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Abstract: Phononic crystals (PCs) and locally resonant periodic structures have been intensively studied lately, as they
can provide a means for vibration attenuation. This is due to their underlying dynamic behavior, which is characterized
by frequency ranges on which wave propagation is entirely evanescent, which are known as bandgaps. These can be used
to achieve vibration isolation, as well as to enable localized modes, when one defect is introduced on the periodic lattice,
for example. On the other hand, there remains the question if periodic structure behavior can be leveraged for structures
which already exist, i.e., is it possible to couple a periodic structure appendage to an existing structure so the latter is
able to benefit from bandgaps on the former? To investigate this matter, in this work one considers the coupling of a one-
dimensional periodic structure (1D-PS), whose unit cell can be arbitrary, which is attached “in parallel” to a beam host
structure (HS). The former can be either a “conventional structure”, a PC, or even a metastructure (MS). To model the
dynamic behavior of the 1D-PS, the wave-based finite element method (WFEM) is employed. A strategy is presented to
duly account for non-periodicities which ensue due to coupling on particular unit cells of the waveguide. To model the
dynamic behavior of the HS, one employs the spectral element method (SEM). The coupling between the 1D-PS and the HS
is modeled by lumped, discrete spring elements. To account for their influence, the WFEM and SEM equations are suitably
modified. Numerical simulations are performed in MATLAB®, enabling us to obtain dispersion relations for “coupled”
and “uncoupled” unit cells, and to assess the dynamics of the coupled system. Traditional finite element analysis (FEA) is
also performed in order to validate in-house implemented codes, as well as the proposed modeling strategy. Longitudinal
and bending behaviors are investigated separately for the considered system. In these settings, one also assesses the
influence of the value of the coupling spring stiffness, which is taken to be soft or hard. It is seen that the proposed strategy
for modeling the coupled system behavior is adequate. Additionally, due to the underlying characteristics of the WFEM,
it has been observed that a large number of wave modes needs to be taken into account to properly represent responses.
Key words: periodic structures, coupling, WFEM, SEM, FEA

1. INTRODUCTION

Some periodic structures have attracted attention in the last decades due to their unusual behavior. When it comes
to mechanical waves, attenuation of acoustic waves and vibrations are of interest in several practical applications. Great
reviews regarding the dynamic behavior of periodic structures are available (Hussein et al., 2014; Banerjee et al., 2019;
Muhammad and Lim, 2022), which discuss some of their fundamental aspects, such as the concepts of bandgap, phononic
crystal, resonant metastructure, etc. In particular, a metastructure (MS) can be interpreted as a periodic structure whose
behavior is different from those exhibited by “conventional structures”. It can possess bandgaps, i.e. frequency ranges
in which wave propagation is purely evanescent, which can arise due to Bragg scattering or periodically-arranged local
resonators, for example. Within this context, Mizukami et al. (2021) have shown that bandgap width, structure stiffness and
weight can be improved by using continuous carbon-fiber-reinforced plastics in MS which exploit inertial amplification
mechanisms.

When a MS is coupled to an already existing “conventional structure”, as in the case depicted in Fig. 1, a fundamental
question arises, related to the dynamic behavior of the coupled system. Does or can the “conventional’ host structure (HS)
benefit from unusual properties exhibited by the MS? This is very important, for enabling one to assess if MS attachments
can be effective for reducing vibration of a given HS. Of course, coupled systems have been thoroughly investigated in the
literature. For example, in a recent related work, the dynamic behavior of beams which are coupled through resonators has
been investigated by He ez al. (2022).

If one wants to analyze the dynamic behavior of a MS, then we might resort to the wave-based finite element method
(WFEM) (Hoang et al., 2020), that is an efficient numerical tool for modeling periodic structures based on their unit cell’s
wave propagation characteristics. According to Mencik (2014), the WFEM enables a large decrease of computational
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Figure 1: A clamped-free beam host structure coupled by springs to a periodic structure with N unit cells.

time when compared to the traditional FEM, due to the reduced size of matrices found in the wave propagation-based
approach. Essentially, in the WFEM, one uses traditional FEM to model the dynamic behavior of the unit cell of the
periodic structure. Based on the Bloch-Floquet theorem, and on the FEM-provided dynamic stiffness matrix, it is possible
to determine eigenvalues and eigenvectors (wave-modes) related to wave propagation. These can afterward be used to
compute forced responses of a finite periodic structure, by relying on wave-mode based expansion representations (Mencik
and Duhamel, 2015). In various studies, the WFEM has been used to address the modeling of periodic structures which
do not possess “defects”, or that are not coupled to other waveguides via elastic joints (Duhamel et al., 2006; Waki et al.,
2009b; Mencik, 2010; Hoang et al., 2020). On the other hand, some studies have also tackled such cases (Silva et al., 2016;
Vivien and Mencik, 2020).

