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Abstract: In this work, a 6 degree-of-freedom analytical model that describes the rolling dynamics of an articulated
heavy-duty vehicle composed by a tractive (tractor) unit and a trailer unit was developed and numerically simulated.
The behaviour of a typical medium-duty truck-trailer set was evaluated in two common traffic manoeuvres, namely,
performing a constant steering wheel angle curve and a change of direction, both at constant velocity (36 km/h). In
the latter case, in order to simulate a sudden change, steering amplitude ranging from zero to 30 degrees was
imposed to the front wheels through a step function during 2 seconds. Results of the first trial revealed that the tractor
roll angle presents a peak of 2.6 degrees and achieves a steady value of 0.8 degree respectively at 4 and 20 seconds
after the beginning of the manoeuvre. Roll angle amplitudes of the trailer, spanning from -0.015 to 0.023 degree (a
negative value means the vehicle is leaning inwards at the curve), revealed an oscillatory characteristic, before
reaching a stable value of 2.5x1073 degrees in about 15 seconds. In the second trial, roll angles of both tractor and
trailer reach maximum values higher than those of the previous test (respectively 11.5 and -0.5 degrees); in addition,
the oscillatory movement of the trailer was enhanced, since positive and negative roll angles alternated five times
until both units return to a steady (zero roll angle) condition after about 20 seconds from the beginning of the
manoeuvre. Those results are compatible with the expected behaviour of actual vehicles, thus suggesting that the
proposed model can be tailored to include other truck-trailer configurations and manoeuvres.
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INTRODUCTION

Truck vehicles play an important role in current freight transportation networks. Particularly in Brazil, according to
data from 2008 (Lopes et al, 2008), road vehicles are used to carry 58% of the total amount of freights. A usual manner
to enhance the load capacity of those vehicles is to employ a tractor unit to haul one or several trailer and/or semi-trailer
units. The difference between a trailer and a semi-trailer is related to the kind of coupling between the hauled units to
the towing vehicle and among themselves. When the coupling allows transferring part of the load from the hauled unit
to the tractor or to another hauled unit (normally, through the coupling of a fifth wheel on the tractor and a device called
kingpin on the hauled unit, see Fig. 1 and Fig. 2), the towed unit is called a semi-trailer; otherwise, it is a trailer. A
consequence of the previous definition is that trailers have at least two axles. A typical 3-axle trailer is shown in Fig. 3.
However, regardless of the kind of coupling, those vehicles are known as articulated trucks.

Due to their weight and dimensions, articulated trucks are prone to present dynamical instability even at normal
operating conditions, i.e., forward travel at constant speed. Those instabilities may be caused by small perturbations on
track (holes, bumps, sudden friction changes, uneven surfaces) or natural causes, such as wind gusts, that may lead to
the potentially dangerous situations of jack-knifing, trailer swing, truck/trailer rollover, and flutter (Vieira, 2010). One
of the possible outcomes of the above-cited situations is the rolling of the trailer/semi-trailer, tractor or of both. In the
literature, there are two main sets of models that attempt to describe and predict the dynamical behaviour of articulated
trucks, mostly for the purpose of supporting the design of passive or active control systems capable of avoiding unstable
conditions: The ones whose equations of motion are obtained directly from the application of the theorems of
mechanics (Chen and Tomizuka, 2000; Géafvert and Lindgarde, 2004; Luijten, 2010), and those that rely on multibody
dynamics simulation software, in which the whole model is numerically built and evaluated as, for instance, the work
by Zhou and Zhang (2013).

To this end, a common feature of purely theoretical models is the use of simplifying hypotheses such as jack-knifing
does not imply in rolling (Luijten, 2010), or identical roll angles of tractor and trailer (Chen and Tomizuka, 2000;
Gafvert and Lindgéarde, 2004). On the other hand, multibody numerical models such as that from Zhou and Zhang
(2013), despite considering several degrees of freedom and handling both holonomic and non-holonomic constraints,
may represent a challenge for the control designer, given the universe of possible parameter combinations.
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Figure 1 — Fifth wheel and tractor truck (Copeza, 2016;  Figure 2—Kingpin and semi-trailer (Corpesa, 2016;
Iveco, 2016) Rodoclara, 2016)

Coupling device

Y

Figure 3 — Trailer unit (Rodocentroms, 2016)

Considering the above rationale, the present work aims at the development of a 6-degree-of-freedom analytical
model to describe the rolling dynamics of an articulated tractor-trailer vehicle, and evaluating its performance through
numerical simulations in two standard traffic manoeuvres, namely, constant radius curve and sudden change in direction
maneuver, both at constant velocity. The proposed approach poses a contribution since, unlike Chen and Tomizuka
(2000), Géfvert and Lindgarde (2004) and Luijten (2010), the rolling of each unit is considered as a separate degree-of-
freedom, thus allowing one to evaluate the dynamical interaction between trailer and tractor under normal or perturbed
operational conditions.

