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Abstract: Dynamic modeling of cables in three-dimensional space is a problem with great difficulty and 

complexity. This article discusses a new dynamic modeling formalism, including applications in the underwater 

environment. It is assumed that the cable is formed by rigid links connected by elastic fictitious joints, allowing 

elevation, azimuth and torsion movements. Algorithms have been developed to automatically generate the 

dynamic model for any number of links selected for the discrete approximation of the flexible structure.  Two 

practical situations are tested: cable with free terminal load considering dynamics with or without ocean 

current. Simulations showed results physically expected and three-dimensional animations attested a great 

sense of physical reality.  
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INTRODUCTION  

Cable dynamic modeling is a complicated task because of its complexity, especially in the case of movement in 

three dimensional space. Many applications involving cable dynamics occur in the underwater environment: risers, 

mooring lines, towing cables, etc., can be examples of offshore oil industry applications (see Fig. 1).  

Most studies found in the literature address the modeling of these structures using Finite Element Methods (Wang et 

al., 1998; Gosling and Korban, 2001). Other authors also used finite element methods for the structural dynamic 

analysis of flexible cables (Buckam et al., 2004; Srinil et al, 2007; Yoon et al., 2008). Sun et al. (2011) introduced a 

finite element method to modeling a cable towed body. 

Some authors have developed their works performing a cable static analysis (Hover et al., 1994; Matulea et al., 

2008;  Wang et al. 2008), using the method of finite differences. A static analysis of two-dimensional cables is also 

made in Dreyer and Van Vuuren (1999), using numerical solution of both continuous and discrete models. Discrete 

approach was used specially in static analysis: Raman-Nair et al. (2005) have used a discrete model to reproduce 

structural forces acting into a flexible marine riser under effects of flow and pressure of fluid within the riser; Zhu et al. 

(2008) proposed a discrete model to determine the forces that an umbilical cable exerts on a ROV (Remotely Operated 

Vehicle).  

When the discrete formalism is used in dynamic modeling, usually lumped mass approach is applied, considering 

the dynamics evolving in a single plane. A simulation of cable dynamics for kities was made by Breukels and Ockels 

(2007) considering each link with one degree of freedom mass spring damper model and in that case, the flexible 

structure’s motion was restricted in a single vertical plane. Hall and Goupee (2015) used a lumped mass approach to 

model a mooring line and validated the simulations with an offshore wind turbine test data. 

Finite differences are widely used in cable modeling. Lacarbonara and Pacitti (2008) used finite differences to model 

cables suffering axis stretching and flexural curvature. In Srivastava et al. (2011) a three-dimensional model of 

underwater towed cable was studied and governing equations were solved using a central finite-difference method.  

Matulea et al. (2014) used finite differences to determine the static equilibrium configuration of the riser, and then to 

find its dynamic response around the formerly computed static configuration, considering the flexible structure restrict 

to the vertical plane. Lee et al. (2015) applied finite difference method with lumped mass to model a flexible pipe. 

Zhang and Li (2015) analyzed axial dynamic stress response of deep water risers and a Linear Quadratic Gaussian 

control was proposed to deal with this problem.  

In short, most of the articles that deal with cables treat the problem as restricted to a single plane using finite 

elements or finite differences for the dynamic model. Other works focus interest in static analysis of axial forces on the 

cable. Gobat (2000) in his thesis provides details about these main methods used in cable dynamics. 

This paper introduces a new method to automatically obtain vectors and matrices elements of a cable dynamic 

model. We use a discrete formalism to represent the continuous flexibility from a chain of rigid links connected by 

fictitious elastic joints. Each joint allows three elastic movements: elevation, azimuth and torsion. We take as a basis the 

work of Gomes et al. 2006, where a discrete formalism was used to model a robotic manipulator with a single flexible 

link. In that case, the flexibility occurred on a single plane and each joint had one degree of freedom. Based on this 
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work, Pereira et al. (2012) developed the analytical modeling of a cable considering three links, but with spatial 

flexibility, i.e. the discrete formalism was used without the motion being restricted to a single plane. In Gomes et al. 

(2016) algorithms were presented to automatically generate the dynamic model, for any number of links to be used in 

discrete approximation of the continuous cable flexibility. The present article shows this theory in two possible 

underwater applications, considering underwater currents acting as external efforts. Automatic retrieval models are very 

important due to the great complexity of the equations that turn unfeasible obtain these models manually through the 

application of the Euler-Lagrange equations.  

 

 
Fig. 1 Floating system of oil production (source: http://diariodopresal.wordpress.com/petroleo-e-gas). 

