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Abstract: The modified sequential algebraic algorithm (MSAA) is a routine developed to solve the longitudinal acous-
tic wave propagation problem in inhomogeneous media. This method accurately predicts the echo generated by the
inhomogeneities, particularly when the acoustic impedance variation profile in the damaged part of the structure is
non-smooth. Used for solving the inverse problem by a stochastic optimization approach, MSAA shows to be efficient to
identify rough profiles of impedance with low noise level in the input data. As noise level increases, the inverse problem
turns out to be ‘ill-posed’ and often yields inappropriate solutions. The purpose of this paper is to apply a regulariza-
tion scheme to reduce the error in the damage estimation. In the numerical examples 40 parameters are successfully
identified for a signal to noise ratio of 20 dB. The regularization procedure decreased the maximum absolute error to
levels lower than 6%, and for the roughest impedance profile, the mean squared error was reduced by more than one
order of magnitude and the error propagation avoided.
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INTRODUCTION

Equipment and structures, even if well designed, may be damaged due to environmental conditions, such as corrosion,
overload, cyclic stress, misapplication, and aging. These damages may lead to failure, yielding risk to people lives. So, in
this context, the detection of damage is crucial for preventive maintenance of such equipment and structures.

Structural health monitoring (SHM) techniques are broadly applied to increase safety and to reduce maintenance costs
in structures. SHM is related to the implementation of strategies for detection, localization, and quantification of damage
severity in structures (Silkorsky, 2000).

Most work reported in structural damage detection deals with methods based on the structure vibrational behavior
(Rucevskis and Wesolowski, 2010), (Doebling et al.., 2010). Although the vibration approach has been applied with
success in several damage identification problems (Manson and Barthorpe, 2010), (Wait et al. 2005), it is widely recog-
nized that, for small inhomogeneities, these methods are not effective, since high frequency contents, resulting from small
amplitude damages, might not to be reflected on the structure modal properties.

The acoustic wave propagation in the non-homogeneous media approach has been applied as an alternative to solve
the damage identification problem, especially in slender structures, such as bars, beams, and columns, responding to small
changes in the acoustic impedance (Gangadharan et al., 2009), (Tenenbaum et al., 2011), (Grabowska et al., 2008). One
of the advantages of this method, besides the high sensitivity to subtle damages, is the fact that it deals directly in the time
domain (Tenenbaum and Zindeluk, 1992a), being computationally straightforward.

In a recent paper, Taminato et al. (2015) published an improved algorithm, called modified sequential algebraic
algorithm (MSAA), to solve the direct problem of plane wave propagation in non-homogeneous media. In the sequel, the
authors presented an optimization procedure to solve the damage identification problem and showed that it succeeds, even
if the acoustical impedance profile is non-smooth.

Due to the sequential nature of the MSAA, the identification procedure estimates one parameter at a time, which, on
one hand, strongly speeds up the optimization process, and, on the other hand, yields to some error propagation when
noisy data is involved. Aiming at reducing the error propagation and to improve the solution of the inverse problem with a
realistic level of additive noise in the input signals, two regularization schemes are employed in this paper: the Tikhonov
(Tikhonov and Arsenin, 1977) and the total variation (Rudin et al., 1992) regularizations.

As it will be shown in the numerical examples section, the results of the identification of non-smooth impedance
profiles with a medium level of additive noise on the input data presents maximum and mean squared errors between
actual and identified impedance profiles about one order of magnitude lower than the results found by Taminato et al.
(2015).
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PROBLEM FORMULATION
Mathematical model for the direct problem
Characteristic variables approach

The longitudinal plane wave propagation in inhomogeneous media is described by the following hyperbolic second
order differential equation: (Gordon and Sanday, 1977)
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where σ(x, t) is the stress field, depending on position x and time t; A(x) is the transversal cross section area; ρ(x) is the
material density; c(x) =

(
E(x)/ρ(x)

)1/2 is the longitudinal stress wave speed; and E(x) is the Young modulus. The prime
denotes total derivative and the subscripts stand for partial derivatives.