Concerning the dynamic behavior of a HS, such as the clamped-free beam seen in Fig. 1, we can adopt the spectral
element method (SEM) as a frequency domain modeling strategy (Lee, 2009). The use of the SEM in this setting is justified
due to the non-complex geometry assumed for the HS, i.e. a slender straight beam with, say, a rectangular cross-section.
For this type of HS, an exact solution is possible for its equations of motion, based on wave propagation. Within the
context of the SEM, the use of a single finite spectral element between discontinuities enables one to obtain the exact
solution foreseen by the underlying mechanical theory, such as Timoshenko beam theory in the considered case. This
occurs because frequency-dependent shape functions are adopted in the method. As a result, a small number of elements
need to be used when the SEM strategy is adopted.

It is challenging, on the other hand, to model the dynamic behavior of the coupled system presented in Fig. 1 when
considering the WFEM to model the MS, and the SEM to model the HS. To the best of the authors’ knowledge, combining
both of these modeling methods in the alluded scenario has not been investigated. To perform this task here, only a rather
simple coupling between the MS and HS is considered, assumed as being properly described by lumped, discrete spring
elements. The coupling, on its hand, breaks the perfect periodicity of the MS, which leads to difficulties in the application
of the WFEM — which can not be used without proper amendments. Thus, a strategy must be employed to circumvent this
issue, which consists of an objective of the present work.

In this article, we initially present the equations related to the SEM and WFEM methodologies, and later take into ac-
count the coupling which can happen between HS and MS by lumped, discrete springs, cf. Fig. 1. The proposed method-
ology is validated by comparing a considerable number of frequency response functions (FRFs) obtained through our
implement codes and from commercial finite element software. Longitudinal and bending behaviors are investigated con-
sidering soft and hard coupling springs.

2. MODELING

In this section, we first provide brief reviews of the SEM (for a two-dimensional beam) and the WFEM modeling
strategies. Afterwards, the methodology adopted for coupling both of these methods, due to the springs which couple the
HS and MS, is considered.

2.1. Spectral Element Method Considering the Extended Timoshenko Beam Theory

The spectral element for the extended Timoshenko beam (ETB) theory has two nodes, and three degrees of freedom
(DOFs) per node, related to axial (U) and transverse (V) displacements, and slope (®). The loads associated to each of these
DOFs are the axial tensile force, the transverse shear force and the bending moment, denoted N, Q and M, respectively.
Relevant geometric and material parameters of the beam are: its length, L; its cross-sectional area, A; the longitudinal and
shear moduli, £ and G; the mass density per unit volume, p; the shear correction factor, «; the static moment of area, R;
the area moment of inertia about the neutral axis, /; and the coupling rigidities between axial, transverse shear and bending
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deformations, C;, C, and C3. The governing equations in the frequency domain of the ETB are (Lee, 2009):

EA C; G U’ 0 0 -Ci U’
C, «kGA (C; vV'e+| O 0 -kGA %4
C C; EI (Ol C, «GA 0 e
00 0 U pA 0 pR](U 0
-1o o0 o Vi+w?’| 0 pA 0 Vi=120}, ()
0 0 «xGA (C] pR 0 pl (C] 0

where the prime ()’ denotes differentiation w.r.t. the spatial coordinate and w is the angular frequency.

Assuming R, Cy, C; and C3 are equal to zero, one recovers decoupled equations of motion for the Timoshenko beam
and axial rod. Additionally, taking U = Uge '**, V = Voe '** and ® = @pe ¥, being i the imaginary unit, x the
coordinate along the axis of the beam, and Uy, V) and O arbitrary amplitudes, we can obtain, from Eq. (1), an eigenproblem

for the wavenumber k. The resulting characteristic equation provides k| = —ko = w+p/E, k3 = —kg = L /% and

c

ks =~k = |52, with:

a= w\/Ip2E2w2 +4pAEG2k? - 2Ip2EGkw? + 192Gk w?, b = EVIw’p + GVIkw’p, ¢ =VEGk.