 

DYNAMIC MODELING 

In this work it is considered a cylindrical cable with constant radius, fixed at one extremity (fixed base) and free at 

the other, where there is a terminal load mc. The basic principle of this modeling theory is to approximate the 

continuous flexibility by a discrete equivalent one, consisting of rigid links connected by flexible fictitious joints, as 

showed in Fig. 2. Each fictitious elastic joint allows three movements: elevation (𝜃𝑖𝑒), azimuth (𝜃𝑖𝑎) and torsion (𝜃𝑖𝑇), 

𝑖 = 1,… , 𝑛. Therefore, this dynamic system has 3n degrees of freedom when considering n links. In each fictitious joint 

is positioned a reference frame, as shown in Fig. 3 for the first two systems. The first is an inertial system (X0 Y0 Z0). It 

was adopted the following convention for reference systems: all Z axes point to the center of the Earth and thus, the XY 

axes form horizontal planes. The Yi axes are parallel to the projection of the link i on the Xi-1Yi-1 plane, as showed in 

Figures 3 and 4. For instance, Y1 is parallel to r in Fig. 3. Fig. 4 also shows the three angular positions coordinates of the 

first joint and the three others of the second fictitious joint. As all links are rigid, torsion motions are considered as 

rotations about the longitudinal axis of the links. 

 

 

 

Fig.2 Continuous flexibility 

and its discrete approximation. 

 

Fig. 3 Angular coordinates of 

the first joint. 

 

Fig. 4 The first two reference 

systems and its angular 

coordinates. 

 

 It is simple to find a homogeneous transformation matrix between two consecutive reference systems. For example, 

the homogeneous matrix that relates X0Y0Z0  and X1Y1Z1 systems has the form: 
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The products between successive homogeneous matrices generate another homogeneous matrix that can relate any 

mobile reference system to the base inertial system of the structure. Thus, the spatial position of the center of mass of 

any link in the inertial frame may be determined as functions of the lengths of the links and the angular position 

coordinates, as specified below  nk ,...,1 : 
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Arising from the same formalism, spatial coordinates of the terminal load (written in the inertial frame) have the form: 
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The time derivatives of the equations (2) and (3) can be easily obtained and thus the Lagrangian of the system can be 

obtained only as function of the angular position and velocity coordinates (see Gomes et al., (2016) for more details). 

Each new link considered in the discrete approach means three degrees of freedom more in the model. Thus, when n 

links are considered, the dynamic model will have 3n degrees of freedom. The application of the 3n Euler-Lagrange 

equations allows finding the dynamic model in the form: 

𝐼(𝜃⃗)𝜃⃗
̈
+ 𝐶𝜃⃗

̇
+ 𝐾𝜃⃗ + 𝑓 (𝜃⃗, 𝜃⃗

̇
) + 𝐺⃗(𝜃⃗) = 𝜏                                                     (4) 

where 𝜃⃗ = [𝜃1𝑒   𝜃2𝑒   …  𝜃𝑛𝑒   𝜃1𝑎  𝜃2𝑎  …  𝜃𝑛𝑎  𝜃1𝑇  𝜃1𝑇  …  𝜃𝑛𝑇]
𝑇 is the angular position vector, 𝜃𝑖𝑒, 𝜃𝑖𝑎 and 𝜃𝑖𝑇 are 

elevation, azimuth and torsion angles of the link i (𝑖 = 1,… , 𝑛),  𝐼(𝜃⃗) is the inertia matrix, C is the friction coefficient 

matrix, K is the elastic constant matrix, 𝑓 (𝜃⃗, 𝜃⃗
̇
) is the Coriolis-centrifugal vector, 𝐺⃗(𝜃⃗) is the gravitational vector and 𝜏 

is the external torques vector.  All matrices are (3n x 3n) and vectors are (3n x 1). It is important to explain that the 

matrices of the friction coefficients and elastic constants have the same configuration and also, all matrices of the 

dynamic models are symmetric. 

 

GENERIC ALGORITHM 

Equation (4) was manually developed considering 1, 2, 3 and 4 links and so it was possible to identify growth 

patterns for matrices and vectors of the dynamic model, shown below in the form of algorithms that can automatically 

generate the vectors and matrices of the model, for any adopted number of links. 

 

Algorithms for the Elements of Inertia Matrix 
 

 To facilitate understanding, the inertia matrix I is represented through nine submatrices, as indicated below, where 

indices e, a and t mean elevation, azimuth and torsion, respectively.      