Equation (1) allows no closed form solution. The characteristic variables are then introduced to substitute Eq. (1) by
a system of two first order differential equations in the characteristic plane (Tenenbaum and Zindeluk, 1992b) as:
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where Z = ρcA is the generalized acoustic impedance, U(r,s) and V (r,s) are, respectively, the progressive and regressive
stress components propagating along the r and s directions, defined as (Robinson and Treitel, 1980):

r = t + τ;
s = t− τ,

(4)

and Ż is the derivative of Z, regarding the independent variable τ , called travel time, and defined as

τ(x) =
∫ x

0

dζ

c(ζ )
. (5)

One of the advantages of Eqs. (2–3) is that it is an uncoupled system of equations. To solve this system, adequate
boundary conditions must be provided in the characteristic plane (r,s). Let us consider, for instance, the probing of the
slender structure at its extremity x = 0. In this case:

U(s,s) = F(s) = f (t);
V (r,0) = 0,

(6)

where f (t) is the excitation pulse at the free end of the structure, a progressive wave at the boundary r = s (x = τ = 0).
The second boundary condition is the Sommerfeld radiation condition, indicating there are no other perturbations inside
the structure (Pierce, 1991). Due to the inhomogeneity, a regressive wave will be observed at x = 0, which is the output
echo g(t) =V (s,s).

Modified Sequential algebraic algorithm
For the sake of completeness, the kernel of the formulation presented by “Taminato et al., 2015” will be briefly

reviewed in this paper.
Considering the propagation of a longitudinal acoustic wave in a slender structure (a bar, for instance), whose main

dimension under interest (in direction x) is L, the structure is discretized in N sections of the same size ∆x = L/N. From
Eq. (5), ∆τ = ∆x/c. In the plane (τ, t), the characteristic curves r = constant and s = constant, are mutually orthogonal
straight lines, resulting in angles ±45◦ with the axis τ and t. The temporal discretization will be ∆t = ∆τ , such that
∆r = ∆s = 2∆τ .

The structure is excited at its end x= 0 by a pulse f (t) sampled at each time interval 2∆t. The corresponding discretized
excitation pulse is Fj = f (2 j∆t). The discretized echo, observed at the same station, will then be G j = g(2 j∆t). The total
time interval considered is (0,2L/c), which is the time spent by the acoustic wave to cover twice the structure’s useful
length.

The discretized generalized acoustic impedance, Zi will be then considered, and the reflection and transmission coef-
ficients are given, respectively, as

Ri =
Zi+1/2−Zi−1/2

Zi+1/2 +Zi−1/2
; Ti =

2Zi+1/2

Zi+1/2 +Zi−1/2
, (7)

satisfying the relationship

Ti = 1+Ri. (8)
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As it is shown in Taminato et al. (2015), the stress components inside the characteristic mesh, by using a second order
finite differences scheme are given as:
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where U and V are the progressive and regressive stress components, respectively.
Defining Ri and T i
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which satisfy the relationship
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i = 1, (12)

as the apparent reflection and apparent transmission coefficients, respectively, Eqs. (9–10), can be rewritten in terms of
the new coefficients, yielding to:
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n ; (13)
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Equations (13–14) provide the longitudinal wave propagation solution of the modified sequential algebraic algorithm,
with the following boundary conditions:

Un
n+1 = Fn;

V 0
n = 0,

(15)

leading to the discretized output echo Gn =V n
n.

