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Abstract: Nonlinear aeroelastic systems are prone to the appearance of limit cycle oscillations, bifurcation and chaos.
Such problems are of increasing concern in aircraft design since there is the need to control nonlinear instabilities and
improve safety margins, at the same time as aircraft are subjected to increasingly critical operational conditions. On
the other hand, viscoelastic materials have already been successfully used for the attenuation of undesired vibrations
in several types of mechanical systems. However, a considerably small number of research works have addressed
the feasibility of exploring the viscoelastic effect to improve the behavior of nonlinear aeroelastic systems. In this
context, the objective of this work is to assess the influenceof viscoelastic materials on the aeroelastic features of
three-degree-of-freedom typical section models (including pitch, plunge and control surface motions) which present
structural nonlinearities of the hardening stiffness type. The equations of motion of the system under analysis are
derived in such a way that one is able to account for the dependence of the viscoelastic material properties on frequency
and temperature. For this purpose, a constitutive law basedon fractional derivatives is adopted, allowing for the
modeling of the viscoelastic behavior in the time domain. The aerodynamic forces are introduced based on the classical
theory of linear unsteady aerodynamics with corrections for arbitrary motions derived from Theodorsen’s method.
The aeroelastic behavior is investigated through time domain simulations, and subsequent frequency transforms, from
which bifurcations are identified, and diagrams of vibration amplitudes versus airspeed are constructed to characterize
the conditions under which the system is supercritical or subcritical. The influence of the viscoelastic effect on the
aeroelastic behavior, for different values of temperature, is highlighted and discussed. Numerical simulation showsthat
viscoelastic damping can increase noticeably the flutter speed and reduce the amplitudes of limit cycle oscillations for
the system under consideration. These results show that viscoelastic materials can be used in the aircraft components
to increase safety margins of the flight envelope as related to the aeroelastic stability. The authors acknowledge the
CNPq, FAPEMIG, and FAPESP for their continuing financial support of research activities.
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INTRODUCTION

The aeroelasticity is a multidisciplinary field of study that belongs to the aerospace engineering, which deals with
the interaction between structural dynamics and non-stationary aerodynamic flow. This multidisciplinary nature is better
explained through Collar’s Triangle (Collar, 1946). This triangle represents the interactions between three disciplines:
aerodynamics, dynamics, and elasticity. Classical aerodynamic theories provide a prediction of the forces acting on a
body of a given shape. Elasticity provides a prediction of the shape of an elastic body under a given load. Dynamics
introduces the effects of inertial forces (Hodges and Pierce, 2011).

Aeroelastic systems may present nonlinearities, therefore subject to undesirable behaviors such as bifurcations, limit
cycle oscillations (LCOs), and chaos (Shetaet al., 2002). It is known that nonlinear behaviors, whose originsare both from
structural dynamics or from the unsteady aerodynamic loading, are difficult to predict and are associated with destructive
structural responses (Dowellet al., 2003). For example, LCOs have caused persistent problems in many aircraft designs,
such as the F-16 (Chenet al., 1998). In general, linear models used in designs are conservative due to the requirement of
safety margins to ensure stability to the aircraft even under the influence of nonlinear effects (Henshaw et al., 2007).

Among the sources of nonlinearities in aeroelastic systems, the structural nonlinearities have been extensively studied
by many authors during the last years. Concentrated nonlinear effects, the most well-known example of structural non-
linearities, can be incorporated into numerical models through elastic restoring forces or moments representations.The
traditional and well-understood types of concentrated nonlinearities are the hardening and softening springs, whichcan be
approximated by polynomial functions (O’Neil and Strganac, 1998), free-play (Vasconcelloset al., 2012) and hysteresis
(Chunget al., 2009). On the other hand, not much is known about the fundamental mechanisms of damping and their
impact on flutter and LCOs (Dowellet al., 2014). The internal damping forces may also have a nonlinear relationship to
the structural motion expressing a great challenge to the engineers, consequently, they are usually represented empirically
even in linear aeroelastic mathematical models.
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Figure 1 – Supercritical and subcritical Hopf
bifurcations. The shaded region
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Figure 2 – Physical model for the 3 DOFs
typical section aeroelastic system.