 

𝐼 = [

𝐼𝑒 𝑁𝑒 𝑇𝑒
𝐼𝑎 𝑁𝑎 𝑇𝑎
𝐼𝑡 𝑁𝑡 𝑇𝑡

]                                                                              (5) 

 

I is symmetric and thus, 𝐼𝑎 = 𝑁𝑒
𝑇;  𝐼𝑡 = 𝑇𝑒

𝑇;   𝑁𝑡 = 𝑇𝑎
𝑇.  As there is a dynamic decoupling of the torsion movement with 
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respect to elevation and azimuth motions, submatrices 𝑇𝑒 and 𝑇𝑎 are null and 𝑇𝑡 is diagonal. Elements of 𝑇𝑡 are 

constant and equivalent to   2 2 iiiT rmI  , where 𝑚𝑖 and 𝑟𝑖 are mass and radius of the link i, respectively, with 

𝑖 = 1,… , 𝑛.  Due to the symmetry of the inertia matrix the interest is to determine the rules for the automatic generation 

of  𝐼𝑒 , 𝑁𝑒 and 𝑁𝑎. 

The submatrix 𝐼𝑒  can be generated from the following algorithm:  

  

𝑓𝑜𝑟 𝑖 = 1: 𝑛, 
     𝑓𝑜𝑟 𝑗 = 𝑖 + 1: 𝑛, 

          𝐼𝑒(𝑖, 𝑗) = 𝑙𝑖𝑙𝑗 (
𝑚𝑗

2
+𝑚𝑐 + ∑ 𝑚𝑘

𝑛

𝑘=𝑗+1

) [cos 𝜃𝑖𝑒 cos 𝜃𝑗𝑒 cos ( ∑ 𝜃𝑘𝑎

𝑗

𝑘=𝑖+1

) + 𝑠𝑖𝑛 𝜃𝑖𝑒 𝑠𝑖𝑛 𝜃𝑗𝑒] ; 

     𝑒𝑛𝑑, 

     𝐼𝑒(𝑖, 𝑖) = 𝑙𝑖
2 [
𝑚𝑖

4
+ 𝑚𝑐 + ∑ (𝑚𝑘)

𝑛

𝑘=𝑖+1

] + 𝐼𝑖𝑒; 

                              

𝑒𝑛𝑑,     

 

 

 

(6) 

 

As  𝐼𝑒  is symmetric, 𝐼𝑒(𝑗, 𝑖) = 𝐼𝑒(𝑖, 𝑗). 𝐼𝑖𝑒  is the elevation rotational inertia moment of the link i. 

The submatrix 𝑁𝑒  can be generated from the following algorithm: 

 

𝑓𝑜𝑟 𝑖 = 1: 𝑛, 
  𝑓𝑜𝑟 𝑗 = 1: 𝑛, 
      𝑖𝑓 𝑖 ≠ 𝑗, 
           𝑆 = 0; 
          𝑓𝑜𝑟 𝑘 = 𝑗: 𝑛, 
               𝑖𝑓 𝑘 ≠ 𝑖,  
                   𝑖𝑓 𝑖 > 𝑘, 𝜇 = 1;  𝛼 = 𝑖;  𝑒𝑙𝑠𝑒   𝜇 = −1;  𝛼 = 𝑘;    𝑒𝑛𝑑𝑖𝑓,        
                   𝑣 = [𝑖 𝑘];                     

         𝑆 = 𝑆 + 𝜇𝑙𝑘 [
𝑚𝛼

2
+ 𝑚𝑐 + ∑ 𝑚𝑔

𝑛

𝑔=𝑚𝑎𝑥(𝑣)+1

] 𝑐𝑜𝑠(𝜃𝑖𝑒)𝑠𝑖𝑛(𝜃𝑘𝑒)𝑠𝑖𝑛 ( ∑ 𝜃𝑔𝑎

𝑚𝑎𝑥(𝑣)

𝑔=𝑚𝑖𝑛(𝑣)+1

) ; 

                                                        

               𝑒𝑛𝑑𝑖𝑓, 

           𝑒𝑛𝑑, 
           𝑁𝑒(𝑖, 𝑗) = 𝑙𝑖𝑆; 
     𝑒𝑛𝑑𝑖𝑓, 
   𝑒𝑛𝑑, 
𝑒𝑛𝑑, 
𝑓𝑜𝑟 𝑖 = 1: 𝑛 − 1, 
   𝑁𝑒(𝑖, 𝑖) = 𝑁𝑒(𝑖, 𝑖 + 1); 
𝑒𝑛𝑑, 
𝑁𝑒(𝑛, 𝑛) = 0; 
 

 

 

 

 

 

 

 

 

 

 

 

(7) 

 

The submatrix 𝑁𝑎 can be generated from the following algorithm: 

 

𝑓𝑜𝑟 𝑖 = 1: 𝑛, 
    𝑓𝑜𝑟 𝑗 = 𝑖: 𝑛, 
         𝑆1 = 0; 
         𝑓𝑜𝑟 𝑘 = 𝑗: 𝑛, 

                    𝑆1 = 𝑆1 + 𝑙𝑘
2 [
𝑚𝑘

4
+ 𝑚𝑐 + ∑ 𝑚ℎ

𝑛

ℎ=𝑘+1

] 𝑠𝑖𝑛2(𝜃𝑘𝑒); 