Mathematical model for the inverse problem

The inverse problem considered in this work can be stated as follows. The sampled measurements of the regressive
wave G j, j = 1, 2, . . . , N, at time instant t j, depends on the unknown vector of the discretized acoustic impedance in the
damaged region, Z, defined as:

Z = (Z1,Z2, . . . ,ZN). (16)

The damage identification is cast as an optimization problem in which the objective is to minimize the sum of the
square of the residual difference between the experimental data, G j and the echo, G j(Z) calculated by the model of the
forward problem

F(Z) =
N

∑
j=1

[
G j(Z)−G j

]2
. (17)

Aiming at obtaining realistic synthetic experimental data, a disturbance in the signal is introduced as

G j = Gexact
j (Zexact)+ εΓ j, (18)

where the exact echo Gexact
j (Zexact) is computed from the solution of the forward problem, using the exact parameters

Zexact, ε simulates the standard deviation of the measurement error, and Γ is a computer generated pseudo-random number
in the range [−1,1]. This is equivalent to introduce Gaussian additive noise to the output signal, whose signal-to-noise
ratio (SNR) will depend on the echo amplitude, as it will be shown in the section Numerical Results.

Luus-Jaakola heuristic
To take advantage of the sequential structure of the MSAA, the Luus-Jaakola (LJ) optimization technique (Luus and

Jaakola, 1973) is applied to estimate one parameter at a time, which reduces search complexity and results in a strong
economy of computation time. Despite the sequential feature of MSAA, in the optimization’s point of view, LJ works as a
global approach, since it searches for the minima in the entire considered domain. Intending to reduce error propagation,
a regularization scheme is introduced.

The head advantage, compared to differential evolution algorithm (DE) (Storn and Price, 1997), (Price et al., 2005),
used by Taminato et al. (2015), is that LJ has only one parameter to be adjusted, namely the region contraction factor, while
DE has three, specifically, the size of the population, the differential weight, and the crossover probability. Tenenbaum et
al. (2012) tested different stochastic methods and concluded LJ is the most appropriate optimization method to be applied
to this class of problems.
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Tikhonov Regularization
Tikhonov regularization (TR) is one of the most popular regularization methods for stabilizing the solution of ill-posed

problems. In the TR, the value of the regularization parameter α relies on the roughness of the damage. So, a too small
value, below 0.1, yields the estimation of rough profiles, while the opposite supposes that the profile to be identified is
smooth (Stephany et al., 2009). Since rough impedance profiles are expected, the new estimations of LJ are weighted
according to its roughness, measured by the 2nd order Tikhonov regularization function (Tikhonov and Arsenin, 1977),
resulting in the regularized form of the least squares equation:
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∑
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j

]2
+α
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Total Variation Regularization
Total variation (TV) functional was first introduced in a pioneering work aiming at preserving sharp discontinuities

(edges) in images (Rudin et al., 1992). The TV regularization method allows a much broader class of functions to be the
solution of the inverse problem, including functions with discontinuities (Strong and Chan, 2003), which is the purpose
of this work, since one expects to improve the identification of rough impedance profiles. So, the regularized form of the
least squares equation for the TV regularization is given by
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where ∆x is the size of the spatial discretization.

NUMERICAL RESULTS
Damage scenarios

To evaluate the efficiency of the regularization procedures applied on the MSAA to solve damage identification prob-
lems, three inhomogeneities were modeled. One is considered smooth (Fig. 1a) and the two other are considered rough
(Figs. 1b and 1c). Damage 1 is a rectilinear impedance profile; Damage 2 and 3 are impedance profiles generated ran-
domly with a maximum reduction, compared to the nominal impedance (normalized as 1), of 25% and 50%, respectively.
For all damage scenarios, it is assumed that the number N of discrete points to be identified is equal to 40.

Damage 3
-2

β = 3.52 x 10

Damage 1
-3

β = 1.5 x 10

(a) (b) (c)

Damage 2
-2

β = 1.16 x 10

Figure 1 – Scenarios of damage for smooth (a) and rough (b) and (c) acoustic impedance profiles.

