y— Bgmﬁ} eio‘“} (P, @n

These are general solutions for the displacement and stress components, expressed in terms of arbitrary functions A"
and B,(lm) (m=1,2;n=1,2,3), which depend on the boundary conditions of a given problem.

BOUNDARY CONDITIONS

In order to obtain the expressions of A" and Bﬁ,’”) for the title problem (a full-space), equilibrium and kinematic
compatibility conditions are imposed for m = 1 and m = 2 parts of the full-space. The kinematic compatibility condition
for this problem can be written as

”.(/'1) (x,y,2=0) = u(z) (x,y,2=0), (22)
and the equilibrium condition can be expressed as

G(Z%]') (x,y,z = 0) - G(ZZ/> (x,y,z = O) =pj (x’y) . (23)

The discontinuity p; in the expression of 6z; in the x —y plane (z = 0) is the external load applied at the interface between
media m = 1 and m = 2 (Fig. 1), which has magnitude j; and is applied in the j—direction (j=x,y,z). Assuming
time-harmonic loads, p; is given by

pi(x,y) = pj(x,y)elPm), (24)

Equations 22 and 23 involve six algebraic equations, the solution of which yields

a0 _ LBox(By) 1oy (By) | 1pz(BY) 25)
2! ki 2 oyuk: T2 uk:
(1,2) 1py (By) | 1vpz(B,Y)
g1 _ 1 1 26
R R L R 2
B(21,2) _ ilﬁx (B:v) IIBPZ(B Y). 27

4k 4" ougpk:
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Biquadratic external loads

In this paper, the magnitude p; of the external load is assumed to have a biquadratic variation over the square patch
|x| < A;|y| < B;z=0 of the full-space (Fig. 1). An expression for this distribution can be established by direct interpolation
of its value at specific points. Consider the points Q; = (+A4,+B,0), Q> = (+A4,0,0), O3 = (+A,—B,0), Q1 = (0,—B,0),
05 = (—A,—B,0), Qs = (—A,0,0), 07 = (—A,+B,0), Qs = (0,+B,0), Q9 = (0,0,0). The value of p; at Q; is denoted
ast; (i=1,...,9). An expression for p; can be obtained by a biquadratic interpolation over j; (Q;) =t; as

1
pj(xy,2=0)= CR (Tix*y* + ToBx*y + 2T3B*x* + TuABxy + TsAxy* + 2TsAB x + 2T7A%)? +2T3A’By + 4ToA’B?) ,
(23)
for [x| <A and |y| < B, and p; (x,y,z = 0) = 0 otherwise, in which
i =t1+t3+1ts+t7+4t0 —2(r+ta+16+13), (29)
Th=t1+2ts+1t7— (13 +1s+213), 30)
T3 =1t + 1t — 219, (31
Ty=t1+ts— (13 +17), (32)
Ts=t1+134 2t — (20 + 15+ 17), (33)
Ts =1t —tg, T7 =t4 +13 — 2, (34)
Ty = —t4+ 13, 35)
and
To=19. (36)

Since Equation 23 is written in the (J,y) domain, Eq. 28 must undergo a Fourier transform so that it can be incorporated
into that equation. This transformation yields

_ 1 _

Dj (BvY) = ZAZBZTEBS’YS ;pijv 37
i=

in which

PTllj = (B2A2 2) (ysz 2) sin (BA)sin (YB) + 2By (]32A2 2) sin (BA) cos (YB)

+2pA (yzB2 - 2) cos (BA) sin (YB) + 4ABBycos (BA) cos (YB), (38)

P2j . . .
Tgiij =— ([32A2 —2)sin(BA) sin (yB) + By (B2A2 —2)sin(BA) cos (YB)

—2BAcos (BA)sin (YB) +2ABBycos (BA) cos (YB), (39)

ZTIEEJzyz (B*A? —2) sin (BA) sin (YB) + 24 B cos (BA) sin (¥B), (40)
legﬁv = —sin (BA)sin (YB) +yBsin (BA) cos (YB) +ABcos (BA) sin (YB) — ABBycos (BA) cos (YB), (41)
TZ;J B = (YZB2 2) sin (BA) sin (YB) — 2Bysin (BA) cos (YB)

+AB (ysz - 2) cos (BA) sin (YB) +2ABBycos (BA) cos (YB), (42)
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and

Psj

AR BT = —Bysin (BA) sin (YB) + ABBycos (BA) sin (YB) ,

P (KYZB2 2) sin (BA) sin (YB) + 2Bysin (BA) cos (YB)

2TA2R?

mi?iijgﬁz —sin (BA) sin (yB) + Bysin (BA) cos (YB) ,
Poj . .