        𝑒𝑛𝑑, 
        𝑆2 = 0; 
        𝑣 = [𝑖  𝑗]; 
        𝑓𝑜𝑟 𝑘 = 𝑚𝑖𝑛(𝑣) : 𝑛 − 1, 
            𝑆3 = 0; 
            𝑓𝑜𝑟 𝑔 = 𝑗: 𝑛, 
                 𝑖𝑓 𝑔 > 𝑘, 
                   𝜎 = 1; 
                   𝑖𝑓 (𝑖 = 1 𝑎𝑛𝑑 𝑗 = 1) 𝑜𝑟 𝑘 ≥ 𝑗, 
                              𝜎 = 2;       

 

 

 

 

 

 

 

 

 

 

 

 

(8) 
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                  endif, 

                      𝑆3 = 𝑆3 + 𝜎𝑙𝑔 [
𝑚𝑔

2
+ 𝑚𝑐 + ∑ 𝑚ℎ

𝑛

ℎ=𝑔+1

] 𝑠𝑖𝑛(𝜃𝑘𝑒)𝑠𝑖𝑛(𝜃𝑔𝑒)𝑐𝑜𝑠 ( ∑ 𝜃ℎ𝑎

𝑔

ℎ=𝑘+1

) ; 

                𝑒𝑛𝑑𝑖𝑓, 
           𝑒𝑛𝑑, 
           𝑆2 = 𝑆2 + 𝑙𝑘𝑆3; 
      𝑒𝑛𝑑, 
      𝑖𝑓 (𝑖 = 𝑛) 𝑎𝑛𝑑 (𝑗 = 𝑛), 
            𝑆2 = 0; 
      𝑒𝑛𝑑𝑖𝑓, 
      𝑁𝑎(𝑖, 𝑗) = 𝑆1 + 𝑆2; 
      𝑁𝑎(𝑗, 𝑖) = 𝑁𝑎(𝑖, 𝑗); 
      𝑖𝑓 𝑖 = 𝑗,  
            𝑁𝑎(𝑖, 𝑖) = 𝑁𝑎(𝑖, 𝑖) + 𝐼𝑖𝑎 ;   
      𝑒𝑛𝑑𝑖𝑓, 
   𝑒𝑛𝑑, 
𝑒𝑛𝑑, 

 

𝐼𝑖𝑎 is the azimuth rotational inertia moment of the link i. 

 

Algorithms for the Elements of Coriolis-Centrifugal Vector 
 

The first n elements of the Coriolis-centrifugal vector are related to the elevation motion, the intermediate n are 

related to the azimuthal motion and the last n elements are null (torsion motion). 

Coriolis-centrifugal vector can be written as: 

 

𝑓 (𝜃, 𝜃⃗
̇
) = [𝑓1  𝑓2   …    𝑓𝑛  𝑓𝑛+1  𝑓𝑛+2  …  𝑓2𝑛  𝑓2𝑛+1  𝑓2𝑛+2  …  𝑓3𝑛]

𝑇                                      (9) 

 

Elements of elevation are [𝑓1  𝑓2   …    𝑓𝑛]
T
, 𝑓𝑖 , (𝑖 = 1,… , 𝑛), and can be obtained from the following algorithm: 

 

𝑓𝑖 = 𝜗1 + 𝜗2                                                                             (10) 

 

𝜗1 = 𝛼𝑙𝑖
2 [
𝑚𝑖

4
+ 𝑚𝑐 + ∑ 𝑚𝑔

𝑛

𝑔=𝑖+1

] 𝑠𝑖𝑛(𝜃𝑖𝑒)𝑐𝑜𝑠(𝜃𝑖𝑒) {[∑(𝜃̇𝑔𝑎 ∑ 𝜃̇ℎ𝑎

𝑖

ℎ=𝑔+1

)

𝑖−1

𝑔=1

] +
1

|𝛼|
(∑ 𝜃̇𝑔𝑎

2

𝑖

𝑔=1

)}         

 

(11) 

 

𝛼 = {
   −1     𝑓𝑜𝑟 𝑖 = 1;   
−2     𝑓𝑜𝑟 𝑖 ≠ 1;

                                                              (12) 

                            𝜗2 = 𝑙𝑖∑

{
 
 

 
 

𝛽𝑙𝑗 (
𝑚max (𝑖,𝑗)

2
+ 𝑚𝑐

𝑛

𝑗=1
𝑗≠𝑖

+ ∑ 𝑚𝑔

𝑛

𝑔=max(𝑖,𝑗)+1

)

[
 
 
 
 

𝑐𝑜𝑠(𝜃𝑖𝑒)

[
 
 
 
