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Abstract: Spatiotemporal dynamics arises in systems governed by partial differential equations or coupled lattice maps.
A complex dynamics is expected for nonlinear systems, being characterized by chaos and patterns. This paper investigates
different responses showing patterns and spatiotemporal chaos on a dissipative Duffing-type system governed by equa-
tions with cubic nonlinearity. Duffing systems are largely employed in mechanical energy harvesting systems, defining a
relevant topic of engineering research. Numerical simulations are developed employing the finite difference method for
spatial discretization and the fourth-order Runge-Kutta method for time discretization. Dissipation effects and external
excitation are of concern. Different spatiotemporal patterns are discussed considering distinct combinations of chaos and
periodicity.
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1. INTRODUCTION

Spatiotemporal dynamics has proper characteristics being associated with different scientific and engineering situa-
tions such as chemistry (Ng and Dubljevic, 2012; Owolabi and Hammouch, 2019), solid mechanics (Yang and Chen,
2005; Reis et al., 2018) and fluid dynamics (Chimanski et al., 2016; Reis and de B Alves, 2021). These problems can be
modeled by either partial differential equations (PDE) or by a coupled lattice maps, representing a challenging topic due
to nonlinearities that establish complex dynamical responses. On this basis, different spatiotemporal patterns and chaos
are some instances of the richness related to these nonlinear systems.

Pattern formation is the dynamical investigation of behavioral patterns of complex systems, being characterized by
collective behavior built from individual or local dynamical behavior. Self-organization is one of the key aspects of this
kind of behavior. Different dynamical behaviors are instances of patterns, which means that periodic and quasi-periodic
responses are some of the spatiotemporal patterns. Biological systems have several mechanisms that can emerge from
this kind of strategy, varying from self-assembly of molecular structures, cell organizations and proliferation, cell divi-
sions and control, among others. Owolabi and Hammouch (2019) exploited different spatiotemporal patterns presented in
Belousov-Zhabotinskii chemical reaction systems. Biancalani et al. (2010) developed a stochastic version of the Brussela-
tor model and observed Turing patterns. Coelho et al. (2021) investigated the Swift-Hohenberg nonlinear PDE subjected
to nonuniform forcing and observed that the orientation of the strips are driven mainly by forcing gradients. Kohsok-
abe and Kaneko (2017) studied the boundary-induced pattern formation in a two-component reaction-diffusion system,
observing a relationship between the pattern wavelength and the period oscillation of the components.

Spatiotemporal chaos is a complex behavior associated with PDE systems, being associated with an irregular response
in both space and time. Predator-prey models are an example of systems that present spatiotemporal chaos. Morozov
et al. (2004) investigated the routes to chaos and the Allee effect. Ghorai and Poria (2016) investigated the influence of
additional food for predators in a diffusive predator-prey model, showing that the system can present spatiotemporal chaos
depending on the quality and quantity of the additional food. Gotoda et al. (2015) analyzed the Kuramoto-Sivashinsky
equation with an additional spatial derivative term standing for dispersion, showing that an exponential decay behavior
of the Power Spectrum Density at high frequencies is usually associated with spatiotemporal chaos. Deissler (1987)
investigated the convective chaos in a spatiotemporal open-flow problem governed by the Ginzburg-Landau equation,
stating that the external noise initiates the transition to turbulence being responsible for the intermittent turbulent behavior
observed in the transition region. Afterward, Aranson and Kramer (2002) presented an overview of the different responses
given by the Ginzburg-Landau equation.

Duffing-type systems is a classical example characterized by cubic nonlinearities and describing a large number of
physical phenomena (Savi and Pacheco, 2002; Kovacic and Brennan, 2011). Among the physical situations governed by
Duffing equations, it should be highlighted a network of Moon beams (Moon and Holmes, 1979; Costa et al., 2021) or
acoustic metamaterials (Fang et al., 2017). Duffing systems built as a network of oscillators is a typical spatiotemporal
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system. In this regard, Umberger et al. (1989) presented a pioneer study of a chain of Duffing oscillators considering
periodic boundary conditions. The nonlinear oscillators were connected by means of linear springs. Pattern formation
were investigated when the system undergoes harmonic excitation showing that, for a low degree of coupling, each
oscillator responded more independently, which led to chaos. Musielak et al. Musielak et al. (2005) studied routes to
chaos in a network of Duffing oscillators showing that the increase of the number of degrees of freedom can lead to crisis,
instead of period doubling, as the main route to chaos. Romeo and Rega Romeo and Rega (2006) performed an analysis
of wave propagation in a chain of Duffing oscillators. Chatterjee e al. (2020) considered a chain of Duffing oscillators
subjected to harmonic oscillation, calculating the convective Lyapunov exponents and observing the light-cone boundary
during transient period. Two different patterns are highlighted: sustained chaos, transient chaos, and nonchaotic regions.

Reis and Savi (2021) studied a spatiotemporal conservative Duffing-type mechanical system governed by PDE with
cubic nonlinearity. A Hamiltonian system was employed neglecting external excitation and dissipation. Mathematical
tools were defined, establishing an analysis of perturbed orbits in both space and time: local, convective and mean
perturbations. Results showed complex behaviors including spatiotemporal chaos.