Tyacppy — S (PA)sin(1B)

DISPLACEMENT FIELDS

(m)

(43)

(44)

(45)

(46)

The final step in the derivation consists in substituting the expressions for A" and B, for the full-space case (Eqs.
Egs. 25 to 27) into the general expressions of displacement components u; (Egs. 13 to 15), considering the expression
for the external load in the (B, ¥) domain (Eq. 37). This results in the final expressions of the displacement field in the
(B, ) domain. Their counterparts in the physical domain are obtained after subjecting these expressions to direct Fourier
transform, which yields:

uxz 2 A3
e L Fi
b ek </ K ‘B*‘”‘B> Cha
AZB 2AB2
+T27 / / Fis sﬁxdkﬁ swdky o / / Fi—5 ké - spedkp dekv
+T4— / (/ Flcﬁxdkﬁ) PR kg — Ty e / </ Flcﬁxdkﬁ) 7 vk

o
724 / ( / P cﬁxdkﬁ) eyl —T1~ / ( / FlsBAsﬁxdkB> kycwdky

+ Tg2A B/ </ FlsBASBxdkB> Syydky T94ABza0/ (/ FlsBAsBXdkB> ——Cyydky,

uyz 2 A3/ / Fy
Wz: __p A dk d
Dy~ 'd ( | ch ) g onlh
A’B Fpi 2AB2 <[ = Fp
-n A dk ey — Fi 2L eg dk d
2 / (/ 173 B B) T o B /0 /0 Vg e SysSyydky
AZB Fp A3 > Fyy Fy
L / ( / R sﬁxdk3> L e /0 ( /0 A Bsﬁxdk5> Tk
i K
243 = (™ spa Fy
T2AB2/ /Fﬁ dk dk—T—/ /Fi dkg ) =2 5., dk
+1e o (0 lkéyﬁx p|swspdly=T1= = | |, lkBCBx B k%svy v
732428 / ( / R cﬁxdk[3> et~ AR /0 < /0 Flkﬁcﬁxdkﬁ) sypsydky,

(47)

(48)
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and
Uzz A3/ / F FB]
= =-T1— dk cyydk
Dy laSo(aaskEBxB YWY
A%B > F2 Fp 2A32 0 P, Fp
Th—- dk dk dk dk
+2ag/o</o kgﬁxﬁkﬂwY ao/o /oocskgﬁxﬁk%y
A2B = B Fyp A3 e B Fp
- /0 ( /0 a7 ks ) 2 sy)dky+ T /0 /O 2 1 el k3 LI
B Fp 243 [ F> spa Fy
T2A32/ / dk dk fT—/ / dk dk
+1o O<Oaskﬂﬁx B) T PYTI o o s g BB ) G el
F> spa 2 <[ Fz SBA SyB
T2AZB/ / dk dky— Ty4AB / / 2204 e dkg ) o dky, (49
+1 0(00tskﬁ Cpx B>k2SyyY 9 aoo ()(_XSkBCBxB kycw v (49)
in which
A A
kg = %B,ky = %y, (50)
_ nr+ini
. ap . ap . .
Spy = sin (Xkﬁx) ,Syy = sin (Xkyy) ;SpA = sin (aokB) ,$yg = sin (aoboky) , (52)
a a
Cpy = COS (Zk5x> ,Cyy = COS (Xkyy) ,CpA = €OS (aokﬁ) ,CyB = COS (aoboky) , (53)
B
by = 740 Aco\/f7 (54)
2
2 _ (12,42 _(kZ/k§) o (2, 2\ 1
2 _ (kB—i-kY) 0= (kﬁ+kY) e (55)
Fi=e A Doz _ e—%ds‘Zth _ (_de,Se_aTOaLIZ‘ _ (ké +k§) e—%odslz\’ (56)
Fg = (a(z)k% — 2) spa + 2aokpcpa, Fpo = —Sa +aokpcpas 57
Fy = (bgagky —2) sy + 2boaokycys, Fp = —sys + boaokycys. (58)