 

𝑐𝑜𝑠(𝜃𝑗𝑒)𝑠𝑖𝑛 ( ∑ 𝜃𝑔𝑎

max(𝑖,𝑗)

𝑔=min(𝑖,𝑗)+1

) 𝜃̇𝑗𝑒 (∑ 𝜃̇𝑔𝑎

𝑗

𝑔=1

)

− 𝑠𝑖𝑔𝑛(𝛽)

(

 
 
𝑠𝑖𝑛(𝜃𝑗𝑒)𝑐𝑜𝑠 ( ∑ 𝜃𝑔𝑎

max(𝑖,𝑗)

𝑔=min(𝑖,𝑗)+1

)(∑(𝜃̇𝑔𝑎 ∑ 𝜃̇ℎ𝑎

𝑗

ℎ=𝑔+1

)

𝑗−1

𝑔=1

+
1

2
(𝜃̇𝑗𝑒

2 +∑ 𝜃̇𝑔𝑎
2

𝑗

𝑔=1

))

)

 
 

]
 
 
 
 

+
1

𝛽
𝑠𝑖𝑛(𝜃𝑖𝑒)𝑐𝑜𝑠(𝜃𝑗𝑒)𝜃̇𝑗𝑒

2

]
 
 
 
 

}
 
 

 
 

   

 

 

 

 

 

 

 

 

 

(13) 

𝛽 = {
2   𝑓𝑜𝑟   𝑖 > 𝑗,
−2   𝑓𝑜𝑟    𝑖 ≤ 𝑗

                                                                      (14) 

 

Azimuth elements of the Coriolis-centrifugal vector are defined as 𝑧𝑖 = 𝑓𝑛+𝑖  and then: 

 

𝑍 =  [𝑓𝑛+1  𝑓𝑛+2  …  𝑓2𝑛]
𝑇 = [𝑧1  𝑧2  …  𝑧𝑛]

𝑇                                                  (15) 
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We can define vector 𝑍 as: 

 

𝑍 = 𝑅⃗⃗ +𝑊𝑃⃗⃗                                                                            (16) 

 

W is a (n x q) matrix,  𝑅⃗⃗ is (n x 1) and 𝑃⃗⃗ is (q x 1), where 𝑞 = 𝑞(𝑛) = 𝑞𝑛 is obtained through the sequence function of 

n: 

𝑞1 = 0;   𝑞𝑖 = 𝑞𝑖−1 + 𝑖 − 1;   𝑖 = 2,3, … 𝑛                                                   (17) 

 

Elements of vector 𝑅⃗⃗ are defined as (𝑖 = 1,… , 𝑛): 
 

𝑅𝑖 = 2∑{𝑙𝑘
2 (
𝑚𝑘

4
+𝑚𝑐 + ∑ 𝑚𝑔

𝑛

𝑔=𝑘+1

)𝑠𝑖𝑛(𝜃𝑘𝑒)𝑐𝑜𝑠(𝜃𝑘𝑒) (∑ 𝜃̇𝑔𝑎

𝑘

𝑔=1

) 𝜃̇𝑘𝑒}

𝑛

𝑘=𝑖

                          (18) 

         

          𝑃𝑢 elements of 𝑃⃗⃗ vector has the following definition: 

 

                                          𝑢 = 0; 
                                          𝑓𝑜𝑟 𝑖 = 1: 𝑛, 
                                               𝑓𝑜𝑟 𝑗 = 𝑖 + 1: 𝑛, 
                                                     𝑢 = 𝑢 + 1; 

                                                            𝑃𝑢 = 2𝑙𝑖𝑙𝑗 [
𝑚𝑗

2
+ 𝑚𝑐 + ∑ 𝑚𝑔

𝑛

𝑔=𝑗+1

] ;   

                                               𝑒𝑛𝑑, 
                                         𝑒𝑛𝑑, 

 

 

 

 

 

(19) 

 

W matrix has the form: 

 

𝑊 = [

𝑤11 ⋯ 𝑤1𝑞
⋮ ⋱ ⋮
𝑤𝑛1 ⋯ 𝑤𝑛𝑞

]                                                                       (20) 

 

Elements of the W matrix are defined as: 

 

𝑤𝑘,𝑢 = 𝑎𝑘,𝑢 + 𝑏𝑘,𝑢 + 𝑐𝑘,𝑢                                                                   (21) 

 

𝑎𝑘,𝑢, 𝑏𝑘,𝑢 and 𝑐𝑘,𝑢 can be generated from the following algorithm:  

 

𝑓𝑜𝑟 𝑘 = 1: 𝑛, 
    𝑢 = 0; 
    𝑓𝑜𝑟 𝑖 = 1: 𝑛 − 1, 
        𝑓𝑜𝑟 𝑗 = 𝑖 + 1: 𝑛, 
            𝑢 = 𝑢 + 1; 
            𝑖𝑓 𝑗 ≥ 𝑘, 
                  𝑖𝑓 𝑖 < 𝑘, 