The dimensionless parameter β , defined by Taminato et al. 2015 as the average of the quadratic derivatives of the
normalized acoustic impedance and given by

β =
A0

N

N

∑
i=1

(
dZ̄
dx

)2

i
, (21)

was used to evaluate the roughness of the examined impedance profiles.
In Eq. (21), Z̄ = Z/Z0 is the normalized acoustic impedance, Z0 being the nominal (undamaged) acoustic impedance

and A0 being the nominal cross-section area of the structure. When β < 5× 10−3 the profile is considered smooth;
when β > 5× 10−3 the profile is considered rough. The computed value of β for Damages 1, 2 and 3 are: 1.5× 10−3,
1.16×10−2 and 3.52×10−2, respectively.

For simulation purposes, the structure material is considered steel (E = 7.1× 1010 Pa, ρ = 2840 kg/m3, c = 5× 103

m/s). The discretization in space is ∆x = 1 mm and, in time, it is ∆t = ∆x/c = 0.2 µs.
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In the next subsections, the results obtained by applying the Luus-Jaakola optimization to the non-regularized and
regularized approaches on the recovery of the generalized acoustic impedance profile, Z(τ), using noisy data with SNR
as shown in Table 1. This noise level is greater than the one usually found in actual experimental setups (Tenenbaum and
Zindeluk, 1992a). Noiseless problems are not addressed in this work, since Taminato et al. (2015) have already shown
the efficiency of the identification with noiseless data.

Table 1 – Signal-to-Noise ratio
ε SNR (dB)

Damage 1 0,01 25
Damage 2 0,01 18
Damage 3 0,01 25

In Figs. 2 to 4, the vertical axis is the identified generalized impedance profile Z(τ), normalized by the nominal
impedance profile of the structure, Z0. The horizontal axis indicates the distance along the slender structure, counting
from the signal capture station. To compare the identified (estimated) with the exact impedance profile, the absolute error
(AE), given by

AE =
∣∣Zexact−Zestimated

∣∣, (22)

and the mean squared error (MSE), given by

MSE =
1
N

N

∑
i=1

(
Zi

exact−Zi
estimated

)2
, (23)

are computed.
The input pulse is, for all cases, a normalized rectangular one with a length much greater than the damage length. This

is a common incoming pulse type used in actual pulse-echo experimental tests (Tenenbaum and Zindeluk, 1992a).

Non-regularized identification

Figure 2 presents the identification results by using the MSAA-LJ technique, without regularization, in addition to the
corresponding absolute and mean squared errors (AE and MSE, respectively) for Damages 1, 2, and 3. The identification
of Damages 1 and 2 succeed without noticeable error propagation, producing a maximum absolute error (MAE) of about
2% for both cases. However, looking at the reconstruction of Damage 3, which is more critical, remarkably, the MSAA-LJ
technique does not attain good performance, being evident the presence of error propagation with increasing x, raising AE
to approximately 30% by the end of the damage.

-5
MSE = 5.8 x 10

(a)

Damage 1

-4
MSE = 1.10 x 10

-3
MSE = 6.65 x 10

(b)

Damage 2

(c)

Damage 3

Figure 2 – Acoustic impedance profile identification by using the MSAA-LJ technique in Damages 1, 2 and 3 (top)
and corresponding AE (bottom).
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Regularized identification

Figure 3 summarizes the results attained by the MSAA-LJ technique with Tikhonov regularization (MSAA-LJ-TR), in
addition to the corresponding AE and MSE for Damages 1, 2, and 3. Comparing Figures 2 and 3, it becomes unmistakable
that applying Tikohonov’s regularization slightly deteriorates the MSE in the identification of Damage 1 and 2. However,
this reduction of accuracy is not a truly problem because the MAE is still inferior to 3% for both Damages. The biggest
advantage in applying the TR appears in the identification of Damage 3, where it reduces the MSE of more than one order
of magnitude, from 6.65×10−3 to 2.97×10−4, and the error propagation seems to disappear.

-5
MSE = 5.93 x 10

(a)

Damage 1

-4
MSE = 1.70 x 10

-4
MSE = 2.97 x 10

(b)

Damage 2

(c)

Damage 3

Figure 3 – Acoustic impedance profile identification by using the MSAA-LJ-TR technique in Damages 1, 2 and 3
(top) and corresponding AE (bottom).