Note that k| = —k; are wavenumbers related to longitudinal behavior, while the other ones concern bending. Based on the
wavenumbers and corresponding modal ratios y,, = ®q,,/Vom (m = 3, ...,6), one can express the beam internal loads as
follows (Lee, 2009):

N EA 0 0 v’ EA 0 0 eE™!
Qpr=| 0 «GA 0 [{V'-©;=| 0 «GA 0 |[|e,E™'—egE™"|p=MMyp, 2)
M 0 0 EI e 0 0 EI e E™!

where p={U(0) V(0) ©(0) U(L) V(L) O(L)}T and:
e= [ e—iklx e—ikzx 00 0 O ] , ey = [ 0 0 e—ikgx e—ik4x e—ik5x e—ik(,x ] ,
eo = ey diag (0,0,73,74,75.76).  E=[ e(0) ev(0) eo(0) e(L) ey(L) eo(L) | .

By enforcing equilibrium at the boundaries of the ETB element, we can establish dynamic equilibrium, i.e. H¢)p(¢) =
£(¢), where the superscript (e) is used to highlight quantities at the element level. Moreover:

Hw:[ xﬁff’i} and £ ={ -N(0) -Q(0) -M(0) N(L) Q(L) ML) }' 3)

are the dynamic stiffness matrix and the load vector for the decoupled ETB beam element, respectively. Traditional FEM
procedures (based on DOF connectivity) can be used to establish dynamic equilibrium at the global level, i.e. H®) p(8) =
£(8) | where the superscript (g) is used to denote global quantities.

2.2. The Wave-based Finite Element Method

The presentation given here for the WFEM is essentially a summary of the works of Hoang et al. (2020) and Mencik
and Duhamel (2015).

2.2.1. Basic Development

Consider a periodic structure formed by N unit cells, as shown in Fig. 2. For a unit cell which is modeled by the
traditional FEM, the DOF and load vectors can be partitioned according to their location being left, right or internal.
These partitions are denoted, respectively, by q; and F, for j € {L, R, I}.

(1) RN (N)

qgr.Fr

Figure 2: Periodic structure containing N unit cells.
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The equations of motion for the highlighted unit cell can be expressed as M + C§ + Kg = f, where M, C and K
are the matrices of mass, damping and stiffness, respectively, f is the load vector, i‘], (1 and q are the acceleration, velocity
and displacement vectors. Since the unit cell may contain many internal DOFs, the Craig-Bamptom (CB) method can be
considered to obtain a reduced model, which can be written as Mg+ Cq+Kq = f, where § = aq has been used, & denoting
the CB projection matrix. Such procedure has also been adopted by Mencik (2018) and Zhou et al. (2015), for example.

In the frequency domain, we can write Dq = F, where D = —w?’M + iwC + K is the dynamic stiffness matrix.
Segregating the DOFs and nodal loads according to the previously mentioned partition, we can write:
D, Dig D F
D;z ]~)IL£ ﬁ;; gL _ FzLe D./F; D Drr |ap| _ |FoL @)
R Dg/F; Drr Drr | |4r Fr|’

D;, Dk Dy q; F;
where:
L ~ S Y - OO Y
D;; =Dy ;D,,, Di. =Dy —Dp /Dy Dyy, Digr =Drr —Dp/D;; Dyg,
S - S 1o - <~ ix
Dr; = DgriDy;, Drr =Dgrr — DriD;; Dyz, Drr = Drr — DgriD;; Dir.

From Egq. (4), keeping in mind that it holds for the unit cell (), one can get a relationship between left and right quantities,
as follows:

(n) -1 iy )
ag’ | _ [ —DLRDLL1 -Dir | ] @ Ly
F}(Rn) Drr —DrrD pDir —DreDig | |-F,"”

By enforcing DOFs’ compatibility and load equilibrium between adjacent unit cells, i.e. qgl) = q(L"“) and FI(,?") = —F(L'“'l )+

~D; zDi (n)
Z F,". 5
Dr; —DgrgrD;pDrs | ! )

Fg’), being Fg') an external load applied to the right interface of cell (n), we obtain:

ul™ = sul™ 4 p™, (6)
with:
(n) _D—l D _D—l D F(")
OB 3 , S = [ LRLL LR | ]’ b — qI¥y i
L —F(L”) Drr —DrrD; gxDrr  -DrrDjg DfIF;”) - Fgl)

being D7 = —DZ}QDLI and Dy; = Dg; - DRRDZ}QDU. Based on the recurrence embedded in Eq. (6), it is possible to

(n+1) (1) (N+1) (n).
L L L L -

arrive at relationships between u and u, ’, as well as between u and u

1 1 n - N+1 - N _
u" =gV 4 Zk:] stkp), VD = gl () +Zk:n SN=kpk), (7

2.2.2. Determination of Wave Modes

By invoking periodic boundary conditions (BCs) through the Bloch-Floquet theorem, in other words u(L"+1) ~ikj Au(L") =

U ju(L") , being A the length of the unit cell along the propagation direction and u; the propagation constant, and by assum-

ing no external loads, from Eq. (6) we can obtain a standard eigenvalue problem, (S — ;1) ¢; = 0. Its solution are
the eigenpairs u; and ¢ ; (j = 1,...,2np), being n;, the number of DOFs pertaining to the left interface of the unit cell.
Wavenumbers can be obtained using k; = (Inu;)/(—iA). Purely real and purely imaginary wavenumbers are related to
propagating and evanescent waves, respectively, whereas a complex wavenumber characterizes an oscillating decaying
wave.