A generic way to analyze the nonlinear system behavior is by bifurcation diagram, where the limit cycle amplitude
is plotted versus some system parameter, such as the flight speed. Bifurcation analysis is used to indicate a quantitative
and qualitative change in the features of a system, such as the number and type of solutions, under the variation of
one or more parameters on which the considered system depends (Nayfeh and Balachandran, 2008). Figure 1 depicts
classical bifurcation diagrams for supercritical and subcritical behaviors. In general, if the system depends on the initial
conditions and has different solutions when the airspeed velocity is increased and decreased near the nonlinear critical
velocity, the bifurcation is called subcritical, i.e. LCO may also exist below the flutter boundary (unstable LCO, shaded
region). However, if the system is independent of the initial conditions and its stability changes only after the critical
flutter velocity, the bifurcation is called supercritical.

During the design of an aeroelastic system, it might be a requirement to further improve stability margins and reduce
LCO amplitudes related to flutter conditions. Usually this is the case, as aeroelastic phenomena is overlooked during
preliminary design phases, and only accounted for in later stages when prototype manufacture has already began. To
remedy the situation, structural modifications can be useful, and, in this work, one proposes the use of viscoelastic
damping for that matter.

Viscoelastic materials have already been proven as a viablesolution for several vibration-related engineering problems
(Rao, 2003). This class of materials combines the behavior of elastic solids and Newtonian fluids, in the sense that such
materials not only store, but also dissipate energy, in a passive manner. However, their application requires carefulness,
since material properties are dependent on several environmental and operating conditions. These encompass, among
others, temperature, frequency, and static pre-load (Nashift et al., 1985). Modeling of viscoelastic behavior must be done
accordingly, and several strategies have been put forward to allow design and prediction of complex engineering systems
that contain viscoelastic damping (Lakes, 2009).

Viscoelastic damping has already been adopted for flutter control. Lacarbonara and Cetraro (2011) proposed a visco-
hysteretic vibration absorber (VA) to increase the flutter speed and to improve the damping in the pre- and post-flutter
regimes of a one-degree-of-freedom typical section. Martinset al. (2017) performed experimental and numerical analysis
of two-degree-of-freedom typical section presenting viscoelastic material in pitch and plunge motion, they have shown
that the viscoelastic material can increase considerably the flutter speed. Some other authors have reported the viscoelastic
damping treatments to avoid panel flutter in supersonic regime (Cunhaet al., 2016). Despite their contributions, these
studies have been limited to cases of linear aeroelastic systems.

Thus, in this work, one investigates the influence of viscoelastic damping in a nonlinear aeroelastic system, which
consists of a typical section with plunge, pitch and controlsurface degrees of freedom, with cubic-hardening nonlinear
behavior for the pitch angle stiffness. As one deals with a nonlinear system, traditional flutter analysis methods do not
prove adequate, and numerical time integration is performed. For this reason, to model viscoelastic behavior, a fractional
differential equation is adopted for the constitutive relation. As to unsteady aerodynamic loads, the classical theory with
corrections for arbitrary motion is employed.

In the following Section, physical modeling is addressed. Later on, numerical results and conclusions are given.

PHYSICAL MODELS

Three DOF Nonlinear Aeroelastic Typical Section System

The mathematical model for a typical section, as shown in Figure 2, is derived admitting the basic principles given in
Bisphinghoffet al. (1996) and Theodorsen (1935). Accounting for nonlinear stiffness behavior in the pitch and control
surface degrees of freedom, one can write:
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wheret denotes time; the plunge, pitch and control surface displacements are given byh, α, andβ, respectively;a andc
are the dimensionless distances from the elastic axis to themiddle and to the surface control;U is the airspeed;xα and
xβ are the dimensionless distances from the elastic axis to thewing center of gravity (CG) and the distance between the
control surface and its CG, respectively;kh , kα, andkβ are the plunge, pitch and control surface stiffness, respectively;
ξ = h/b; µe = mT/mW ; di, j are the damping factors with respect to each airfoil motion and their influences;L(t) is the
lift force; Mα(t) andMβ(t) are the aerodynamic pitch and hinge moments, respectively;andF(α) andF(β) are functions
related to nonlinearities inα andβ stiffness. As to notation,Û• = d •/dt, andÜ• = d2 •/dt2.