Figure 4 shows the identification results obtained by the MSAA-LJ technique with total variation regularization
(MSAA-LJ-TVR), besides the corresponding AE and MSE for Damages 1, 2, and 3. Comparing Figs. 2 (MSAA-LJ)
and 4 (MSAA-LJ-TVR), the application of TVR deteriorates the identification of Damages 1 and 2, although, even with
this harm, the MAE is still lower than 5%. The advantage of applying the TVR appears in the recovery of Damage 3,
where it reduces the MSE of more than one order of magnitude and avoids error propagation.
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Damage 1

-4
MSE = 4.64 x 10

-4
MSE = 5.26 x 10

(b)

Damage 2
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Figure 4 – Acoustic impedance profile identification by using the MSAA-LJ-TVR technique in Damages 1, 2 and 3
(top) and corresponding AE (bottom.
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Table 1 summarizes the results obtained by each technique employed in this work. The identifications are compared
with the mean squared error (MSE) and the maximum absolute error (MAE).

Table 2 – MSE and MAE of all optimization techniques

MSAA
Damage 1 Damage 2 Damage 3

MSE MAE MSE MAE MSE MAE
LJ 5.80×10−5 1.68 % 1.10×10−4 1.84 % 6.65×10−3 30.2 %

LJ-TR 5.93×10−5 1.91 % 1.70×10−4 2.97 % 2.97×10−4 5.41 %
LJ-TVR 3.74×10−4 3.64 % 4.64×10−4 4.96 % 5.27×10−4 5.26 %

Analyzing the results of the two regularizations implemented in this work, it is worth noting that Tikhonov and total
variation regularizations achieve similar identifications. However, since Tikhonov regularization attain better results for
Damages 1 and 2, it seems to be more appropriated to our problem. The application of a priori information, concerning
the roughness of the damage to be identified, allowed Tikhonov’s regularization to achieve a fairly satisfactory recovery
of rough damages (Damage 2 and 3), as expected, but also of the smooth one (Damage 1).

CONCLUSIONS AND REMARKS

In this work, an improvement of the technique of damage identification in slender structures with noisy data by using
the forward modified sequential algebraic algorithm (MSAA), proposed by Taminato et al., 2015, is presented.

Since the MSAA technique shows to be relevant to solve the direct problem when non-smooth generalized impedance
profiles are concerned, the main goal in this work is to reduce the error propagation found when the impedance profile
roughness is critical and the noise level in the input data is significant.

Two regularization schemes, namely the Tikhonov (TR) and Total Variation (TVR), were applied to minimize the
mean squared error in the impedance profile recovery. The first one showed to be more appropriate.

In the numerical examples, three damaged scenarios were considered, with Damage 1 being a smooth impedance
profile and Damages 2 and 3 being non-smooth ones. A null average noise with signal-to-noise ratio of 20 dB is added to
the input signals. Table 1 shows that the technique using, in the sequence, LJ and TR methods, leads to the better results.

Compared with LJ only, for instance, Damage 3 (the roughest one) had mean squared error between actual and recov-
ered impedance profile reduced by one order of magnitude (from 6.65×10−3 to 2.97×10−4 for the TR and to 5.26×10−4

for the TVR) and the maximum absolute error among the profiles reduced from 30.2% to 5.41% for the TR and to 5.26%
to the TVR.

Another important achievement is the fact that the error propagation, noticeable in Fig. 4(c) that shows the identifica-
tion using MSAA-LJ, is prevented by using the MSAA-LJ-TR and MSAA-LJ-TVR techniques, as shown in Fig. 3(c) and
Fig. 4(c). It is worth noting, however, that the identification of Damages 1 and 2 does not take advantage of the proposed
technique, since the MSA and the MAE of both MSAA-LJ and MSAA-LJ-TR and MSAA-LJ-TVR techniques are almost
the same.
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