The solution of the previously mentioned eigenproblem is not straightforward, nevertheless, because ¢ ; comprises both
displacements and loads, whose values can be largely disparate (Waki er al., 2009b; Mencik, 2014). As an alternative, we
can consider (Zhong and Williams, 1995; Mencik and Duhamel, 2015):

=e

[(NJLT + LJNT) -2 jLJLT] 2; =0, ®)
being:
[ o 1 _ Drr 0 _| 0 I
L= D.r 0]’ N_[—(DLL+DRR) —I]’ =1 0]’

A; and z; correspond to the eigenvalues and eigenvectors of the alternative, well-conditioned eigenproblem. It can be

shown that A; = u; +1/p;, such that pu; = § (/l - //13 - 4). As for the eigenvectors of the original problem, they can be
retrieved by:

I 0

Pi=| ppp T

wi,  with w;=J(LT- LNT)z;. ©)

Eigenvalues and associated eigenvectors can be separated into those related to positive, (1, ¢ ;), and negative-going
waves, (uj., d);) (j=1,....,np). If |u;| < 1, itis related to a wave which propagates in the positive direction; otherwise, if
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|t > 1, the corresponding wave propagates in the negative direction. If |4;| = 1, we can exploit the power flow of the
wave mode, cf. Duhamel er al. (2006); Waki et al. (2009a).
After eigensolutions have been distinguished accordingly, they can be grouped into matrices as follows:

_ (0]
uw=diag (u1,.... ), ®=[ by ... b, |= [q)Z]
. . N . . « « (O}
u :d]ag(#l,...,ﬂnb), (I) = [ (bl (I)nb ]: (I)g :|9 (10)
F

where subscripts g and F identify partitions of the eigenvectors which are related to DOFs and loads.

2.2.3. Forced Response Computation

Using the wave modes, we can write the state vector and external loads on the unit cell (n) as u(L") =®Q" +@*Q*™
and b = (I)QI(B”) + Q*Q;("), where Q" Q*(™), Q(") and Qj “")are amplitude vectors. After some manipulations of
Eq. (7), and admitting eigenvectors have been orthonormalized such that ®*TJ® = —®TJ®* = Tand ®TJb = ®*TJ* =
0, we get:

n n— n-1 n—k— k *(n —n gy N -n #(k
QM = yn-1QM +Zk:1 T g}), Q (M) = uN*1-nQ+(N+D) _Zk:n uk +1QB( )’ (11)
being:
o - (u(D ™D, + @ TDRI)F(k) S S (p*(I)gDL1+(I)3DR1)F§k) +@TFD. (12)

Recalling that the state vector contains information related to DOFs and loads, as well as the partition introduced in
Eq. (10), we can obtain, for instance:

-1 N
qén) @ pnle_i_(I)* uNH*"Q*-}-q) Zn nfkleB(k) — P Zk ) k+lan >k(k) (13)

_p(n) _ n-1 N+1-n o n—k-1gy (k) _ k+1-n *(k)

FU" = ®pp"'Q+ ®jp Q" +‘1’sz1 QX - @ an Qs (14)
with Q = Q" and Q* = Q*N*1_ These last equations can be used in conjunction with BCs, to establish a frequency-
dependent linear system of equations, which enables the calculation of Q and Q. After knowing these quantities, other
relevant results can be evaluated as required.

2.3. Consideration of Coupling Between Structures Modeled by SEM and WFEM

A connection between a HS and a MS can be modeled by a linear spring, with stiffness k, so the force that each of these
experiences can be expressed by F = +k(gy — ), Where gy, and g, represent the DOFs of the HS and MS, respectively,
which are involved in the coupling. This reasoning can be generalized to take into account multiple couplings. The DOFs
of the HS which participate in a particular connection can be obtained from B;,p‘8), where By, is a Boolean matrix. (A bar
is added over symbols to highlight that the quantity is related to the case of coupled dynamics between the HS and MS.)
As to the DOFs of the MS, they can be similarly retrieved using B,,§ = B, «q.