MATERIALS AND METHODS

This section aims at presenting the theoretical background and the hypotheses used in the development of the
analytical model of the vehicles. Firstly, only the tractor was considered, in order to qualitatively check the adequacy of
the adopted hypotheses, especially those concerning tyre models. As the results were satisfactory, with physical
responses consistent with the proposed manoeuvres, the model was extended to the entire vehicle, taking into account
the trailer unit. All simulations were performed with the assistance of Matlab (R2012a version) and Mathematica
(version 9.0).

Tractor vehicle model

The model to be developed is based on Chen and Tomizuka’s (2000) box truck (Fig. 4), which is adapted to haul a
trailer unit.

Figure 4 — Box truck (lveco, 2015)

Equations of motion are obtained through the Lagrangean formalism (Greenwood, 1997), and they include tractor
roll and yaw. A schematic representation of the vehicle, as well as the reference frames and their coordinate systems
used in the development of the model, are shown in Fig. 5. The system X, is rigidly attached to the unsprung element of
the vehicle in such a way that the unit vector £, is on the rolling axis, and that the direction of £, intercepts the vehicle
center of mass. On the other hand, X is fixed to centre of mass (sprung mass), with axes initially parallel with those of
system X,. Finally, X, is the inertial reference frame.
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Figure 4 — Box truck (tractor vehicle) and reference frames

The three systems of coordinates are related by transformation equations (1) and (2), in which the functions sine and
cosine are respectively represented by s(x) and c(x).

c(p) —s(p) 0O\

{ﬁ}=(s(<p> c(p) 0){t} 1)
0 0 1
1 0 0

{E}=<o 1 —9){5} 2
0 @0 1

In Eq. (1), ¢ stands for the yaw angle of the unsprung element in relation to the inertial reference frame, whereas 6
is the rolling angle of the sprung mass as observed from the reference frame attached to the unsprung element. The
hypothesis of small angular displacements (sin(8) = 6, cos(8) ~ 1) was employed in Eq. (2). This way, it is possible
to write expressions for the kinetic energy and potential function for the vehicle centre of mass (CM) in relation to the
inertial reference frame. To begin with, one expresses the position of the CM in relation to the inertial reference frame:

Bemm = Bemye + Pem
Bemm = 2tz + hs3 + x,0 + Y, ] 3)

In Eqg. (3), x,, and y,, are the displacements of the origin of the unsprung element coordinate system in relation to the
inertial reference frame, z is its height, and h is the height of the CM to the rolling axis. Differentiating Eq. (3) with
respect to time, one obtains the velocity of the CM according to Eq. (4),

(h(pg + XnC((p) + Yns((p))gl
{ﬁCG/n} = (—h@ — xps(p) + Ync((p))gz ) (@)
(X, 05(p) — ynBc(9))Ss

in which the derivative of the unit vectors of the X base was calculated using the rotation vector of the sprung mass,
ﬁs/n = 9‘§1 + ¢Q§2 + (p§3.

The kinetic energy of the tractor unit can be than obtained through Eq. (5), where m, (kg) is the mass and I (kg. m?)
is the central inertia tensor:

1 - - 1= -7
T, = Emc(vCM/n ) vCM/n) + E‘Q‘s/nlﬂts/n =

T = 2 [(96 + 1,0(9) + 3u5@))” + (=18 — £5(9) + 3uc(@)) + (1,85(0) — 36 (@)’ +
> (107 + L,(99)? + 1,¢?) (5)

The potential energy function, on the other hand, is given by Eq. (6), in which the hypothesis that the sprung mass
swings about the vehicle rolling axis was considered:

Ve = mcgh(c() — 1)
(6)

From equations (5) and (6), one writes the Lagrangean

Le=T. -V )
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and, through the Euler-Lagrange equations,