𝑐𝑘,𝑢 = 𝑠𝑖𝑛(𝜃𝑖𝑒)𝑠𝑖𝑛(𝜃𝑗𝑒)𝑠𝑖𝑛 ( ∑ 𝜃𝑔𝑎

𝑗

𝑔=𝑖+1

)𝜑1 (𝜃⃗
̇
𝑒 , 𝜃⃗
̇
𝑎, 𝑖, 𝑗) ; 

                   𝑒𝑙𝑠𝑒 

                                         𝑐𝑘,𝑢 = 𝑠𝑖𝑛(𝜃𝑖𝑒)𝑠𝑖𝑛(𝜃𝑗𝑒)𝑠𝑖𝑛 ( ∑ 𝜃𝑔𝑎

𝑗

𝑔=𝑖+1

)𝜑2 (𝜃⃗
̇
𝑒 , 𝜃⃗
̇
𝑎, 𝑖, 𝑗) ;  

                𝑒𝑛𝑑𝑖𝑓, 
           𝑒𝑙𝑠𝑒 

                𝑐𝑘,𝑢 = 0; 
           𝑒𝑛𝑑𝑖𝑓, 
           𝑖𝑓 (𝑘 = 1) 𝑜𝑟 (𝑘 ≥ 2) 𝑎𝑛𝑑 (𝑘 < 𝑛) 𝑎𝑛𝑑 (𝑖 ≥ 𝑘), 

𝑏𝑘,𝑢 = 𝑠𝑖𝑛(𝜃𝑖𝑒)𝑐𝑜𝑠(𝜃𝑗𝑒)𝑐𝑜𝑠 ( ∑ 𝜃𝑔𝑎

𝑗

𝑔=𝑖+1

) [(∑ 𝜃̇𝑔𝑎

𝑗

𝑔=1

) 𝜃̇𝑗𝑒] ; 

           𝑒𝑙𝑠𝑒 

                                   𝑏𝑘,𝑢 = 0; 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(22) 
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          𝑒𝑛𝑑𝑖𝑓, 
          𝑖𝑓 𝑗 > 𝑘, 

𝑎𝑘,𝑢 = 𝑐𝑜𝑠(𝜃𝑖𝑒)𝑠𝑖𝑛(𝜃𝑗𝑒)𝑐𝑜𝑠 ( ∑ 𝜃𝑔𝑎

𝑗

𝑔=𝑖+1

) [(∑ 𝜃̇𝑔𝑎

𝑖

𝑔=1

) 𝜃̇𝑖𝑒] ; 

           𝑒𝑙𝑠𝑒 

                                   𝑎𝑘,𝑢 = 0; 
          𝑒𝑛𝑑𝑖𝑓, 
          𝑤𝑘,𝑢 = 𝑎𝑘,𝑢 + 𝑏𝑘,𝑢 + 𝑐𝑘,𝑢; 
      𝑒𝑛𝑑, 
   𝑒𝑛𝑑, 
𝑒𝑛𝑑,   

 

There are two different equations for 𝑐𝑘,𝑢 elements, depending on the functions 𝜑1 (𝜃⃗
̇
𝑒 , 𝜃⃗
̇
𝑎, 𝑖, 𝑗) and 𝜑2 (𝜃⃗

̇
𝑒 , 𝜃⃗
̇
𝑎, 𝑖, 𝑗), as 

specified below: 

𝜑1 (𝜃⃗
̇
𝑒, 𝜃⃗
̇
𝑎, 𝑖, 𝑗) = {∑(𝜃̇𝑔𝑎 ∑ 𝜃̇ℎ𝑎

𝑖

ℎ=𝑔+1

)

𝑖−1

𝑔=1

+
1

2
[(∑ 𝜃̇𝑔𝑎

2

𝑖

𝑔=1

) + 𝜃̇𝑖𝑒
2 ]}                                         (23) 

 

𝜑2 (𝜃⃗
̇
𝑒, 𝜃⃗
̇
𝑎, 𝑖, 𝑗) = −{∑(𝜃̇𝑔𝑎 ∑ 𝜃̇ℎ𝑎

𝑗

ℎ=𝑔+1

)

𝑗−1

𝑔=1

+
1

2
[( ∑ 𝜃̇𝑔𝑎

2

𝑗

𝑔=𝑖+1

) + 𝜃̇𝑗𝑒
2 − 𝜃̇𝑖𝑒

2 ]}                               (24) 

  