Based on these, the force due to a connection which acts on Bhf)<g ) can be expressed as Fy, = BZkBm oxq— BZthf)(g ).
The force which acts on B,,,q, after being projected using the CB transformation matrix, results equal to F,,, = «"BT kB, p'8) -
ocTB;lkBm oq. In the previous, K is a translational-spring stiffness matrix, of size 2 X 2, with components k,, ky, kxy and
kyx.

’ Concerning the modifications needed for the WFEM, for a unit cell which is coupled to the HS, Eq. (4) needs to be
changed to:
D Dir Di (@ Fr (Fm)r

Dgrr Drr Drr [{0Qr{=1Fr{+3(Fnr =

D;, Dk Dy q; F, (Fm)l

D i-Dp® | [FyL
(Drri—r1)p'®) ]_{ } (15)

where:
Dy = DLID”» D, =D, -Dy; D;/D;;, Drr=Drg - D /D;/ Dy,

Dgs = DRIDI_Ia Dgs =Dy - Dr/D;/ D1, Dgrr =Drr — Dr/Dj; Dir,
i=oa B, kB, 1=, B} kB, r = a;B) kB),.
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One can then manipulate Eq. (15) to show that:

_ _ g _
apl | Db D (f@
Fy' Dri —DrrD D1 -DrrDig | |-F;"
- _ oo
+| . _?LRPL_I] _ FE") + . _iPL_R(]?LIl_l)_ ) pe. 16)
Dgr; —DrrD;gDy; —DgrrD; r(Dri—1) +Dgji-r

Conditions for DOFs’ compatibility and load equilibrium between neighbor unit cells introduced before remain valid,
as long as the coupling on the MS does not occur at the interface of the unit cells. Thus:

@™ =8al +b" +bp®, a7
and u(") S and b being analogous to u(L"), S and b [cf. Eq. (6)], whereas:

—D (DL i-1)

b. = = =-1 5 . S .
_DRRDLR (DLll - l) + DRIl -r

(18)

Equation (7) and those described in Sec. 2.2.2 remain valid, provided the inclusion of the bar superscript over the terms
related to the coupled problem dynamics. Using the wave mode expansion, we can obtain:

(n) _ @ )] Cp—k—1§ (k) A () _ N+=n #(N+1) N ont1 {r(k)
Q RN Q QM- ey, (19)

being QL) = Q1 +Qep® and QY = Q1

+Q*Cp(g), with Qg() and Q;(k) analogous to Ql(gk) and Q;(k). Furthermore:
- _<sTo =+T= \. —=+T, T = Y ST . =T, =T
Qc = (80, Drs + @, Drr )i - 0, 1-®;"r, Qe = (5" @D+ DD )i+ 1" Dyl + Dy

After some developments, it is possible to obtain results which are similar to Eqs. (13) and (14):

_ = % _ —nAF n—1 _ k —* N _ *(k
q(Ln) (qun 1Q+<I),,HN+1 nQ +d, Zk:l n—k— 1Q( ) Zk_n k+l— nQ (k)

_ -1 _ — B
+(<I)q ZZ_I P—lnfk—lQC_q)q Zk k- QL ) ®, (20)
5(n) _ & —n-1A L w SNHen@At L & k1 /k) g N o prl-ngr (k)
Y = B Qe BN B Y I @) Y Q)
_ n-1 N _ _
+((I)F Zk M 1" 1Qc - @ Zk =n “17Qc ) , @0

where Q = Q" and Q" = Q""" The previous equations can then be used in conjunction with BCs applied to the MS,
to establish equations relating Q, Q°, and p'¢’.

To determine these unknowns, one also needs to consider the HS dynamics. The SEM equations used to model it need
to be modified to take into account the coupling with the MS, i.e. we must have H )f)(g ) = £(8) 4 F;,, with F, defined
previously. After various manipulation, it is possible to arrive at:

(B + BIkB), - BIkB, e} 5 - BI kB, B { 8 ; = £() + BTKB,,, o, 22)
where:
e #(1
_(I)q“QC —(I) nQjp (1)
€= @,Qc . Y= (p Q(l) ,
D7} (D@, 5Qc - Dir®,Qc +i) By} (D@ Q) —f)mcqu“) i)
@, @0
—D”l (D[L(Dq +D1R(Dq|1) —DI_I1 (DIL(DqF_l+DIRq):;)

The complete problem which needs to be solved for the coupled system (for each frequency) then comprises equations
established using Egs. (20) and (21), as well as (22). Coupling-related terms can be clearly identified when comparing
these with corresponding ones presented in Sec. 2.1 and 2.2.
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3. NUMERICAL SIMULATIONS

