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Abstract: In the last years, many techniques and procedures have been employed to optimize traditional constant stiffness
composites laminates (CSCL). On the other hand, recent manufacturing methods enable to explore non conventional
design approaches. The mechanism development of automatic fiber placement allows the design of variable stiffness
composite laminates (VSCL), where the fibers are placed following a curvilinear trajectory. Differently from CSCL,
the VSCL the stiffness is a function of the position on the laminate. VSCL can also be obtained considering variable
fiber spacing, where the proportion of fiber and resign are not constant in the laminate. Some authors have explored
the benefits of VSCL to improve buckling, to reduce stress concentrations around holes, to maximize the fundamental
frequency in conical shells and even to optimize the aeroelastic behavior of composite wings. This work proposes
a semi-analytical model to optimize a flat plate, controlling the angles in the interpolating positions in the laminate
using Lagrange functions of different orders and for two different boundary conditions. A structural model based on
Ritz method combined with the classical lamination theory to model the composite laminate is used. The plate is
considered thin, modeled based on strain-displacement assumptions of Von-Karman, and the inertia terms are based
on the hypotheses of Kirchhoff. The equations of motion are obtained from Lagranges equations. The modal properties
(natural frequencies and mode shapes) are found by solving the associated eigenvalue problem. The proposed model
is compared regarding fundamental frequencies and mode shapes are validated with a Nastran model. A convergence
analysis is done to find the number of terms necessary in the Ritz series to converge the semi analytical model. The
influence of the steering parameters on the fundamental frequency is examined. A differential evolution (DE) algorithm
is used to optimize the fiber placement by controlling the interpolation points of Lagrange functions for different orders.
The optimization aims to maximize the first natural frequency . In all the simulations, different configurations are tested:
linear tow steered angle in one direction and steered plates interpolated by Lagrange functions of first order, second
order and third order. Preliminary results show the maximization of the fundamental frequency by increasing the order
of interpolation and also that as the polynomial order increases the fiber path become more complex and brings new
challenges to manufacturing process. For all simulated conditions, one notices the benefits of VSCL in terms of the
vibrational aspects, which leads to conclude that the design can be done properly for a specific purpose such as to avoid
a specific range of excitation frequency, or to increase the aeroelastic stability margin.
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INTRODUCTION

Traditionally composite laminates are produced by stacking plies in a predefined constant direction choose by a certain
design goal resulting in a constant stiffness composite laminate (CSCL). Notwithstanding, recently the variable stiffness
laminates are being explored due the capability to stiffness control arranging fiber placement in a such away that improves
design behavior for different purposes. Different procedures results in variable stiffness composite laminates (VSCL),
by controlling fiber deposition by curved paths, or by adding micro carbon fiber (functional grade material fgm) or even
though by using controlled spaces between during fiber deposition.

Nevertheless, as a result of the improvement of the automated fiber placement (AFP) technique tow steering has been
developed to allow laminates to be constructed with variable angle tow (VAT) plies in which the fibers are placed following
curvilinear paths, in such way that is possible to achieve additional structural design improvements (Parnas et al., 2003) are
gain attention of international literature. The use of VSCL can improve design characteristics in comparison with CSCL,
without weight penalties Akhavan and Ribeiro (2016). Different works have been produced to demonstrate the benefits
regarding structural behavior (Lopes et al. (2008), Gürdal et al. (2008), Kuo and Shiau (2009), Weaver et al. (2016)).
Other studies are devoted to the vibrational and optimization of the dynamic characteristics (Akhavan and Ribeiro, 2011),
Akbarzadeh et al. (2016), and aeroelastic (Stodieck et al. (2013), Stanford et al. (2014)) behavior of VAT flat plates.

CSCL optimization involves the task of finding for a combination of several straight-fibers with constant thicknesses
aimed the best mechanical properties for different design purposes Ghiasi et al. (2010). In contradistinction the VSCL
presents a higher optimization design cost due to the large number of design variables required to define the trajectory,
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thicknesses and manufacturing constraints Wu et al. (2012).

