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Abstract: A hierarchical structure is a structure that can be described by different characteristic lengths, and is such
that itslayout in the smaller scale (microscale) affectsits behavior in the bigger scale (macroscale). Each hierarchical
level is treated as a continuous medium composed of one or more materials. The simultaneous design of multiphase
composite structures aims at finding the optimal distribution of materials such that one or more structural parameter
is maximized (or minimized). In this work, the Bi-directional Evolutionary Sructural Optimization method, BESO
hereinafter, isapplied to the maximization of the fundamental frequency of a structure subjected to a constraint on the
amount of materials used. Numerical experiments are made in order to validate the implementation and to confirm
the efficacy of the method in optimizing the topology of the structure.
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INTRODUCTION

The definition of hierarchical structures is retht® structures that can be described with respedifferent
characteristics lengths, and where a structurat@id in a certain scale is composed by periodistsuttures in a smaller
scale. Each hierarchical level may be treated @sntinuous medium made of a homogenized materidl avicertain
microstructure.

The simultaneous design with multiple phases oénetand composite structures is limited. The glesif composite
materials aims at finding the distribution of thasb material in the material’s microstructure whhe topology
optimization techniques is applied in order to redesired material properties. For instance, ord#sign of composite
structures, Huang and Xie (2009) use the BESO rddihgolve the problem of minimum compliance ofistares with
multiple materials, while Huangt al. (2010) study the problem of maximizing the funéamtal frequency of
multimaterial structures.

Zuo et al. (2013) highlight that fundamental frequency ojstation is important in engineering, given thaisit
desirable to modify the natural frequencies speciistribution so as to avoid any resonance sitndti a larger interval
of excitation frequencies. As the natural frequeiscgssociated to the performance of the macrdsimeicmicroscale
optimization is seldom studied.

In this context, the objective of this work is tevelop an approach of simultaneous design, optigizhe
fundamental frequency of the system through the@Ef@thod. The design variables describe the digtoib of material
in both macro and micro levels, where the properié both materials in the macro-level are composid
homogenization of microstructures composed of cgnér materials.

THEORETICAL BACKGROUND

BESO method for fundamental frequency optimization

The modal behavior of an undamped system can bgzaakbby means of equation (1)
(K — M )u =0 )

Thek-th natural frequencyy and the corresponding mode associated to theadespient vectauy are related through
Rayleigh’s quotient as given by (2):
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Consider the objective of maximizing tkeh natural frequency of a structure described blysarete mesh using a
predetermined amount of material. To every elemethie meshed domain either a 0 or 1 value is aedigndicating
the presence or absence of material, respectivellgis context, the problem may be presented &3)iand (4) according
to Huang and Xie (2010):

Maximize  f(x)=w«k (3)

N
Subjectto:  V* =) XV, =0 (X =XuinOr 1) (4)
i=1

whereV* is the prescribed volume, meaning the fractiothef domain occupied by the structukeis the number of
elements in the domain. The binary design variabiedicates if the structure occupies thi element, and the small
valuexmn (e.g. 1) corresponds to a region in the domain with noemait

Material properties interpolation scheme

For the solid-void design the material’s densitd &oung modulus are functions of the design vaeafdiven that
with the SIMP (Solid Isotropic Material with Permdtion) method the ratio between elementary madsstfiness is
extremely high for small values (e.g. after applying power law penalizatmthe stiffness and linear interpolation to
the density), artificial localized modes appeareigions with low density. Huang and Xie (2010) prsgd an alternative
interpolation scheme where the mass/stiffness im#ept constant, as given by equation (5) and (6)

,D(Xmin) = Xmin pl (5)
E(Xm‘n) = Xmin E* (6)
A better interpolation scheme takes the expligitfehown in Eq. (7), according to Huang and Xiel(0

p(x) = X p (7a)

N~y
E(x) {—X"l‘i Xg”‘ (- &")qu}El (7b)

wherep is called the penalty exponent anglis 1 if thei-th element is composed of the corresponding nzdtebiif
otherwise. Further details may be found in Huand éie (2010).