The main aim of the numerical simulations considered here is to validate the procedure presented earlier for analyzing
the dynamic behavior of coupled structures modeled by the SEM and WFEM. For this purpose, one considers the system
depicted in Fig. 1. The material of the HS and MS are assumed to be the same, and to have linear elastic behavior, with £ =
30 GPa, v = 0.3 and p = 2200 kg/m>. Damping is not taken into account. The HS is a straight beam with length of 1.3 m,
width of 25.4 mm, and thickness of 4.76 mm. The unit cell mesh considered for the MS is shown in Fig. 3, comprising 49
nodes. Both the base and height of the unit cell measure 100 mm. The finite element modeling has been performed with
the Altair® HyperMesh® 2021 software, using the four node CQUAD4 element, with two translational DOFs per node.
Plane stress state was assumed, with thickness input (taken as 10 mm). The total number of unit cells which compose the
MS was taken as N = 10. Within the proposed approach for taking into account the coupling between the MS and the HS,
one assumes that unit cells which get coupled correspond to individual waveguides. For this reason, in our example, the
MS is treated as being composed of three distinct waveguides, with Ny = N3 = 1 and N, = 8.

100
75
E)
E 50
>
25
0

0 25 50 75 100
x [mm]

Figure 3: Geometry and finite element mesh for the unit cell of the MS.

One should highlight that the considered unit cell does not provide any special or unusual behavior for the periodic
structure dynamics which is attached to the HS: the one-dimensional periodic structure should behave as a straight beam.
This has been considered to simplify analysis, since at the current state of our research, the aim was to validate the modeling
approach and in-house implemented codes. Despite the rather simple unit cell, in the following we still adopt the MS
description for the not-so-special one-dimensional periodic structure.

With regards to the coupling between HS and MS, it takes place at two locations, cf. Fig. 1. The nodes of the MS which
participate in the couplings are localized immediately adjacent to the boundaries of the relevant unit cells, as suggested in
the same figure. Also, these nodes are in the middle of the height of the unit cell.

Assuming that the coupling occurs independently in the x and y-directions, i.e. kx, = k,, = 0, we are able to obtain
the dispersion curves for the uncoupled and coupled unit cells of the MS. For assessing the coupled unit cell dispersion
relation, it is assumed that the HS has no motion (fixed interface condition). Two values were considered for the coupling
stiffness, namely 1 MN/m (“soft” spring) and 1 GN/m (“hard” spring).

Figure 4a shows in solid blue lines (——) the well known wave modes found for a typical beam structure, obtained
from the eigenproblem mentioned in Sec. 2.2.2: a longitudinal propagating wave mode and two bending wave modes (one
propagating and the other evanescent) (Doyle, 2020). Although not shown, these curves are in perfect agreement with
analytical results, presented in Sec. 2.1, i.e. k; (j = 1,...,6). The presence of longitudinal soft and hard springs (while
taking k, = 0) changes somewhat the unit cell dynamics, as can be observed by red dash-dotted line (--- ) and magenta
dashed line (- - -), respectively. For the soft spring, we can see the occurrence of a cut-on frequency around 330 Hz for the
longitudinal wave mode. As the coupling spring stiffness increases, the cut-on frequency gets larger, such that, for the hard
coupling spring, the longitudinal wave mode becomes evanescent in the whole analyzed frequency range. The appearance
of a cut-on frequency on the dispersion curve for the longitudinal mode bears relation to the dynamics of a rod which rests
on an elastic foundation (Doyle, 2020).

Figure 4b shows similar results, but related to the case in which coupling exists along the y direction, only (i.e. k, = 0).
Similarly to the previous case, the attachment of a soft or hard coupling-spring in a bending-related DOF leads to changes
in the unit cell dynamics, as can be observed by red dash-dotted (- -~ ) and magenta dashed (- - -) curves. For the soft
spring, we can see the occurrence of a cut-on frequency around 340 Hz for one of the bending modes. In other words, the
propagating bending wave mode found in the uncoupled unit cell becomes evanescent up to 340 Hz. The other bending
wave mode is evanescent over the entire analyzed frequency range, although its real part suggests its propagation up to
340 Hz.

It is noteworthy that, in both coupling situations, the longitudinal and bending dynamics of the MS appear to be
independent, i.e. the longitudinal coupling does not affect the bending dispersion curves and vice-versa. We imagine these
results because the coupling nodes on the MS are located in the middle of the unit cells’ height, so along the neutral fiber of
the beam. If that was not the case, longitudinal and bending behavior could be simultaneously affected by a single coupling
spring, placed either along x or y.