This paper proposes a new evaluation approach to increase the fundamental frequency of tow steered composite lami-
nates. The analysis results for several configurations are optimized and compared. A differential evolution (DE) algorithm
is applied to optimize the tow steered composite plates providing promising results. The plate is modeled according to the
Classical Lamination Theory (CLT), whereas Legendre polynomials are used as basis for the Ritz Method, being neces-
sary smaller modifications to take into account different boundaries conditions. The fiber placement trajectory is specified
by controlling points interpolated by Lagrange polynomials of different orders as proposed by Wu et al. (2012).

FORMULATION

The plate is modeled based on strain-displacement assumptions of von-Karman, according to the Classical Lamination
Plate Theory and each ply in plane strain, which means that all the out of plane strains are set to zero:

γzx = γzy = εzz = 0 (1)

The displacement field is represented as:

u(x, y, z, t) = u0(x, y, t)− z ∂w0(x, y, t)

∂x

v(x, y, z, t) = v0(x, y, t)− z ∂w0(x, y, t)

∂y

w(x, y, z, t) = w0(x, y, t)

(2)

where (u0, v0, w0) are the displacements in the midplane.

Neglecting non-linear terms, the strain components are expressed by:

ε =

 εx
εy
γxy

 =


∂u0(x,y,t)

∂x − z ∂2w0(x,y,t)
∂x2

∂v0(x,y,t)
∂y − z ∂2w0(x,y,t)

∂y2

∂u0(x,y,t)
∂x + ∂v0(x,y,t)

∂y − 2z ∂2w0(x,y,t)
∂y∂x

 (3)

where the linear membrane and out of plane terms are denoted as:

εL =


εLx
εLy
γLxy

 =


∂u0(x,y,t)

∂x
∂v0(x,y,t)

∂y
∂u0(x,y,t)

∂x + ∂v0(x,y,t)
∂y

 (4)

κ =

 κx
κy
κxy

 = −


∂2w0(x,y,t)

∂x2

∂2w0(x,y,t)
∂y2

2∂2w0(x,y,t)
∂x∂y

 (5)

Then, the forces (Q) and moments (B), with the assumptions of CLT, are:{
Q
B

}
=

[
A B
BT D

]{
εL + εNL

κ

}
(6)

in which, the membrane, membrane-bending, bending terms are given by the matrices A,B and D. In the case of VAT
plates, these matrices must be computed accounting for the fact that the ply angle varies over the plate according to
Lagrange polynomials(Wu et al., 2012):

θ(x, y) = Φi +

M−1∑
m=0

N−1∑
n=0

Tmn.
∏
m 6=i

x− xi
xm − xi

.
∏
n 6=j

y − yj
yn − yj

(7)

where Φi is the reference ply angle and Tmn are the control angles in the reference points (M,N), as depicted in Fig. 1.

Considering symmetric laminates B=0, the matrices A and D derived from a combination of in-plane and out-of-plane
lamination parameters (Vi and Wi).

(V1, V2, V3, V4)(x, y) =
1

h

∫ h/2

−h/2
(cos(2θ), sin(2θ), cos(4θ), sin(4θ))dz (8)



Guimarães T. A. M., Pereira D. A., Rade D. A.

T00

T0n

T0N
TmN

TM0

Tmn

TMNy

x

TMn

Tm0

(x0,yN)

(x0,yn)

(x0,y0)

(xm,yN)

(xm,yn)

(xm,y0)

(xM,yN)

(xM,yn)

(xM,y0)

a
b

Figure 1 – Non-Linear fiber orientation by Lagrange polynomials. (Adapted from (Wu et al., 2012))

(W1,W2,W3,W4)(x, y) =
12

h3

∫ h/2

−h/2
z2(cos(2θ), sin(2θ), cos(4θ), sin(4θ))dz (9)

and laminate invariants (Jones, 1998):

Γ0 =

 I1 I4 0
I4 I1 0
0 0 I5

 , Γ1 =

 I2 0 0
0 −I2 0
0 0 0

 , Γ2 =

 0 0 I2/2
0 0 I2/2
I2 I2 0

 ,
Γ3 =

 I3 −I3 0
−I3 I3 0

0 0 −I3

 , Γ4 =

 0 0 I3
0 0 −I3
I3 −I3 0

 (10)

are expressed by: A11(x, y) A12(x, y) A16(x, y)
A12(x, y) A22(x, y) A26(x, y)
A16(x, y) A26(x, y) A66(x, y)