NUMERICAL RESULTS

Analytical solutions for Eqs. 47 to 49 are possibly unattainable. Their numerical evaluation requires carefully selected
methods. The integrands are characterized by the existence of two distinct regions. For small values of kg and ky, the
integrand contains two singularities, corresponding to the primary and secondary wave numbers in the full-space. In soil
problems, these are physically related to the compression (P) and shear (S) wave numbers, respectively. In the present im-
plementation, the integral in this region is evaluated via the combination of two techniques. The first is the incorporation
of a small damping factor n = 0.001 into the constitutive parameters according to Christensen’s elastic-viscoelastic corre-
spondence principle (Christensen, 2010). According to this principle, new complex values for the constitutive parameters
of the full-space are obtained as A* = A (1+1in) and u* = p(1+in), which are used instead of u and A in Eq. 1. This has
little consequence to the model of the soil for engineering practice, but it smooths out the singularities and facilitates the
evaluation of their integrals (Michalski and Mosig, 2016). The smoothed singular region is then integrated via classical
adaptive Gaussian quadrature routines (Piessens et al., 2012). For larger values of kg and ky, the integrands of Egs. 47
to 49 present an oscillatory-decaying behavior, the integral of which only converges at infinity. It has been found that
extrapolation-based techniques involving improved versions of the Longman’s method (Longman, 1956) are capable of
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evaluating the integral of these regions accurately. A detailed description of the methods used to evaluate these integrals
can be found in Labaki et al. (2012).

The present implementation has been extensively validated by comparing its results with those of limiting cases from
the literature, such as Kelvin’s point load problem (Kane, 1994), the 2D plane-strain problem solved by Barros and
Mesquita (1999), and the dynamic point-load Kelvin solution (Kitahara, 2014). The case of biquadratically-varying
loads, which has not been solved in the literature, has been validated by checking whether stress solutions reproduce
the boundary conditions for measuring points near the loaded area, and by comparing stress solutions that have been
synthesized numerically from displacement solutions with those that have been computed directly. A scheme for the
numerical synthetization of stress components from displacement components is presented by Romanini et al. (2021).
The comparisons showed that the present implementation is capable of reproducing previous results accurately, and that
it yields physically-consistent displacement responses.

All results in this section consideru=1,p=1,v=0.25,andA =B = 1.

Figures 2 and 3 show displacement fields due to various load distributions. Loading cases A, B, and C consider
ti=1/(4AB) (i=1:9) (constant load distribution), #; = 3i/ (80AB), and t;.3 = 0;79 = 9/ (16AB). The magnitude of these
loads is such that they have unit net values: [’ fA [, 5 (x,y)dxdy = 1. This definition is planned in order to highlight the
effect of loading distribution, rather than magnitude, in the response of the full-space. All cases consider the frequency of
excitation ag = 1.
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Figure 2 — Effect of different load distributions on uy .
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Figure 3 — Effect of different load distributions on uz.

Figures 2 and 3 show that displacement fields are strongly dependent on the distribution of the load. Loads that are
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not uniformly distributed present more abrupt variations along the measured like than the uniformly-distributed loading
case A. These effects are more pronounced near the loaded area (x,y < A), as expected. It is physically consistent that
the overall magnitude of the direct displacement component uz7 is larger than the magnitude of the cross displacement
component uyz, which is observed for all loading distributions.

CONCLUSIONS

This paper presented a novel solution for the displacement response of three-dimensional full-spaces under time-
harmonic vertical loads. The derivation consisted in obtained expressions for the coupled equations of motion and the
external load in the Fourier domain, in which boundary conditions corresponding to the full-space problem were able
to be imposed algebraically. These solutions correspond to non-singular influence functions, which can be used in the
framework of boundary element and meshless methods to solve elastodynamic problems. The consideration of biquadratic
variation of the external loads makes these functions more suitable to represent sharp contact traction variations, which
are common in engineering practice.
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