Frequency optimization in hierarchical structures

The objective function for dynamic problems in nmsdale structures can be written through Eqs.q8).8), according
to Zuoet al. (2013):

Find: X = {Xmac,xnic,l,xmic,Z} (xima°,ximi°'l,ximi°'2: 0or1)
(8)
Maximize:  f(X)=w«k 9
Subject to: (K - afM )uk =0 (10)
M
i=1
O ic jmicd ic,1
mc mc,l _y\,/Mmc,
D xemet =y (12)
=1

ZXJmC,ZijC,Z :Vmc,z (13)
j=1
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whereV is the volume, the superscriptac represent the macromodel anit represent the micromodel of the structure,
respectively. The subscriptsandj correspond to théth andj-th element of the macromodel and the micromodel,
respectively.

In this problem the vectoris composed by™<, which describes the macromodel layout, 8" andx™2, which
describe the micromodels corresponding to eacheppeessent in the macromodel. This means ##! describes the
micromodel for the elementg™ = o, andx™¢?the micromodel associated with the phage* =1.

For both macro and micromodels the design varities binary values corresponding to the presenabsence of
a certain phase. As the design variables in thentievomodels vary over the same domain, from novthay will be
called onlyx™¢, requiring a distinction betweedf®! or x™%? when necessary.

wk represents thieth natural frequency associated with the structdopiation (11) describes the volume constraint
on the macromodel which controls the material digtron on the macroscalg™° correspond to the volume fraction of

the predefined macro phase. Similarly, Egs. (1&)3 describe volume constraints on the mic:rosc/aalrﬂareij'C;L is
the volume of thg-th element in the first micromodel and™®! is the prescribed fraction of volume of the first

. . . mc,2 " . .
microstructure in the mlcromodéiffj andV™<2have analogous meanings but for the second micrelmod

Sensitivity analysis

The element mass matnix and the element stiffness matkixof the macromodel and the material constitutivérina
D of the micromodel are defined by Eqgs. (14), (15J €16), Zuoet al. (2013), being necessary components for the
sensitivity analysis. The penalized relations far stiffness and constitutive matrix come from &BIP model and are
valid both for macro and micro levels of the stunet

m (%) = x™m +[1- ™ |m? (14)
k()qmc)=()ﬁmc)pk%+[1—(ximc)p:|ki2 (15)
D(x}”ic)=(x2”i°)lej +[1—(x}“‘°)p}Dj2 (16)

The derivatives for the global mass matvixand stiffness matrik, and for the material constitutive matbxof the
micromodel are obtained through Egs. (17), (18) @99, respectively, Zuet al. (2013):

ai:r\n/lac = %_miz (17)
aiﬁac = p(x™)"" (ki -k?) (18)
e = o) (0} -03) 19)

I

Macroscale sensitivity analysis

Deriving thek-th natural frequency from Rayleigh's quotient {#ith respect to thé-th design variable in the
macrolevel, normalizing the eigenvectors with respe the mass matrix, and with help of the eig&ism equation plus
the interpolation equations, Eqgs. (17) e (18),sthesitivity of thek-th natural frequency for the macromodel is obtdine
as Eq. (20), Zuet al. (2013):

gMmac — ai?;c = %ul [p(ximac)p'l(kil—kiz)—wf(mil_miz)}uk (20)

Microscale sensitivity analysis

The micromodel describes the microstructure ofitbogenized material which is taken into accourdaiculate
the macromodel effective material properties. Tambgenized matriP" is calculated according to Eq. (21), over the
domain of the base cell described by the variaBife The procedure used to calculBfis explained in a series of papers
by Hassani and Hinton (1998a, 1998b and 1998c),aaddtailed computational implementation may benépuor
instance, in Andreassen and Andreasen (2014).