 = h(Γ0 + Γ1V1(x, y) + Γ2V2(x, y) + Γ3V3(x, y) + Γ4V4(x, y)) (11)

 D11(x, y) D12(x, y) D16(x, y)
D12(x, y) D22(x, y) D26(x, y)
D16(x, y) D26(x, y) D66(x, y)

 =
h3

12
(Γ0 + Γ1W1(x, y) + Γ2W2(x, y) + Γ3W3(x, y) + Γ4W4(x, y))

(12)

being h the total thickness.

The strain energy of the composite plate may be expressed by:

U(x, y) =
1

2

∫ a

0

∫ b

0

{
εL
}T

[A]
{
εL
}
dxdy +

1

2

∫ a

0

∫ b

0

{
κL
}T

[D]
{
κL
}
dxdy (13)

in the case of plate linear vibration the membrane terms has higher order frequency than the out of plane and can be
simplified, resulting in:

U(x, y) =
1

2

∫ a

0

∫ b

0

{
κL
}T

[D]
{
κL
}
dxdy (14)

For the complete solution for different boundaries conditions the out of plane displacement can be written using
Legendre polynomials, defined as:

L0 = 1; L1 = x; L2 =
1

2
(3x2 − 1)...

Lx =

J∑
j=0

(−1)j
(2i− 2j)!

2ij!(i− j)!(i− 2j)!
xi−2j

J =
i

2
(i = 0, 2, 4...),

i− 1

2
(i = 1, 3, 5...)

(15)

Choose following the work results of (?) work, in which was concluded that due the non-periodic nature of successive
polynomials it is worth to capture localized effects. Nonetheless, it is necessary to modified the coordinates introducing
the local normalized ones (ζ and η) defined as:

ζ = x/a; η = y/b; (16)
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the out of plane displacement for different boundaries conditions is defined:

w0(ζ, η, t) = (ζ2− ζ)c(η2 − η)c
mmax∑
m0

n∑
n0

qmn(t)Lm(ζ)Ln(η) (17)

where c=0,1,2 defines boundaries conditions for all sides as free, simply supported and clamped respectively.

Thus the kinetic energy (Υ), based on the hypotheses of Kirchhoff theory, which is adequate for thin plates one writes
Love (1888):

Υ =
1

2

∫ ∫ ∫
ρ0
[
ẇ2
]
dxdydz (18)

being ρ0 is the material density.

Dynamic Model

The dynamic evaluation is done using Lagrange’s equations (Lagrange, 2009) . Being ~q the generalized coordinate
that represents the displacements.

−∂L
∂q

+
d

dt

(
∂L

∂q̇

)
= 0 (19)

where L = Υ−U is the Lagrangean function and q is the vector of generalized coordinates of out of plane displacement.
Then the equation of motion for a condition free from external loads reads:

Mq̈ + Kq = 0 (20)

where M is the mass matrix, K is the structural stiffness.

Thus, the eigenvalues of the following eigenvalue problem represent the natural frequencies of the system:(
K− ω2M

)
qw = 0 (21)

being the fundamental frequency the square root of the lowest eigenvalue found.

MODEL DESCRIPTION AND VERIFICATION

Here next, it is presented the lamina properties and plate geometry. Then, it is presented the numerical model verifi-
cation comparing the natural frequency and modes shapes from the Rayleigh Ritz (R.R.) model with the Nastran model.