Aerodynamic modeling is based on the formulation by Theodorsen (1935), who presents an analytical solution to the
pressure distribution around a typical airfoil section using 2-D irrotational, incompressible and potential flow assumptions,
which are subject to harmonic motions. The convolution of Wagner function is used to expand the Theodorsen function
in order to account for arbitrary airfoil motions. Details on this approach can be obtained from Vasconcelloset al. (2016).

Given the previous arguments, the equations of motion for the aeroelastic system can be presented in the following
final form:

(Ms −Mnc)Üx+ (Cs −Cnc − 1
2
RS2)Ûx+ (Ks −Knc − 1

2
RS1)x−RS3xa = 0; (2)

Ûxa −E1x−E2 Ûx−Fxa = 0, (3)

wherex = [ ξ α β ]T is the vector of structural generalized degrees of freedom,andxa = [ xa Ûxa ]T is the vector
of augmented aerodynamic states. Expressions for the matrices appearing in Eqs. (2) – (3) can be found in Vasconcellos
et al. (2016).Ms , Cs, andKs are the structural mass, damping and stiffness matrices, respectively;Mnc , Cnc , andKnc

are the non-circulatory flow contributions to mass, dampingand stiffness matrices of the system, respectively; andR, S1,
S2, S3, E1, E2, andF are matrices and vectors that arise from the circulatory flowformulation, and that modify damping
and stiffness properties, and couple the structural response with the time evolution of the augmented aerodynamic states.

Fractional Derivative Viscoelastic Constitutive Behavio r

The model used for the constitutive behavior of a viscoelastic damper is now considered. It makes use of the so-called
fractional derivatives, and generalizes on the standard linear solid for a better representation of the frequency-dependency
of the complex moduli of a viscoelastic material. Temperature-dependency can also be accounted for, as will be shown.

The constitutive relationship is such that (Galucioet al., 2004):

σv + τ
αv
v

dαv

dtαv
σv = E0vǫv +E∞vτ

αv
v

dαv

dtαv
ǫv, (4)

whereσv is the stress;ǫv is the strain; andτv , E0v , E∞v, αv are the model parameters. Physically,τv is a relaxation
time constant, whereasE0v and E∞v are the viscoelastic stiffness moduli for low and high frequencies, respectively.
Moreover,dαv/dtαv denotes fractional differentiation of orderαv ∈ R

∗
+
, according to Caputo’s definition (Galucioet al.,

2004; Diethelm, 2010). It should be noted that, due to constraints that arise from the 2nd Law of Thermodynamics, the
following conditions must be met (Bagley and Torvik, 1986):

E0v ≥ 0, E∞v > 0, ταv
v > 0, E∞v ≥ E0v . (5)

The model also presumes that0 < αv < 1.
To adopt Eq. (4) as the constitutive equation for viscoelastic behavior, and use it within a structural modeling scheme,

a good strategy consists of expressingσv explicitly. For this, one employs the Grünwald-Letnikov approximation of a
fractional derivative (Galucioet al., 2004):

dαv

dtαv
f (t) � (∆t)−αv

∑Nv

k=0

[
gk+1 f (t − k∆t)

]
, (6)

whereNv is the number of terms used in the approximation, andgk+1 are the so-called Grünwald coefficients. These may
be computed according togk+1 = [(k−1−αv)/k] gk for k = 1, . . . ,Nv , with g1 := 1.