This paper investigates the spatiotemporal nonlinear dynamics of a dissipative Duffing-type system subjected to ex-
ternal harmonic excitations. It represents a further invertigation initiated by Reis and Savi (2021). Numerical simulations
are carried out considering the finite difference scheme for spatial discretization and the fourth order Runge-Kutta method
for time discretization. Complex responses are treated showing different responses: periodic and quasi-periodic patterns
or spatiotemporal chaos.

2. MATHEMATICAL MODEL

A spatiotemperal Duffing-type system governed by a partial differential equation with cubic nonlinearity is investi-
gated (Reis and Savi, 2021). External stimulus and a linear dissipation are considered. By assuming a dimensionless
displacement w, the spatial coordinate = € [0, 1] and time ¢, the spatiotemporal dynamics is governed by the following
equation:

i =ou’ +o'u’ — 2&0 + % (u—u®) + vsin(Qt) (1)
where () means partial time derivative ()/dt, ()’ stands for spatial partial derivative d()/dz, ¢ = o(x) is a spatial
coupling coefficient function, £ is the dissipation factor, ¥ = ~y(z) is the amplitude excitation function and {2 is the
excitation frequency. It is worthwhile mentioning that the Hamiltonian system treated by Reis and Savi (2021) is recovered
by assuming £ = v = 0. Systems with ¢’ = 0 are called reciprocal, being characterized by a spatial symmetrical energy
propagation. On the other hand, o’ # 0 yields nonreciprocal systems, which are characterized by an asymmetrical energy
propagation (Coulais et al., 2017; Brandenbourger et al., 2019). Moreover, the system is spatially decoupled when o = 0,
a situation where it does not present spatial dependence, being described only by ordinary differential equations (ODEs)
that characterizes the Duffing oscillator (Kovacic and Brennan, 2011). Under this assumption, the decoupled system has
three equilibrium points: v = —1, u = 1, and v = 0. The first two points are stable whilst the third is unstable. On
the other hand, the limit ¢ — oo yields a rigid spatial attachment with only one possible solution: w(x,¢) = 0. Finally,
boundary conditions are assumed to be of fixed-fixed kind: «(0,¢) = u(1,t) = 0.

The canonical form of the system can be rewritten as a first order system giver by

U ="v

. 17 /! . ]- 3 . (2)
0 =ocu" +o'u — 260+ i(ufu ) + () sin(2t)

System integration is achieved by considering fourth order finite difference scheme for spatial discretization and time
discretization is performed with fourth order Runge-Kutta method.

3. PERTURBATION ANALYSIS

A general form of the dynamical system with spatial dependence can be written asa = f(x, ¢, u,u’,u”, u” ...,u(™ P),
where x is the spatial coordinates, ¢ is time, u = u(x,t) € R™ and P represents a set of parameters. By assuming u as
a reference solution, its perturbation u,, can be obtained from a linearization of the equations of motion. Therefore, it is
possible to write,

= f(x,t,u,u’,u”, .. ul™ P) (3a)
_of =~ Af | @
u, = % ﬁup + ; au(l) ﬁup (Sb)

Specifically for the Duffing-type governing Eq. 2, the perturbation equation in the canonical form is given by

Up = Vp,
“4)

1
vy = oy, 4 0'uy, — 280, + 5(1 — 3u?)u,
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with boundary conditions u,(0,t) = u,(1,t) = 0.

The perturbed orbit evolution defines the main characteristic of the system dynamics since chaotic behavior is charac-
terized by divergent perturbations with respect to the reference orbit u. On the other hand, the convergence between both
orbits characterizes a periodic solution. In order to investigate spatial and temporal perturbation characteristics, a local
perturbation quantity, ¢(x, t), is defined as follows

B(x,t) =\ (y (x,£), wy (%, 1)) (5)

where () yields inner product. In this regard, spatiotemporal characteristics can be evaluated at a specific spatial position
in the space-time map. Therefore, an exponential growth of ¢ means that the response is high sensitive to perturbations at
this spatial position. On the other hand, an exponential decay of ¢ means otherwise.

Regarding the Duffing-type system, ¢ is defined as follows

Br,1) =y, )2 + vy, 1)2 ©)

The perturbation quantity ¢ is directly related to the local Lyapunov exponents at a specific spatial position xg.
Therefore, the estimation of the Lyapunov exponents can be done by considering a linear regression of the time series
(t,1og(é(xo),t)) using a base function ¢(t), defined as follows

Azo) = lim 4(t) )

Due to the boundary conditions, one might expect A(0) = A(1) = 0. Additionally, a dynamical response with

A(z) > 0Va €]0,1] characterizes spatiotemporal chaos, while A(z) < 0 Vx €]0, 1] is considered a spatiotemporal
periodic pattern. A quasi-periodic pattern instead is characterized by A(z) ~ 0 Vz € [0, 1].