Optimization of Fundamental Frequency with Bidirectional Evolutionary Structural Method of Continuum Structures

b1

D |Y|IY D(I -bu)dy (21)
where,

Y : material base cell domain

D : constitutive matrix of the material in the mismucture

I : identity matrix

b  :strain matrix in the micromodel

u :displacement field

The stiffness matriki may be calculated according to Eq. (22), assurmi@® domain, by imposition of a periodic
boundary condition, where the displacement fieldschosen so that the strain is uniform [1,0,0,1,0T and [0,0,1]:

ki:jV B'D"B aV, (22)
where,

B : strain matrix

Vi :i-th element volume

Differentiating thek-th natural frequency from Eq. (2) with respecthej-th variable of the micromodel, Eq. (23) is
obtained:

o _ 1 IUI[ Ko oM ]uk} 23)

ox"e  2ax oxj"¢ oxj"¢
As in a finite element analysis the global stiffn@satrixK is composed from the element stiffness matriced,the

global mass matrii is composed from the element mass matrices, thatsdty of the frequency with respect to the
microstructure design variable is developed by 2ual. (2013), as given by Eq. (24):

ox"c )

e 0y 1Y oD"
amc ="K == N"yT'| BT=—-BadV u, 24
j J 264( :Zl ki Li axgnc i Yki (24)

The sensitivity of the homogenized matrix can b&awted from Egs. (19) and (21), obtaining Eq. (25):

H
D=2 [(1-bu) (1 -bu)ay
R X"

p(X'—ﬁC) p-1 (25)

iTJ(I -bu)" (D} -D?)(1 ~bu)dY

Thus, the sensitivity of the fundamental frequemdth respect to the microstructure design varialitee$ound
substituting Eq. (24) in Eg. (25), producing Eg)2

ae =%éUL [-L/, BT [J‘Y(I —bu)T(Dl—DZ)(I —bu)dY:|B dVi}Uk,i

(26)
In order to minimize the mesh dependency and chiboled patterns in the final result, a filteringhiaique is applied.

This in effect smooths the sensitivity values mej helping convergence. The averaged sensitivitty iespect to time
is given in Eq. (27), whergis the iteration numerical index:

a= %(aiq + aiq‘l) @7)
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Convergence criteria

The evolution raticER is an algorithm parameter, and its importancedessin controlling the volume variation
between iterations, given in Eqg. (28) for the mawodel and according to Eq. (29) for the micromodel:

ymEed =/ macgL (1J_r ER""C) (28)

ymea =yymea-l (11 ER""C) (29)
whereV™cd is the value of the volume in tlagth iteration, whilev™<91is defined in the previous iteratiog-1). V™cd
andVvmea! gre defined in the same way.

Once the constraint volume is reached the matadadition/removal process continues until the \emmain the
objective function for consecutive iterations ressl certain threshold value. The considered vamiatf wk takes into
account the las\l iterations, shown in Eq. (30):

i(af—iﬂ _aﬁ—N—Hl)

r= i=1 <r* (30)

2 aﬁ_i +1

where,
T : objective function variation
*  :tolerance
N  : predefined number of iterations

The flowchart in Fig. 1 shows the implementationttef BESO algorithm.

Initial design for micro and
macro domains

‘ Define volume constraints ‘ Determine elementar

and BESO parameters sensitivity for micro and
J' macro

v

Apply FEM on the micro ‘ Determine the smoothed
structure sensitivity ontime

! !

Calculate the constitutive
matrix D"

|

Apply FEM on the macro

Update the elements through
the new sensitivity

!

structure
NO Volume constraints
satisfied for macro
and micro?
NO Convergence

criteria satisfied?

Optimal
solution

Figure 1 — General scheme of the BESO method applie

d.
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RESULTS AND DISCUSSION

The program was tested in order to evaluate theracy of the implementation and to mitigate nunadriigstabilities.
The four-node quadrilateral for plane strain wassem for the finite element model, and results werapared through
reference problems found in the literature.

The Problem 1 is a two-material beam clamped dt botls with a lumped mabs= 1.4x10° kg/cm?3 on its center.
The dimensions are 0.14 m x 0.02 m, and the domaliscretized with 280 x 40 elements. The obj&ciito maximize
the fundamental frequency where each material desugalf of the domain. Table 1 shows propertielsath materials.

T
0.02m

1

0.14m

Figure 2. Problem 1, two-material beam with lumped m  ass and clamped at both ends.

Table 1 — Material properties for Problem 1.