Equation (4) can be rewritten by considering the internal variableǫ v = ǫv −σv/E∞v. This leads to:

ǫ v + τ
αv
v

dαv

dtαv
ǫ v =

(
E∞v−E0v

E∞v

)
ǫv, (7)

which is useful since only one fractional derivative will bediscretized with the help of Eq. (6).
By using Eq. (6) for the fractional derivative ofǫ v , after algebraic manipulations it is possible to write:

ǫ v =
[

(∆t)αv
(∆t)αv +ταv

v

] (
E∞v−E0v

E∞v

)
ǫv − τ

αv
v

(∆t)αv +ταv
v

∑Nv

k=1

[
gk+1ǫ v(t − k∆t)

]
, (8)

where it is to be understood thatǫv ≡ ǫv(t), andǫ v ≡ ǫ v(t). In the adopted notation,t now denotes a discrete time instant.
Considering the definition adopted forǫ v, σv can be expressed as:

σv = E0v

{ [
1+ cv

(
E∞v−E0v

E0v

)]
ǫv + cv

E∞v

E0v

∑Nv

k=1

[
gk+1ǫ v(t − k∆t)

]}
, (9)

wherecv = τ
αv
v

[
(∆t)αv

+ τ
αv
v

]−1
. Givenσv , a viscoelastic damper can be incorporated to an existing structural model by

considering the generalized forces it produces, through the use of the virtual work principle, for example.
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Parameter Identification and Temperature Dependence
The identification of the 4 parametersE0v, E∞v, τv , andαv for a given viscoelastic material can be performed in the

frequency domain. Accounting for properties of fractionalderivatives, the Fourier transform of Eq. (4) leads to:

E(jω) = σ(jω)/ǫ(jω) = E0v+E∞v (τv jω)αv
1+(τv jω)αv , (10)

wherej=
√
−1 is the imaginary unit,ω is the circular frequency, andE(jω) is the longitudinal complex modulus associated

with the fractional derivative model.
The inverse identification problem relies on the availability of a reference data set. In this work, curves presented

by Soovere and Drake (1984), fitted to gathered experimentaldata, are used. Soovere and Drake (1984) also account
for the temperature-frequency equivalence principle in their work. It states that changes in the complex modulus due to
frequency variations are equivalent to shifts along the temperature axis (Nashifet al., 1985). For this reason, the concept
of a reduced frequencyωR can then be introduced, such that:

ωR = γ(T)ω, (11)

whereγ(T) is the shift-factor function.
Soovere and Drake (1984) present data as a set of analytical functionsG(jωR) andγ(T). From Eq. (10), it is then

desirable to write the model complex modulus as:

G(jωR) = E(jωR )
2(1+ν) =

G0v+G∞v (τv jωR )αv
1+(τv jωR )αv , (12)

whereν is the viscoelastic material Poisson’s ratio. It is assumedthat it is frequency-independent, although this is not a
proper assumption for every case (Lakes, 2009).

The identification procedure can finally be solved by considering an optimization problem with the following objective
function:

Fobj(G0v,G∞v, τv, αv) = 1
n

∑ωRn

ωR=ωR1

[
ℜ{Gmodel(jωR,G0v ,G∞v,τv,αv )}−ℜ{Gref(jωR )}

ℜ{Gref(jωR )}

]2

+
1
n

∑ωRn

ωR=ωR1

[
ℑ{Gmodel(jωR,G0v ,G∞v,τv,αv )}−ℑ{Gref(jωR )}

ℑ{Gref(jωR )}

]2

, (13)

whereℜ andℑ are used to denote the real and imaginary components of a given complex quantity,Gmodel is computed
using Eq. (12), andGref is the reference data set.

An important remark is now made on how to incorporate temperature dependence in the model by identifying a single
set of parameters in the reduced frequency space. If one substitute Eq. (11) into Eq. (12), one can group the shift factor
functionγ(T) with the parameterτv , and then write:

G(jω,T) = E(jω,T )
2(1+ν) =

G0v+G∞v [τ∗v(T )jω]αv
1+[τ∗v(T )jω]αv , (14)

whereτ∗v (T) = τvγ(T), andτv is the value of identified for the case in whichγ(T) = 1, i.e. whenω = ωR .