To better clarify how the forced response of the coupled system can be obtained, further developments are now presented



V. M. S. Santos and T. P. Sales
On the coupling of a one-dimensional periodic structure to a beam host structure

R{k} [rad/m]
o

-2
2
I B it i e |
£ -
B D
= 0R= —X
= M —e
o
I e e S S =
-2 0 500 1000 1500 2000 0 500 1000 1500 2000
Frequency [Hz] Frequency [Hz]
(a) Longitudinal coupling (ky = kxy = kyx = 0) (b) Transversal coupling (ky = kxy = kyx = 0)
Figure 4: Dispersion curves for the uncoupled (—) and coupled unit cells (- -'-: 1 MN/m; - - - : 1 GN/m).

for the considered problem. As a matter of fact, BCs need to be taken into account. For the HS, since it is clamped-free,

the DOFs located at its left extremity must be blocked. (This can be done by deleting appropriate columns of A and
neglecting the rows/equations associated with the same DOFs, similarly to what is done in the traditional FEM.) For the

MS, free-free BCs need to be imposed, i.e. F(Ll)|l = 0 and Fg)|3 = 0. (The notation |; is used to denote that a given
quantity is related to waveguide j of the MS, j =1, 2,3.) So, invoking Eq. (21), it is possible to obtain:
(0rQ+ ®;6Q" - ®-AQcH™)|, = 0. (23)
(®rAQ+®;Q" + rQch )|, = 0. 24)

In addition to imposing the BCs, one must guarantee the DOFs compatibility and load equilibrium between the shared

boundaries of neighbor waveguides. In other words, we must have that ("122)\1 = q(ﬂz and —Ff) L= —F21)|2; and that

q(LN2+”|2 = q(L”|3 and —F2N2+1)|2 = —Fg)|3. From Egs. (20) and (21), we obtain:

(®,1Q+®,Q" + ®,Qcp )|, = (®,Q+®,aQ’) . 25)
(®rRQ+®;Q" + ®rQch )|, = (®rQ+ pA™Q),. 26)
(®,5™Q+ ®,Q")|, = (®,Q + ;5Q" - @, 7Q:B ), @7)
(0rE™Q+®;Q)), = (0rQ+ B;AQ" - B;EQH ) ;- 28)

The complete system of coupled equations can be assembled by combining Eqs. (23)—(28) and Eq. (22) (after applying
the BCs for the HS). It reads:

A (&) P&
{§<g> } = { 5o } (29)

with 1, and n, identified as the coupling matrices between SEM and WFEM unknowns, ) and %) vectors related
to external loads and some arising terms from the coupling between HS and MS (whose expressions are not explic-

@, @7, QY QT F
and p& = { Uy V» © Us V5 O3 Us Vi Oy}, with U;,V;,0; the DOFs of node j of the SEM mesh
(cf. Fig. 1). It should be mentioned that, for the solution of Eq. 29, the WFEM-related equations are preconditioned cf. the
procedure outlined by Mencik (2010). After Q(g) has been obtained, responses at any MS unit cell can be calculated using
Eq. (13) for the uncoupled waveguide 2, or Eq. (20) for the coupled waveguides 1 and 3.

To validate the implemented codes and the developed equations, the longitudinal and bending behaviors of the sys-
tem presented in Fig. 1 were investigated independently, for both soft and hard coupling springs considered previously.

A(g) 711( )
M2 H'*

itly provided here, due to manuscript length constraints), Q(g) = { QT|1 Q*T
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Longitudinal behavior was considered when both force and responses were related to a DOF in the x-direction. On the
other hand, the bending behavior was exploited considering that both force and responses were related to a DOF in the
y-direction. When longitudinal behavior was analyzed, one has taken k, = 0; and for analyzing bending, we have adopted
kx=0.

Therefore, we defined the excitation point to be at the right side of the HS, with accelerance FRFs being obtained at
the HS coupling points (nodes 2 and 3), at the driving point (node 4) and at the MS coupling points (at waveguides 1 and
3). For the WFEM, reduced wave basis were admitted for all waveguides, considering 13 wave modes which travel in the
positive x-direction.