It is evaluated a rectangular plate in tree different boundaries conditions, first the plate is assumed to be free in all
four sides (FFFF), next all borders are simply supported (SSSS) and the last all borders are clamped (CCCC). The main
dimensions are expressed in Fig. 2 and Table 1, where also is described the lamina properties.

 a = 400 mm

 b
 =

 3
0

0
 m

m

F/S/C

F/S/C

F/S/C
F/S/C

F - Free , S - Simply Supported, C - Clamped

Figure 2 – Plate Model Description

The proposed model is compared regarding natural frequencies for the steered configuration (CA) and non steered
configuration (CB) two different boundaries conditions. Also the mode shapes are compared for simple supported config-
uration (SSSS) evaluating the Modal Assurance criteria (MAC), which is portrayed in Fig. 3 where is possible to verify
the agreement between modes obtained with Nastran and with the proposed model (RITZ).
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Table 1 – Material properties and plate dimensions

Property Value Property Value
E1 129500 MPa Length, a 400 mm
E2 9370 MPa Width,b 300 mm
G12 5240 MPa Density,ρ0 1500 kg/m3

µ12 0.38 Ply thickness, t 0.19 mm
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Figure 3 – Mode Assurance Criteria for CA and CB

In both configuration has the base lay-up defined by [0o/45o/− 45o/90o]s . The difference in CB is related with the
use of the second order Lagrange polynomials to perform a nonlinear interpolation in the laminate, following Eq. 7.

Table 2 – Natural Frequencies comparison for different boundaries conditions of non-steered configuration CA

FFFF SSSS CCCC
Ritz Nastran error Ritz Nastran error Ritz Nastran error
[Hz] [Hz] % [Hz] [Hz] % [Hz] [Hz] %

41.65 41.31 0.83 64.36 63.88 0.75 117.89 116.82 0.92
63.77 62.96 1.28 153.82 152.47 0.88 230.42 227.77 1.17
81.23 80.54 0.85 168.59 166.97 0.97 250.19 247.07 1.26
103.54 101.76 1.75 253.56 248.68 1.96 349.30 340.78 2.50
118.75 116.76 1.70 313.31 309.94 1.09 407.58 412.92 1.29
192.67 188.13 2.41 336.30 333.02 0.98 418.56 444.20 5.77

Table 3 – Natural Frequencies comparison for different boundaries conditions of steered configuration CB

FFFF SSSS CCCC
Ritz Nastran error Ritz Nastran error Ritz Nastran error
[Hz] [Hz] % [Hz] [Hz] % [Hz] [Hz] %

41.53 41.19 0.82 65.90 65.38 0.80 118.16 116.94 1.04
64.65 63.86 1.24 152.82 151.55 0.84 227.87 225.18 1.19
82.46 81.65 0.99 172.28 170.43 1.09 253.84 250.14 1.48
105.47 103.81 1.61 251.61 248.68 1.18 342.66 334.51 2.44
118.60 116.51 1.80 323.15 319.74 1.07 432.24 425.86 1.50
196.31 191.42 2.55 334.67 330.67 1.21 446.60 439.84 1.54

The proposed model converges with eight assumed modes in each direction and the frequency comparison is shown
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in Table 2 and Table 3, in which has that FEM and RITZ models corroborates with an acceptable error. Also, the steered
angle for the developed model and Nastran is depicted in Fig. 4.
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Figure 4 – Steering Angle - a) Present Model; b) Nastran Model

OPTIMIZATION PROCEDURE

The Differential Evolution (DE) algorithm is used to determine the maximum fundamental frequency of tow steered
plates in different boundaries conditions. Distinct optimizations are discussed, as presented in Fig. 5 and Table 4. All
variables are considered continuous and lie inside the interval between−90◦ and 90◦. Therefore, the optimization problem
can be stated as:

Maximize: ω 1 (First Fundamental Frequency)
Design Variables: Table 4 in 2nd column
Subject to: T_mn ∈ [−90 90 ].
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#O4  NLV(x,y) - 3rd order

  16 variables (T00 .... T33)

T00

T01

T02

T10

T12

T20

T11

T22

y

x

#O3  NLV(x,y) - 2nd order

   9 variables (T00 .... T22)

T21

T00

T10

T01

T11

y

x

#O2  LV(x) - 1st order (both sides)

   4 variables (T00 , T10, T01 , T11)

T0

y

x

 #O1  LV(x) - 1st order (1 side)

        2 variables (T0 , T1)

T1

 

Figure 5 – Design Space representation for different optimizations
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Table 4 – Lay-up Options and Design Variables for Laminate [0 45 -45 90 ]s