Three DOFs Nonlinear Aeroelastic Typical Section System Wi th Viscoelastic Dampers

To incorporate viscoelastic dampers into the model, Eq. (2)is modified to:

(Ms −Mnc)Üx+ (Cs −Cnc − 1
2
RS2)Ûx+ (Ks + K̃v −Knc − 1

2
RS1)x−RS3xa = −cv

E∞v

E0v
Kv

∑Nv

k=1

[
gk+1x(t − k∆t)

]
, (15)

whereK̃v =

(
1+ cv

E∞v−E0v

E0v

)
Kv, and:

Kv =G0v



khv
mW

0 0

0
kαv

mW b2 0

0 0
kβv

mW b2



. (16)

khv , kαv , andkβv are constants related to the geometric arrangement of each viscoelastic damper. Equation (16) shows
G0v factored out since one assumes that the viscoelastic dampers work by exploiting shear deformation modes; also, the
factorsmWb2 andmW are due to the normalization of the aeroelastic equations.

To further clarify on how the dampers would work in practice,their geometry is shown in Fig. 3. Their implementation
on the physical model is displayed in Fig. 4 – the formulationpresented forKv above corresponds to the situation in
which the parallel mechanical arrangement shown in this figure is assumed. Now, considering the shear deformation for
the viscoelastic layers, it is possible to show that:

khv = 2lh
(
d3

d2

)

h
; kαv = 2π(Rmean)2α (d3)α ; kβv = 2π(Rmean)2β (d3)β , (17)

where the subscriptsh, α, andβ are used to distinguish between the geometric dimensions related to the viscoelastic
dampers adopted for each of the degrees of freedom.



Sales T. P., Pereira D. A., Marques F. D., Rade D. A.

l d2

d3

(a) Translational damper

Rmean

(b) Rotational
damper

d2

d3

d1

θ

(c) Shear deformation mechanism
acting on the viscoelastic layers

Figure 3 – Geometry of the viscoelastic dampers.
Viscoelastic material is shown in gray.

kh kβ

kα

kαv

kh v

kβv

Figure 4 – Physical model for the 3 DOFs
typical section with viscoelastic

dampers arranged in parallel.

Numerical Solution Procedures

The procedures adopted for solution of the mathematical model presented earlier are now considered. First, it is of
interest to identify the nature of the equations one deals with. Equation (15) represents a set of coupled nonlinear second-
order ODEs. Equation (3), on the other hand, is a set of coupled linear first-order ODEs. Both of these sets need to be
considered simultaneously during the solution procedure.Moreover, another point that deserves attention is the approach
adopted for incorporation of the viscoelastic dampers, through the use of fractional derivatives. This choice impliesin the
need of a specialized procedure for obtaining a numerical solution.

One starts by first rewriting Eqs. (3) and (15) in the state space form:

ÛX = AX+B (18)

whereX =
[

xT ÛxT xT
a

]T
is the state vector, and:

A =



0(3×3) I3 0(3×2)
−M−1K −M−1C M−1RS3

E1 E2 F


; B =



0(3×1)
−M−1Fv

0(2×1)


. (19)

Also, the following shorthands have been used:

K =Ks + K̃v −Knc − 1
2
RS1; C = Cs −Cnc − 1

2
RS2; Fv = cv

E∞v

E0v
Kv

∑Nv

k=1

[
gk+1x(t − k∆t)

]
. (20)

One equation that is still missing from the formulation is related to the computation of the internal variables associated
with the viscoelastic constitutive law,x. It can be established by considering Eq. (8). After algebraic manipulations, and
accounting for strain-displacement relationships, it is possible to arrive at (Galucioet al., 2004):

x = (1− cv)
(
E∞v−E0v

E∞v

)
x− cv

∑Nv

k=1

[
gk+1x(t − k∆t)

]
. (21)

To solve the set given by Eqs. (18) and (21), one employs the trapezoidal rule numerical integration scheme. It states
that:

Rt+∆t = Xt+∆t −Xt − ∆t2
( ÛXt+∆t +

ÛXt

)
= 0, (22)

where the subscripts indicate the discrete time at which solution is to be evaluated.
Equation (22) is treated as a residual, for whichÛX is evaluated with the help of Eq. (18). As such, it is nonlinear. For

this, the Newton-Raphson method is considered for its solution. First, it is assumed that the solution is known up to time
t, and that an approximate solution setn is given for timet +∆t. The residual associated to a new solution setn+ 1 is
linearized around the approximate solution setn by expanding it in a Taylor series. Higher order terms are neglected, and
a linear system of equations is obtained for the increment inthe approximate solution set:

J
n
t+∆t∆X = −Rn

t+∆t, (23)

from which the solution is updated according to:

X
n+1
t+∆t = X

n
t+∆t +∆X. (24)

In Eq. (23),J designates the Jacobian matrix:

J =
∂R
∂XT ⇔ Jij =

∂Ri

∂Xj
; (25)

algebraic manipulations leads to:

J = I8 − ∆t2 (A+ dA), (26)

where:

dAij =
∂Aik

∂Xj
Xk : dA =



0(3×3) 0(3×3) 0(3×2)
−M−1dK 0(3×3) 0(3×2)

0(2×3) 0(2×3) 0(2×2)


, dK =



0 0 0

0 r 2
αω

2
α
∂Fα

∂α
0

0 0 r 2
β
ω2
β

∂Fβ

∂β



. (27)

The numerical solution procedure is summarized in the flowchart shown in Fig. 5.
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Figure 5 – Solution algorithm flowchart.

SIMULATION RESULTS AND DISCUSSIONS

The aeroelastic system model given in Eq. (18) has been numerically integrated according to the procedure described
in the previous Section. Table 1 gives the system parametersand operational conditions considered for obtaining the
results given in this work. One accounts for only a simple nonlinear behavior in the pitch degree of freedom. The type
of the nonlinearity is of a cubic polynomial , which might be produced as in the experimental setup used by O’Neil and
Strganac (1998). It has been adopted that:

F(α) = α+3.9782α3. (28)

This implies a hardening stiffness type forα. As for the other nonlinear stiffness function, it evaluates toF(β) = β. This
effectively renders linear the third equation of the set shown in Eq. (1).

Time integration has been performed with a resolution of 0.005 s. Final time of simulation was set equal to 500 s,
so one could be certain that steady-state regime was achieved. During preliminary simulations, it has been seen that the
nonlinear behavior of the system was supercritical. Hence,the steady state response is independent of the given initial
conditions, and, as such, have been adopted asX0 = [ 10−4 6◦ 2◦ 0 0 0 0 0 ]T for all conducted simulations.
As to damping, it has been chosen equal to:



d1,1 d1,2 d1,3

d2,1 d2,2 d2,3

d3,1 d3,2 d3,3


=



14.9950 1.2740 0.0264

1.2740 5.3513 0.0784

0.0264 0.0784 0.0059


, (29)

Table 1 – Simulation parameters used for conducting numeric al simulations.

Parameter Description Value

b Mid-chord [m] 0.125

a Distance from semichord to elastic axis [–] −0.5

c Hinge line location mesuared from mid-chord [–] 0.5

ρ Air density [kg/m3] 1.078

mW Wing mass [kg] 1.5

mT Total mass [kg] 4.3723

ωh Plunge natural frequency [rad/s] 22.32

ωα Pitch natural frequency [rad/s] 20.08

ωβ Control surface natural frequency [rad/s] 50.2761

xα Normalized distance between elastic axis and center of gravity of wing [–] 0.66

xβ Normalized distance between hinge line and center of gravity of flap [–] 0.0028

rα Normalized rotational inertia term about elastic axis [–] 0.7303

rβ Normalized rotational inertia term about hinge line [–] 0.0742

U∗ Linear case flutter onset velocity [m/s] 11.70
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which corresponds, roughly, to 21 %, 24 %, and 0.1 % modal damping factors for the three vibration modes of the (linear)
coupled system.