Concerning the longitudinal behavior, in Fig. 5 one compares results obtained using our procedure (- - -) to those
computed using finite element software Altair® HyperMesh® 2021 (—). For both the soft and hard coupling spring
(cf. Figs. 5a-5e and Figs. 5f-5j, respectively), it is possible to see a perfect agreement between both sets of results. To
achieve this high level of precision between both results, it was necessary to employ almost all wave modes to describe
the MS dynamics, and, by extension, the coupling terms (11; and 1,). This helps confirm that the inclusion of coupling
springs greatly alters the behavior of the unit cell (cf. indicated by Fig. 4). One should also mention that, during tests, the
use of a smaller number of wave modes could not adequately describe the dynamics of the coupled system.

Furthermore, although not shown, the use of the CB method to reduce the number of internal DOFs that describe the
unit cell dynamics significantly harms the results which can be obtained by the proposed modeling approach. We suppose
that the MS DOFs which participate in the coupling with the HS should not be condensed so better results can be achieved
— since these DOFs are extremely important for the coupling description. Avoiding the use of the CB method does not lead
to a prohibitive computational cost here, since the mesh adopted is very simple, in the sense it contains a small number
of DOFs. However, the analysis of coupled structures whose MS unit cells contain many DOFs is expected to become
cumbersome.

Similar results have been obtained to investigate bending behavior. Comparisons are presented in Fig. 6 for soft and
hard coupling springs. Despite the high modal density found in the FRFs, responses obtained using the proposed approach
agree very well with those obtained from finite element analysis.

10 10
|' AA
107! 107!
1076 1076
(a) Soft spring, HS node 2 (f) Hard spring, HS node 2
10 10
107! 107!
1076 1076
(b) Soft spring, HS node 3 (g) Hard spring, HS node 3
10 10
1o 10" /\/ ‘
1076 1076
(c) Soft spring, HS node 4 (h) Hard spring, HS node 4
10 10 4_________)\‘_
10~ 1 10~ 1 /¥
1076 1076
(d) Soft spring, coupling point at waveguide 1 of MS (i) Hard spring, coupling point at waveguide 1 of MS
10 10
107! 107!
1076 1076
0 500 1000 1500 2000 0 500 1000 1500 2000
Frequency [Hz] Frequency [Hz]
(e) Soft spring, coupling point at waveguide 3 of MS (j) Hard spring, coupling point at waveguide 3 of MS

Figure 5: Longitudinal accelerance FRFs [m/(s?N)] obtained using the Altair® HyperMesh® 2021 finite element
software (—) and our approach (- - - ), considering soft and hard coupling springs.
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Figure 6: Transversal accelerance FRFs [m/(s2N)] obtained using the Altair® HyperMesh® 2021 finite element
software (—) and our approach (- - - ), considering soft and hard coupling springs.

An important question related to the presented analysis is the following: since n, = 14, why 14 wave modes were
not used for the WFEM wave basis? This is because some eigenvalues become excessively large and others close to zero,
which cannot be adequately evaluated due to floating-point arithmetic errors. To tackle this issue, one could consider a
coarser unit cell mesh, so it would be possible to compute all wave modes (albeit in a fewer number) related to the referred
mesh.

4. CONCLUSIONS

In this article, we have discussed modifications that need to be done in the traditional SEM and WFEM equations
to take into account couplings which might exist between a HS and a MS, which can be modeled by discrete springs.
Developed equations were applied to model the coupling between a clamped-free beam host structure and a very simple
periodic structure (in fact, a mere slender beam). Although naive, the considered problem was valuable to validate the
proposed procedures. In addition, it allowed one to have insights on possible issues which might harm the combination of
WFEM and SEM strategies.

One should also point out that dispersion relations computed for the uncoupled unit cell showed perfect agreement
with those obtained using analytical expressions. In addition, the obtained dispersion relations showed that the unit cell
dynamics is changed by increasing the coupling stiffness. In the case of soft coupling, cut-on frequencies were evidenced
for both longitudinal and bending behaviors. By increasing the coupling stiffness to the hard spring configuration, the
cut-on frequency moved beyond the analyzed frequency range, being the longitudinal and/or bending wave modes highly
evanescent.

Accelerances FRFs computed by the proposed SEM-WFEM coupled equations showed very good agreement with
respect to those obtained through the conventional finite element method. Higher order evanescent modes might not be
negligible for certain responses, due to the fact that they can be important for the coupled system dynamics. Also, the
use of the CB method deteriorates results provided by the proposed approach, if DOFs of the MS which participate in the
coupling become condensed. One still needs to investigate if the CB method is able to provide better results when DOFs
of the MS which participate in the coupling are not dynamically reduced.

In our next work, we will assess how the coupling of a true MS (for instance, with bandgaps) to a HS can influence the
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dynamic behavior of the latter, using the presented strategy, since one should be able to consider a relatively complex unit
cell with the WFEM.
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