(::) ;’TL = Qqp i=1,..,4 @)

the equations of motion for the generalized coordinates q = [q1, G2, q3, q4)" = [%,, ¥, 8, @] and generalized non-

conservative forces Q = [qu, qu, Qq3, Qq4]T = [Qx, Qy, Qo, Qq,]T associated to those coordinates can be written. In
this model, the generalized non-conservative forces are those acting on the tyres, as depicted in Fig. 6, in which F;; and
Foj, j =1,...4, respectively stand for the longitudinal and lateral forces. The forces acting at the suspension elements
(orthogonal to the tyre forces, not shown in the figure) are represented by F;;. For the computation of the non-
conservative generalized forces, one first describes F;;, F,j, Fs; in coordinates of the X, as follows:

Fyj = Fjc(@) — F4s(9) ©)

Fyj = Fjs(p) + Faic(9) (10)
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Figure 5 — Lateral and longitudinal forces at the tyres of the tractor truck

Since the scope of this work is the analysis of the lateral dynamics of the vehicle, all the manoeuvres are performed
at constant velocity, i.e., F;; = 0, j = 1,2,3,4. (Gillespie, 1992). Lateral forces, on the other hand, follow the model by
Bareket & Fancher (1989), whose main assumption is that, at low speeds, their magnitude is proportional to the slip
angle; moreover, the proportionality constant is the so called cornering stiffness (CS). The slip angles for tyres
j =1,...,4 of Fig. 6 are given by Egs. (11)-(14), in which & represents the steering angle at the front tyres:

a, =8 —arctg (;:;:) (11)
a, =8 —arctg (%) 12)
a; = —arctyg (ﬁ) (13)
@, = —arctg (%) (14)

Another hypothesis that holds for low speeds is arctg(x) = x; therefore, lateral forces are obtained by directly
multiplying the slip angles and the CS, the latter admitted the same for all tyres. Suspension is modelled as a spring-
viscous linear damping system. Thus,

FE=k-e+c-¢, (15)

with k representing spring stiffness and c denoting viscous damping coefficient, whereas e stands for the displacement
of the suspension, measured from the equilibrium position. Their values, for each tyre, are given by Egs. (16)-(17).

61=63=_§9 (16)
e2=€=30 (17)
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Given those hypotheses and constraints, the generalized forces, considered applied at points whose position is
defined by vector p; at each tyre j, j = 1, ..., 4, are obtained according to Eq. (18).

(P k)
aq;

@D
aq;

o)
aq;

L i=1,..,4 (18)

qu ZZ?=1Faj +Z;¥=1Flj +ZL}‘=1ES‘]'

Tractor and trailer vehicle model

In this section, an analytical model for the complete vehicle is developed. Its schematic representation is in Fig. (7),
which includes reference frames X, and X, respectively fixed at the trailer rolling axis (unsprung element) and at the
trailer sprung mass. Trailer attitude is described by the yaw angle, measured relatively to X;, and by the roll angle, 4, of
the trailer sprung mass, in relation to Y. Rotation matrices among coordinate systems attached to reference frames
Xy, 2., and X, are given by Eq. (19) and Eqg. (20):

. ctm st 0\ |
{U}=<—s<n> c(m) 0>{t} (19)
0 0 1
1 0 0\
{7}:(0 1 A){U} (20)
0 -1 1

Figure 7 — Tractor and trailer vehicles and reference frames

In order to compute the kinetic energy of the trailer, one differentiates the position vector of its centre of mass, Eq.
(21), with respect to time, thus obtaining Eq. (22):

= (Becy) = 5= Bea, — L1 — hS; = (dv + Lp)7y + ) (21)
( (h$6 + (@) + ys(@))c(n) + (—h6 — £s(p) + ye(9) ) stn) + )F
(2s(p) — yc(@))(=s(M)0%) — —L@s(n) — L,p6%s(n) — hepbc(n) + hOs(n) + h,12

(h6 + ic(p) + ys(@))(—=s()) + (=h8 — s(p) +ye(@)) (c(n) + 62)
(Bee,) = +(is (@) = ye(9))(=0%c(n) + +62) — Lp(c(n) + 62) + L,gO(—0c() + 1) + | T2 22)
’ +hs(n) + hO(c(n) + O1) — (dv + L)1 — h,A
(h8 + ic(p) +ys(@))(As() + (—h6 — x5(p) + yc(9)) (=Ac(n) + 6)
+(is(9) — yc(@))(02Ac() + 6) — Lp(—Ac(n) + 6) + L,POBAc(n) + 1) — |75
\ hAs(m) + h6(=Ac() + 0) + (dv + ;)14