The viscoelastic material considered for the dampers is theSoundcoatR© Dyad 606. It has been chosen since its
maximum loss factor occurs, at ambient temperature, at a frequency that is close to the resonant frequencies of the
aeroelastic system. The material temperature shift-factor is given by (Soovere and Drake, 1984):

log10 γ(T) = A(1/T−1/TZ)+2.303(2A/TZ−B) log10(T/TZ)+ (B/TZ − A/T2
Z −SAZ)(T−TZ), (30)

where temperature must be provided in Kelvin, and:

A= (DBCC −CBDC )/DE ; B= (CADC −DACC)/DE ; CA = (1/TL −1/TZ)2; CB = (1/TL −1/TZ);
CC = SAL −SAZ ; DA = (1/TH −1/TZ)2; DB = (1/TH −1/TZ); DC = SAH −SAZ ; DE = DBCA−CBDA;
[

TZ TL TH SAZ SAL SAH

]
=

[
338 280 390 0.07 0.1142 0.03

]
.

Following the identification procedure described from Eq. (10) to (14), and using data given by Soovere and Drake
(1984) for the adopted viscoelastic material, it was possible to obtainE0v = 0.6066 MPa, E∞v = 1486.17 MPa, τv =
0.221067 µs, andαv = 0.543794, adoptingν = 0.5. The summation involved in the discretization of the fractional deriva-
tive operator has been carried out consideringNv = 100.

Simulations have been run to investigate how the positioning of viscoelastic dampers influenced the system dynamic
behavior. Scenarios have been considered such that viscoelastic damping was present at the plunge, pitch, and control
surface degrees of freedom, each at a different time – i.e., first,khv , 0, andkαv = kβv = 0; thenkαv , 0, andkhv = kβv = 0;
and finallykβv , 0, andkhv = kαv = 0.

To simplify the analysis, when viscoelastic damping has been considered, it was included as a percentile of the installed
(linear) stiffness of the degree of freedom to which it was applied. For example, a percentileP of viscoelastic damping at
pitch implies that:

G0vkαv = Pkα = PIαω
2
α = P(mWb2r 2

α)ω2
α ⇒ kαv = P

G0v
mWb2r 2

αω
2
α . (31)

For the plunge and the control surface generalized coordinates, one would obtainkhv = P
G0v

mWω
2
h
, and kβv = P

G0v
·

mWb2r 2
β
ω2
β
, respectively. The results are presented in such a way thatPh, Pα andPβ refer to the percentiles related to the

h, α, andβ degrees of freedom, respectively. (Also, as explained before, when one of the percentiles differs from zero,
the other two are null.)

Viscoelastic damping has been considered in amounts such that Ph ranged from 0 to 0.6%,Pα from 0 to 0.3%, andPβ

from 0 to 50%. Physically, this corresponds to:

khv = 2.2174 ·10−5 m−1; kαv = 7.4779 ·10−8 m3; kβv = 8.0655 ·10−7 m3. (32)

As a comparison, from Eq. (17), for a translational damper with lh = 10 mm, (d2)h = 0.5 mm, and(d3)h = 50 mm,
khv = 2 m−1; whereas for a rotational damper withRmean = 10 mm,d2 = 0.5 mm, andd3 = 50 mm,kαv or kβv = π ·10−5 m3.
Thus, the values assumed forPh, Pα, andPβ are more than realizable in a practical application, through a proper choice
of the geometric parameters of the dampers.

As to the viscoelastic material temperature, it has been adopted equal to 25◦C and 35◦C, to show how this envi-
ronmental condition impacts on the viscoelastic damped system response. Yet another simulation condition that has been
considered is the one for whichcv = 0. This corresponds to the case where a viscoelastic damper has no energy dissipation,
and its contribution consists of an addition to the system overall stiffness, only. The influence of a viscoelastic damper on
the system behavior can then be attributed to an increase in its stiffness, or in its damping.

Figure 6 shows a plot ofF(α) as given by Eq. (28), together with a comparison between the linearized and the nonlinear
system responses (expressed as LCO amplitudes), without considering any viscoelastic damper yet. This shows that the
flutter velocity for the linear system is approximately 11.70 m/s, which coincides with the nonlinear system bifurcation
onset. Furthermore, this bifurcation is supercritical, asone has stated before.