4. RESULTS AND DISCUSSION

This section investigates the dynamical behavior of the Duffing-type system. All simulations are carried out assuming
o =5x10"*and £ = 5x10~>. Moreover, the nonuniform excitation function is considered y(z) = 4 tanh (402 — 20)+
%, being A a constant yielding the excitation amplitude. Therefore, on half of the domain is subjected to small excitations
amplitude while the other half is subjected to a larger excitation. Initial condition simulations are such that u(x,0) =
v(z,0) = 0. Regarding the perturbation function, initial conditions adopted are given by a centered Gaussian shaped
perturbation u,(z, 0) = 2.825 exp [—100(z — 1/2)?], while v, (x,0) = 0.

After neglecting a transient period of ¢ = 600P, where P stands for the excitation period and P = 27/, Table 1
identifies the different kinds of dynamical response for distinct excitations: spatiotemporal chaos (blue), periodic (red)
and quasi-periodic (yellow). The identification is done by monitoring the perturbations and using a linear base function
q(t) = At + b, which is related to the local Lyapunov exponent. It is noticeable that the majority of responses is chaotic,
but periodic patterns and quasi-periodic responses also take place for higher excitation frequencies.

Table 1: Different types of dynamical response: spatiotemporal chaos (blue), periodic (red) and quasi-periodic
(yellow) patterns.

Different responses are selected in order to understand the spatiotemporal dynamical aspects. It is assumed that {2 = 8
and different values of A. On this basis, A = 5 stands for a periodic response, A = 10 stands for a quasi-periodic one
and, finally, A = 20 yields a spatiotemporal chaotic response. Fig. 1 shows the perturbation ¢ evaluated for these three
responses and three spatial positions. One can observe that each kind of response has distinct types of local perturbation
evolution. Periodic response has a signature with local perturbation asymptotic fall throughout time after the transient
period. The decrease rate of the fall physically yields the local Lyapunov exponent. Moreover, one should notice that the
decay rate of ¢ at the three different spatial positions are practically the same. The quasi-periodic response is characterized
by an oscillation of the local perturbation around an average value. Therefore, the local perturbation average tends to be
constant. Finally, chaotic response is characterized by an increase of the local perturbation ¢ in all spatial domain.

Fig. 2 presents the local Lyapunov exponent variation through spatial domain. As expected, the quasi-periodic re-
sponse shows A ~ 0 in all spatial domain. Instead, the periodic and chaotic responses show A(z) < 0 and A\(z) > Vz €
10, 1[, respectively, with exception of boundaries, where a discontinuous step takes place due to boundary conditions and
therefore A(0) = A(1) = 0. Moreover, the spatial distribution of the local Lyapunov function is almost homogeneous.
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Figure 1: Perturbation ¢ evolution in time for different kinds of dynamical response for (2 = 8: (a) Periodic with
A = 5, (b) Quasi-periodic with A = 10 and (c) Spatiotemporal chaotic with A = 20.
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Figure 2: Local Lyapunov exponents A(x).

Fig. 3 depicts the displacement time history and its respective frequency spectrum of the middle spatial point u(z =
1/2,t). Frequency response is obtained using the Fast Fourier Transform. Note that it is possible to identify the signatures
of each type of dynamical response. Periodic response presents a time history that shows a pattern that repeats itself over
time, oscillating around u = 1, which is a stable equilibrium point for the decoupled system (o = 0) (Reis and Savi,
2021). The frequency spectrum is regular, being characterized by the presence of specific frequencies. On the other
hand, quasi-periodic response is characterized by the presence of some specific discrete peaks in the frequency spectrum.
Nevertheless, these frequencies are incommensurate, i.e., the ratio between these peaks are given by irrational numbers,
which makes the the time history different from periodic since it does not repeat each period of time. Finally, the chaotic
response is mainly characterized by an irregular pattern in both time and frequency.

The displacement through spatial direction is now of concern. Fig. 4 shows the spatial configurations at ¢/ P = 2000.
The periodic response presents a symmetric pattern with respect to z = 1/2. The quasi-periodic response presents a quasi-
symmetric pattern. Finally, the spatiotemporal chaos yields an irregular pattern, where no regularity can be observed at
all.
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Figure 4: Displacement space distribution for different kinds of dynamical response with (2 = 8: (a) periodic
response with A = 5; (b) quasi-periodic with A = 10; (c) spatiotemporal chaos with A = 20.

5. CONCLUSIONS

This paper deals with the spatiotemporal nonlinear dynamics of a Duffing-type system subjected to nonhomogeneous
excitations. Numerical simulations are carried out by employing the fourth order Runge-Kutta method for time dis-
cretization and the finite difference method for spatial discretization. A perturbation analysis is developed considering a
linearized solution around a reference orbit. The local perturbation allows the definition of the local Lyapunov exponent
that is capable to diagnosis different kinds of response. Results show different spatiotemporal dynamical responses can be
represented by periodic or quasi-periodic patterns or spatiotemporal chaos. Finally, the local Lyapunov exponent shows
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Figure 3: Displacement along time at © = 1/2 and its respective Fourier Transformation for different kinds of
dynamical response with 2 = 8: (a) Periodic with A = 5, (b) Quasi-periodic with A = 10 and (c¢) Spatiotemporal
chaotic with A = 20.

to be a good mathematical tool to characterize spatiotemporal dynamical responses.
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