Configuration Design Variables Variables Type Boundaries
#O1 [T0 T1] Continuous [−900 900]i

#O2

[
T01 T11
T00 T10

]
Continuous [−900 900]i

#O3

 T02 T12 T22
T01 T11 T21
T00 T10 T20

 Continuous [−900 900]i

#O4


T03 T13 T23 T33
T02 T12 T22 T32
T01 T11 T21 T31
T00 T10 T20 T30

 Continuous [−900 900]i

ANALYSIS AND RESULTS

The results were organized in Table 5 separated by boundary condition. The baseline configuration was considered
CA with fundamental frequency shown in Table 2. Though, the baseline fundamental frequency is 41.65Hz, 64.36Hz and
117.89Hz for free, simply supported and clamped configuration respectively.

Table 5 – Natural Frequencies comparison for different boundaries conditions of steered configuration CB

FFFF SSSS CCCC
Baseline Optimal Improve Baseline Optimal Improve Baseline Optimal Improve

[Hz] [Hz] % [Hz] [Hz] % [Hz] [Hz] %
#O1

41.65

45.15 8.40

64.36

78.53 22.02

117.89

153.64 30.32
#O2 47.24 13.42 79.50 23.52 154.03 30.66
#O3 47.49 14.02 82.26 27.81 160.06 35.77
#O4 48.60 16.69 82.59 28.33 160.20 35.89

As expected there was a direct relation between the path complexity (higher order polynomials) and the increasing of
fundamental frequency. Actually, the smallest improvement was achieve in the SSSS condition (16.7%), increasing to
(28.3%) for SSSS and the best results were found in the CCCC configuration (36.0%). The constraint effect is related
with the potential energy evaluation (Eq. 13), which means that more constrained laminates has higher potential energy
and higher frequencies. As a matter of fact, the effect of tow steered laminates allows the search in new design spaces,
enhancing the evaluation of potential energy resulting in higher fundamental frequencies also, and the results tends to be
better for constrained laminates.

In Fig. 6 is depicted the trajectory of each layer, being possible to compare for each condition the steered optimal with
the baseline laminate.

Figures 7 to 9 presents the comparison between the baseline configuration and the optimal steered condition #O3 in
the frequency domain for each boundary condition. Clearly it is shown the the increase of fundamental frequency in the
VSCL.

30 35 40 45 50
Frequency [Hz]

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

A
m

p
lit

u
d
e
 [
m

]

FFFF

Baseline
Optimal #O3

Figure 7 – FFFF frequency response comparison between baseline configuration and optimal steered(#O3)
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Figure 6 – Optimal Trajectory Results Os resultados modifcaram um pouco (vou refazer esta figura)
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CONCLUSIONS

The deterministic optimization of symmetric tow steered composite plates was done for tree different boundaries
condition (FFFF, SSSS, CCCC) aiming at increasing the fundamental frequency. The proposed model was validated
for all boundaries conditions in terms of natural frequencies with a finite element model (FEM) done in Nastran R©. In
addition, the modal assurance criteria (MAC) evaluation was done to compare the modal characteristics of the developed
model with the FEM showing a great correlation.

The use Lagrange interpolation polynomials to define tow steered angles was efficient to increase the first fundamental
frequency, but as the complexity increased the computational effort to convergence also increased and the gain tends to
be smaller for polynomials with order higher than two.

The condition FFFF presents smaller improvements than the condition SSSS and CCCC, which means that the con-
strained plays a important rule in the dynamic behavior of the tow steered plates. The geometry stiffness dependency
is directly related with the potential energy evaluation, though it is possible state that constrained conditions is better to
control tow steered angles improving the dynamic behavior by increasing the fundamental frequency.

The optimal steered paths became complex as the polynomial order increases, rising manufacturing issues. It is
important to emphasize the importance of evaluating the influence of uncertainties affecting the VSCL for minimizing
such influence on their structural and dynamic behaviors. This aspect is tightly related to the challenge of ensuring the
necessary reliability under constraints and imperfections introduced by the manufacturing process.
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