Figures 7 to 9 show a collection of results expressed in the form of 3-D surfaces. In these it is possible to see the
influence of the amount of viscoelastic damping, given in terms ofPh, Pα, andPβ, on the LCO amplitudes for the three
degrees of freedom of the system. Figure 10 presents the LCO bifurcation onset speedU∗ in terms of the percentilesPh,
Pα, andPβ. Figure 11 shows the LCO peak-to-peak amplitudes for the condition in which the airflow speed was set equal
to 14 m/s. Finally, Fig. 12 contains time domain plots, phasediagrams, and the power spectrum density (PSD) for the
three degrees of freedom, also for the condition of an airflowspeed of 14 m/s.

An immediate inference from the presented results is related to the effectiveness of the viscoelastic damping in aug-
menting the LCO onset speed. When dampers are considered forthe plunge and pitch degrees of freedom, a small amount
of material is sufficient to raise the bifurcation speed from11.70 m/s to more than 14 m/s, when temperature is 25◦C
(Fig. 10). In the case where the damper is installed in the control surface degree of freedom, even higher amounts of
viscoelastic material are not sufficient to completely eliminate oscillations in all of the responses (althoughβ peak-to-
peak amplitudes are practically zero). This is credited to the small structural coupling that exists between theβ and the
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Figure 6 – Nonlinear characteristics of the simulated syste m.
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Figure 7 – Influence of viscoelastic damping in h on the LCO peak-to-peak amplitudes.
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Figure 8 – Influence of viscoelastic damping in α on the LCO peak-to-peak amplitudes.
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Figure 9 – Influence of viscoelastic damping in β on the LCO peak-to-peak amplitudes.

remaining degrees of freedom, which make it impossible for aeroelastic vibratory energy to flow fromh andα to get
dissipated in the viscoelastic damper.

Another important conclusion that can be drawn from the results is that the viscoelastic dampers reduce LCO ampli-
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tudes and augment their velocity onset not by increasing thesystem stiffness, but through the addition of damping. Thisis
made clear by comparing the curves associated to the conditioncv = 0 with the other ones, related to viscoelastic damping
at temperatures of 25◦C and 35◦C in Figs. 10 and 11.

It is also possible to note that the dampers perform remarkably well at 25◦C, and their performance suffers a major
decrease when at 35◦C. This happens because the viscoelastic material loss factor drastically reduces with an increase
in temperature. This points in the direction that viscoelastic material selection must take into account the temperature at
which it will operate. Then, damping levels can be predictedaccurately, and the damper design can be successful. As
results indicate, the performed simulations would clearlyhelp mitigate issues of such nature.
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Figure 11 – Influence of viscoelastic damping on the LCO peak- to-peak amplitudes for U = 14 m/s.
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The time domain plots, Fig. 12, clearly show that steady state regime has been achieved, even when the system has
small damping. The phase portraits also allow one to infer that LCO amplitude are reduced for the three degrees of
freedom, when viscoelastic damping is added to the system. In the case ofα andβ, the nonlinear nature of the phase map
even gets largely reduced for the case in which the viscoelastic material is at 25◦C. The PSD plots show the nonlinear
nature of the system in the frequency domain. Higher harmonics have much smaller energy densities in comparison with
the one related to the fundamental frequency of the LCO. One more time, it can be seen that viscoelastic damping largely
diminishes LCO amplitudes, and higher harmonics owned to nonlinear behavior.

CONCLUDING REMARKS

This paper has presented a methodology for the numerical simulation of a nonlinear typical section aeroelastic system
with incorporated viscoelastic dampers. Viscoelastic modeling has been addressed with the use of Fractional Calculus, as
a means to allow for efficient time integration of the resulting set of equations of motion.

The obtained results clearly show that viscoelastic damping can help mitigate issues that arise in aeroelastic systems.
For the specific system considered in the paper, this is seen by the large increase the flutter speed (bifurcation onset) and
also by the reduction of LCO amplitudes.

Numerical results have also shown that the incorporation ofviscoelastic damping into the system must be performed
carefully. This happens since temperature plays a major role in determining the material loss factor, for example. Also,
the application of viscoelastic damping on the control surface degree of freedom did not produce results as those observed
when viscoelastic dampers were applied to the plunge and pitch coordinates. In this sense, simulation tools, such as the
one presented here, are of utmost valuable help.
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