Gravitational Vector, Friction and Elastic Coefficients Matrix Generation 
 

Observing the equations of the dynamic model for cases 1, 2, 3 and 4 links, one realizes that the generation of the 

first n elements of the gravitational vector obeys the following rule: 

 

𝐺𝑖 = 𝑙𝑖 (
𝑚𝑖

2
+ ∑ 𝑚𝑘

𝑛

𝑘=𝑖+1

)𝑔 sin 𝜃𝑖𝑒                                                                         (25) 

 

with 𝑖 = 1,… , 𝑛. The others elements for 𝑖 = 𝑛 + 1,… ,3𝑛 are nulls. Torques caused by buoyancy forces have the same 

structures as in equation (25), but with a negative sign (gravitational and buoyancy forces acting in opposite senses). As 

the geometry of the links is known, masses of fluid equivalent to the volume of each link are also known, so that 

equation (25) can easily be adapted to generate buoyancy torques. 

As explained previously, the matrices of friction coefficients and elastic constants have the same generation rule, 

showed at the following algorithm (for the elastic constants matrix): 

 

                                      𝑓𝑜𝑟 𝑖 = 1: 𝑛,   𝑓𝑜𝑟 𝑗 = 1: 𝑛,   𝑘(𝑖, 𝑗) = 0;    𝑒𝑛𝑑,   𝑒𝑛𝑑,                                                      
                                                        𝑓𝑜𝑟 𝑖 = 1: 𝑛, 
                                                             𝑓𝑜𝑟 𝑗 = 1: 𝑛, 
                                                                   𝑖𝑓  (𝑖 = 𝑗) 𝑎𝑛𝑑  (𝑖 < 𝑛), 
                                                                         𝑘(𝑖, 𝑗) = 𝑘𝑖𝑒 + 𝑘(𝑖+1)𝑒; 

                                                                   𝑒𝑛𝑑𝑖𝑓, 
                                                                   𝑖𝑓  (𝑖 = 𝑗) 𝑎𝑛𝑑  (𝑖 = 𝑛),   
                                                                        𝑘(𝑖, 𝑗) = 𝑘𝑖𝑒; 
                                                                   𝑒𝑛𝑑𝑖𝑓, 
                                                                   𝑖𝑓 𝑗 = 𝑖 + 1, 
                                                                         𝑘(𝑖, 𝑗) = −𝑘𝑗𝑒; 

                                                                         𝑘(𝑗, 𝑖) = 𝑘(𝑖, 𝑗); 
                                                                   𝑒𝑛𝑑𝑖𝑓, 
                                                             𝑒𝑛𝑑, 
                                                       𝑒𝑛𝑑, 

 

 

 

 

 

 

 

 

(26) 

 

𝑘𝑖𝑒  (𝑖 = 1,… , 𝑛) is the elevation elastic constant of the joint i.  Algorithm (26) generates the elevation submatrix  𝐾𝑒. 

An identical rule is used to generate the azimuth submatrix 𝐾𝑎, considering, in this case, the azimuth elastic constant 

𝑘𝑖𝑎  (𝑖 = 1,… , 𝑛). The same generation rule is also used to the torsion matrix 𝐾𝑇 ., considering  𝑘𝑖𝑇 (𝑖 = 1,… , 𝑛).  The 

complete elastic constant matrix K is (3n x 3n), as well as the friction coefficient matrix C, and both are written in the 

form: 

 

  𝐾 = [

𝐾𝑒 0 0
0 𝐾𝑎 0
0 0 𝐾𝑇

];   𝐶 = [

𝐶𝑒 0 0
0 𝐶𝑎 0
0 0 𝐶𝑇

]                                                               (27) 
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SIMULATION RESULTS 

Simulations were performed considering two application situations in the underwater environment. In both 

situations, the cable has one end fixed to a structure at the water surface. Its other end is free and simulations are 

performed with or without considering ocean current. The hydrodynamic drag is modeled in a simple way, where the 

drag force is proportional to the square of the relative velocity between the structure and the water. The following table 

shows all the physical parameters used to perform the simulations. 

 
Table I.  Physical parameters used in simulations. 

Parameters Numerical value Physical meaning 

Lc 1200(m) Cable length 

n 32 Number of links 

𝑟𝑖 0.01(m) Radius of each link (constant) 

me 7850 (kg/m
3
) Cable specific mass 

𝑚𝑐 600 (kg) Terminal load mass 

𝑙𝑖 𝐿𝑐
𝑛
 (𝑚) 