Furthermore, considering that m, (kg) and I, (kg. m?) are the mass and the central inertia tensor of the trailer unit,
its kinetic energy is written as

Tr = O.Smrl_}CGZ . 1_7)(;62 + O.Sﬁs/nlrﬁts/n (23)

Under the same assumption of section “Tractor vehicle model”, i. e., the sprung mass swings about the rolling axis,
the potential energy of the trailer is

V. =m.gh.(c() - 1) (24)
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The last step to be taken before building the equations of motion for the whole vehicle concerns the determination of
the non-conservative forces at the trailer tyres, as shown in Fig. 8, and the forces at the trailer suspension.

* Fa7 AFaS
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Figure 8 — lateral forces at the trailer tyres

Following the model proposed by Baraket & Fancher (1989) for the computation of forces at the tyres according to
Eg. (9) and Eqg. (10), briefly described in the previous section, the slip angles at low speeds can be approximated by Eq.
(25):

17]"U2

a = arctg( ),j = {5,6,7,8}, (25)

Vj'Ul
in which ; is the velocity of the trailer’s j — th tyre, in coordinates of the X, frame, obtained by Eq. (26):

- -

v = vy +77[73 A (@; — Py)
By =B, + 11 AUz (—(dv + 1L)T,) (26)
_1-7)11 = (ch((p) + yns((p))zl + (—XnS((p) + Ync(<ﬂ))zz + ‘pE3 A (_12E1)

Trailer suspension forces are calculated according to the linear spring-viscous damping model of Eq. (15), described
in “Tractor vehicle model” section, as functions of the displacements

€s=€,=——21 (27)
5
€ = €Eg = &/1 (28)

Finally, the Lagrangean for the combined tractor-trailer vehicle can be written as
L=T+T, - (V. +V), (29)

and the equations of motion follow from Eq. (8) for the vector of generalized coordinates q = [q4, 92, 93, G4, Gs, Gs1” =
[, ¥, 0, 0,1, A]7, that includes the degrees of freedom from both units, and from Eq. (18), for the non-conservative
generalized forces, with the summations j =1, ...,8, and i = 1, ..., 6. Both the algebraic derivation of the equations of
motion and their simulation were performed with the aid of the software Mathematica.

RESULTS AND DISCUSSION

Firstly, the dynamic behaviour of the tractor unit without the trailer was evaluated in a simulated curve at constant
36 km/h speed. In order to perform the manoeuvre, a constant steering angle of 4 degrees is imposed at the front
wheels through a step function. Simulation parameters of a medium-weight commercial vehicle, given in Tab. 1, were
obtained from Chen & Tomizuka (1997).

Results for this simulation are depicted in Fig. 9 and Fig. 10, from which it is possible to assert that the response of
the dynamical model is coherent with the expected behaviour of a real vehicle in a similar manoeuvre. The initial
gradient of the yaw rate (Fig. 9) is justified, since the vehicle is suddenly forced to detour from a straight line path until
achieving a steady value (dg/dt = 15°/s), which corresponds to the constant steering input. The roll angle and roll
rate (Fig. 10) are also compatible with the input condition: from the beginning of the manoeuvre, the vehicle leans
outwards at the curve, as evidenced by the values of the roll angle 6, whereas, at the same time, roll rate d6/dt presents
oscillations that vanish once the steady condition is reached, at 8 = 0.9 degree, after about 20 s.
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Figure 9 — Tractor yaw rate versus time for the Figure 10 — Tractor roll angle and roll rate versus time
constant steering wheel angle manoeuvre for the constant steering wheel angle manoeuvre

Then, the dynamical response of the complete vehicle was obtained for two manoeuvres that frequently occur in
normal traffic conditions, namely, performing a curve with the same characteristics as the one previously described, and
a sudden change of direction from a straight line path, both at constant speed (36 km/h). In the latter case, a 30-degree
amplitude steering angle was imposed at the front wheels of the tractor through a step function. Parameters for this
simulation can be found in Tab. 2, in which trailer values are identified by the “r” subscript. It is important to emphasize
that some of those parameters, based in Chen & Tomizuka (2000), were adapted for the specific purposes of this work;
they are marked with an asterisk.