Properties Material 1 Material 2

Young Modulus E) 100 N/cm? 20 N/cm?
Poisson ratioy) 0.3 0.3

Mass density( 10%kg/cm?3 10" kg/cms3

The input data for the BESO method are the evalatip rateER = 2%, the maximum addition rat@Rm.x = 2%,
7=0.1%,V™¢ = 50%,V™¢! = 100% and/™?= 100%, filtering radiusmn = 0.0015 m and penalty factpr= 3. As shown
in Fig. 3(a,b), the results of the BESO optimizativere compared to those obtained by Huetng. (2010). In both
figures, the stiff material is shown in darker agslavhile the softer material has a lighter tonebl&& compares the
fundamental frequencies.

(b)

Figure 3. Problem 1, results obtained (a) by Huang et al. (2010) and (b) this work.

Table 2 — Natural frequencies for Problem 1 (rad/s)

Author 17 773
Huanget al. (2010) 37.1 -
This work 38.2 115

The Problem 2 considered the same beam shown.i2 Figit this time taking the softer material dgnand stiffness
close to zero to emulate voids. The domain is disoed with 280 x40 square elements with unitades; similar to the
Problem 1. The beam is composed of the materiaba/pooperties are shown in Table 3. The input datvolutionary
rateER = 2%, addition ratitARmax = 2%,7 = 0.01% V™ = 509%,V™c! = 100%, V™2 = 0%, filtering radiusrmn = 0.0015
m and penalty factqy = 3.

Table 3 — Material properties for Problem 2.

Properties Material
Young Modulus E) 10 N/m2
Poisson ratio) 0.3

Mass density) 1 kg/m3
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Figure 4(a) shows the result found by Huahal. (2010), where material is colored dark gray aoid Vs white. Fig.
4(b) shows the result obtained in this work, whéeecoloration scheme is similar, with gray repthbg black. Table 4
compares the obtained frequencies.

(2)

(b)

Figure 4. Problem 2, results obtained (a) by Huang et al. (2010) and (b) this work.

Table 4 — Natural frequencies for case 2 (rad/s).

Author 1 1773 iterations
Huanget al. (2010) 33.7 - 55
This work 34.7 104.3 47

The Problem 3 solved, illustrated in Fig. 5, isne-material beam clamped at both ends and elenwénisitary
dimension, the number of elements is 80 x 40. Thjeative is to maximize the fundamental frequendyere each
material occupies half of the domain. Table 5 shpreperties of both materials.

Table 5 — Material properties for Problem 3.

Properties Material 1 Material 2
Young Modulus E) 1 N/m2 0.2 N/m2
Poisson ratio) 0.3 0.3
Mass densityq) 1 kg/m3 2 kg/m3

The input data is: evolutionary reR = 1%, addition ratic\Rmx = 1%,z = 0.01% V™ = 50%,V™! = 100%, V™2
= 100%, filtering radiusmn = 0.0015 and penalty factpr= 3.

80

Figure 5. Problem 3, two-material beam clamped atbo  th ends.

Figure 6(a) shows the result found by Za@l. (2013), where the stiff material is shown in darkolor while the
softer material has a lighter tone. Fig. 6(b) shtivesresult obtained in this work, where the cdiorascheme is similar,
the stiff material is shown in darker color whilgetsofter material has a lighter tone. Table 6 a@mep the obtained
frequencies.

Table 6 — Natural frequencies for Problem 3 (rad/s)

Author 1 )
Zuoetal. (2013) 0.011317 -
This work 0.012246 0.019632
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(b)

Figure 6. Problem 3, results obtained (a) by Zuo et al. (2010) and (b) this work.

(@)

CONCLUSION

The comparison shows that the BESO algorithm implaied in this work was capable of optimizing thedamental
natural frequency on different structures. Thetkinialgorithm make use of an own FEM module, theisg independent
of commercial FEM solvers.

The averaged sensitivity used in this work enalbbedptimize the fundamental natural frequency aos®e most
elaborated proposals of the literatugg, the fundamental natural frequency obtained inwisk was higher in 2.96%,
2.97% and 8.21% in Problems 1, 2 and 3, if compuaiititdvalues obtained by Zua al. (2013).
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