Length of each link 

𝑚𝑖 𝜋𝑟𝑖
2𝑙𝑖𝑚𝑒   (𝑘𝑔) Mass of each link 

𝐼𝑖𝑒  𝑚𝑖

12
𝑙𝑖
2(𝑘𝑔𝑚2) Elevation rotational inertia 

𝐼𝑖𝑎 𝐼𝑖𝑒[(1 − 𝛾)|𝑠𝑖𝑛𝜃𝑖𝑒| + 𝛾](𝑘𝑔𝑚
2) Azimuth rotational inertia 

𝛾 0.1 Dimensionless coeficiente 

𝐼𝑖𝑇  𝑚𝑖

2
𝑟𝑖
2(𝑘𝑔𝑚2) Torsion rotational inertia 

𝑘𝑖𝑒 5

6

𝑛𝐸𝐼𝑐𝑠
𝐿𝑐

(
𝑁𝑚

𝑟𝑑
) 

Elastic constant of elevation 

𝐸 8𝑒10  (Nm
2
) Young’s module 

𝐼𝑐𝑠 1

4
𝜋𝑟𝑖

4  (𝑚4) Inertia of the cross section 

𝑘𝑖𝑎 Zero Azimuth elastic constant 

𝑘𝑖𝑇 
250𝐾𝑖𝑒 (

𝑁𝑚

𝑟𝑑
) 

Torsion elastic constant 

𝑐𝑒 
33𝑛 (

𝑁𝑚𝑠

𝑟𝑑
) 

Elevation friction coefficient 

𝑐𝑎 
33𝑛  (

𝑁𝑚𝑠

𝑟𝑑
) 

Azimuth friction coefficient 

𝑐𝑡 0.83𝑛  (
𝑁𝑚𝑠

𝑟𝑑
) 

Torsion friction coefficient 

𝑐𝑣 800(
𝑁𝑠2

𝑚2 ) Hydrodynamic drag coefficient 

𝐸𝑐𝑡  0.95𝑚𝑐𝑔 (N) Terminal load buoyancy 

 

The first simulation shows the cable in free fall from an initial spatial configuration in the underwater environment. 

Fig. 5 shows a sequence of frames with the cable spatial configuration, from zero to 30 s every 2 s. The cable terminal 

load appears in red in the animations with the simulation results. As explained before, it was used a simple model for 

the hydrodynamic drag, proportional to the square of the relative velocity between the fluid and the structure. This 

external effort was primarily responsible for the slow cable movement in free fall, seen in Fig. 5. 

Fig. 6 shows results of a simulation similar to the previous one, but considering the cable out of the water. The 

frames also are from zero to 30 s every 2 s. In this case, cable’s dynamic is obviously faster. Fig. 7 shows the two cases 

simultaneously, each with spatial configurations on the same graph. The three-dimensional animations of the spatial 

configuration of the cable (Fig. 5, 6 and 7) allow showing that the simulation results give a great sense of physical 

reality. 

Fig. 8 shows 22 s of simulation with frames every 2 s, considering an ocean current acting on the cable with speed of 

2.5 m / s. Drag forces was considered proportional to the square of the relative velocities between fluid and structure. 

The cable is initially at rest in its vertical position and with free terminal load. The ocean current starts from zero initial 

time and then imposes a significant dynamic disturbance to the cable. If the cable terminal load is a remotely operated 

vehicle (ROV), the ocean current can to induce dynamic disturbances to the cable that would be transmitted to the 

vehicle, thus hindering the performance of any control strategy. 

 

CONCLUSIONS 
 

Nature follows growth patterns in their phenomena, but we cannot always identify them.  The discrete approach 

proposed in the modeling formalism approximates the real continuous flexibility when increasing the number of links. 

Each new link considered increases in three degrees of freedom the cable dynamics, and its equations grow 

considerably in size and complexity.  It was possible to identify patterns of this growth, allowing to the proposition of 

algorithms to automatically generate dynamic models for any number of links considered in discrete approximation. 
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Fig. 5. Free fall simulation, underwater, frames every 2 seconds. 

 

 
Fig. 6. Free fall simulation, out of water, frames every 2 seconds. 

 

 
Fig. 7.  Free fall simulations, out of water and underwater, from zero to 40 s, frames every 1 s. 

 

 
Fig. 8.  Cable under the action of underwater current, from 0 to 22 s, frames every 2 s. 

The simulations were chosen in order to know a priori what should be the dynamic behavior of the cable and, in all 

cases the results were in agreement with the physically expected. Torsion motion was considered in cable modeling 
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because in future applications, there is an interest in having a ROV as a cable terminal load. In this case, forces applied to 

the ROV can generate torsion in the cable. It has been specially developed software that performs three-dimensional 

animations of the cable’s spatial configuration, for better visualization and analysis of simulation results. Three-

dimensional animations allowed us to identify a great sense of physical reality. Increasing the number of links implies a 

better discrete approximation of the continuous flexibility. It was observed that over forty links the discrete model closely 

matches the continuous flexibility. In future works it is planned to build an experimental support sensed by digital 

cameras to validate simulations and physical parameters identification strategies. 
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