Table 1 - Tractor vehicle parameters

Parameters Values Table 2 — Trailer vehicle parameters
me 8400 kg Parameters Values
h 0.5m ms 4200 kg
z 1.2m h.=h 0.5m
L 25m Z, =2 1.2m
L, 1.5m LL=1 25m
b 2.0m , br =p 20m
Ix 12447 kg.m Ix; 6624 kg.m?

2

Iy 65735 kg-m2 Iy; 32868 kg.m?
Iz 65735 icg-m Iz} 32868 kg.m?
k 5% 10°N/m k, =k 5% 10° N/m
c 9080 N.s/m c-=c¢C 9080 N.s/m
g 9.8 m/s? CS, =CS 14330 N/rad
CS 14330 N /rad

Time evolutions of the tractor and trailer roll amplitudes for the constant steering wheel angle manoeuvre are
depicted in Fig. 11 and Fig. 12. It is possible to realize that the trailer, constrained to the tractor unit, imposes an inertial
resistance to the rolling tendency of the latter when the convoy achieves a steady condition. This assertion is
corroborated by comparing results from Fig. 10 and Fig. 11. In Fig. 10, the steady roll angle for the tractor is 8 = 0.9
degree whereas, for the convoy, 6 ~ 0.8 degree. However, during the transient that follows the imposition of the step
function, the tractor roll amplitude reaches a peak value of about 2.6 degrees (Fig. 11), against about 1.2 degree (Fig.
10) when the same vehicle was simulated without the trailer. The roll angle of the trailer initially accompanies the
movement of the tractor and, due to the action of the suspension, oscillates during the transient phase until stabilizing
after about 20s., with the unit leaning outwards, as expected.

Results of the simulated sudden change of direction from a straight line path are depicted in Fig. 13 and Fig. 14.
Although the step steering amplitude of 30 degrees was imposed during 2 seconds, starting at the abscissa t = 3s.in
Fig. 13, the whole convoy took about 20 seconds to fully stabilize at the new heading. The tractor leaning outwards and
the trailer oscillating behaviour (Fig. 14) were compatible with the characteristics of the manoeuvre. It must be
enhanced, though, that the peak of roll amplitudes of both vehicles, when compared to those obtained in the constant
steering wheel angle condition, were considerably higher, namely, about 4 and 10 times, respectively for the tractor and
trailer.
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Figure 11 — Tractor roll angle versus time for the Figure 12 — Trailer roll angle versus time for the
constant steering wheel angle manoeuvre constant steering wheel angle manoeuvre

Likewise, it is possible to infer that the combined inertial effects of both units imposes a limiting condition on the
safe operation of the convoy, since roll angle amplitude for the tractor unit alone (Fig. 10) was about 1/2 times that of
the same vehicle constrained to the trailer, as shown in Fig. 11. In practice, the maximum constant velocity at which the
manoeuvres are performed must be smaller for the convoy, which is, again, a result that supports the behaviour of
similar vehicles under actual driving conditions.
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Figure 13 — Tractor roll angle versus time for the Figure 14 — Trailer roll angle versus time for the
change of direction manoeuvre change of direction manoeuvre
CONCLUSIONS

In this work, a six-degree of freedom model of the rolling dynamics of a convoy vehicle was analytically obtained
through the Lagrangean formalism. In order to cope with the complexity of the six nonlinear second-order coupled
differential equation, the model was linearized for small rolling angles, thus helping its numerical integration. Still,
simulated constant radius curve and sudden change of direction manoeuvres, both at constant velocity, exhibited results
compatible to those observed in actual vehicles under similar operating conditions, thus stating the efficacy of the
proposed model. Altogether, the transient response of the convoy evidenced the influence of the trailer on the behaviour
of the tractor unit, since the peaks of roll amplitudes of the latter, especially in the change direction manoeuvre, were
considerably higher, thus suggesting its susceptibility to experience unstable behaviour during that phase.

It should be pointed out that, due to the coherent results presented despite its simplicity, the model here developed
might be used in parallel with some commercial multibody dynamics software in order to perform a cross-check on the
outcomes of simulated conditions on convoy vehicles, since even recent publications rely solely on results provided by
the above mentioned proprietary packages. Moreover, it is the intention of the authors to include combined effects of
rolling and longitudinal dynamics (jackknife) in the analytical model and to analyse the overall stability, a key issue, for
instance, in the development of active control systems.
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