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Abstract: Origami, the ancient Japanese art of paper folding, creates a sculpture representation through pattern folds
of a flat paper sheet producing a desired shape. Origami-based structures have been increasingly investigated and
applied in various fields of knowledge. The majority of these applications are motivated by adaptive and compacting
capacities. The use of smart materials is an important issue for actuation of origami systems. Shape memory alloys
(SMAs) and magnetic materials are of special interest due to their capacity to generate forces and displacements. Since
origami systems are slender structures, they are usually close to stability limits with important dynamical issues to be
investigated. In this paper, a dynamical investigation of an origami structure called ”origami-ball” actuated by shape
memory alloys elements are carried out. It is proposed a one-degree of freedom oscillator to represent the origami-ball
dynamics based on geometric analysis and symmetry assumptions. A constitutive model with internal constraints is
employed to describe the thermomechanical behavior of the SMA actuator. The system has constitutive and geometric
nonlinearity presenting rich and complex responses. Numerical simulations treat different conditions associated with
external stimuli, considering thermal and mechanical loads. Results show periodic and irregular responses. Situations
where inputs can change the expected operation of the origami are highlighted.
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INTRODUCTION

Origami has the unique feature to create three-dimensional structures from two-dimensional materials. This re-
markable characteristic has attracted attention from various fields such as education (Andreass, 2011) and mathematics
(Alperin, 2000; Glassner, 1996). Recently, the Japanese art has inspired engineering in the development of new structures
that are already employed in architecture and decorations, due to the beauty of the generated forms. Applications on
robotics, bioengineering and aerospace systems have great potential. The combination of origami system with control
elements can increase the application capacity providing smart systems with adaptive aspects. Morphing and movements
are the main motivation of these systems. Shape memory alloys (SMAs) and magnetic materials are of special interest to
be used as actuators in this kind of system.

Origami systems with SMA actuators have been proposed for different purposes. Minimally invasive surgery is in-
vestigated by Zhang et al. (2014) using a 4 degrees of freedom system. Stents constructed from the fold of a single NiTi
alloy sheet is proposed by Kuribayashi (2006). A folding wheel driven by SMAs is another application for robotics. The
thermal control enables to change its diameter, adapting to different environments (Lee et al., 2013).

Origami wheel actuated by SMA actuators is an interesting approach for robots that need to deal with irregular soil
and obstacles. The idea is to alter the origami wheel between different configurations, changing the robot performance.
SMA are employed to provide self-folding capacity that can be induced by temperature changes.

Origami systems have been analyzed by different perspectives. Geometrical analysis is of great importance (Tachi,
2010; Buri and Weinand, 2008). Quasi-static analysis of the configuration changes is another important analysis found
in literature (Turner, 2015). Finite element method is usually employed in order to obtain a proper comprehension of the
involved phenomena (Gilewski et al., 2014; Lv et al., 2014). Only few articles are dedicated to dynamical analysis.

Dynamical systems with SMA elements are usually associated with complex reponses. Savi (2015) presents a review
of dynamic applications of shape memory systems that includes oscillators, adaptive vibration absorbers, rotary systems
and adaptive structures.

This work deals with a dynamical investigation of an SMA-origami system called origami-ball employd for robotic
applications. A mathematical model is developed considering a single degree of freedom equivalent system that describes
the dynamical behavior of the origami-ball. The thermomechanical behavior of SMAs is described by the constitutive
model proposed by Paiva and Savi (2006). The origami system has constitutive and geometrical nonlinearities.
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The paper is organized as follows: Initially, SMA constitutive equations are presented. Afterward, the origami system
is investigated proposing a single degree of freedom system to describe the nonlinear dynamics. Numerical simulations
are then carried out to simulate several operational conditions, represented by external issues. Finally, conclusion remarks
are presented.

CONSTITUTIVE MODEL

There are many possibilities to describe SMA thermomechanical behavior (Paiva and Savi, 2006; Lagoudas, 2012).
One of these possibilities can be classified as models with internal constraints. Paiva and Savi (2006) proposed a model
that has four macroscopic phases represented by volume fractions: β1 associated with tension detwinned martensite (M+);
β2 associated with compression detwinned martensite M−); β3 associated with the austenitic phase (A); and β4 related
temperature induced martensite (M). In this work, we consider a simplified version of the one-dimensional model, ne-
glecting plasticity, tension/compression asymmetry and TRIP effect. The model is developed by following the generalized
standard materials formalism, being thermodynamically consistent. It is proposed a Helmholtz free energy density poten-
tial for each one of the phases as a function of observable state variables: elastic strain, εe, and temperature, T. Afterward,
it is defined a mixture free energy, Ψ, and a dissipation potential, Φ. Paiva and Savi (2006) presented details about the
formulation of the model that is represented by the following equation.

σ = Eε +(α +Eαh)(β2−β1)−Θ(T −T0) (1)
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where E is the elastic modulus and Θ is the thermal expansion coefficient, α is the phase transformation coefficient
and αh deals with the hysteresis loop width; T0 is a reference temperature at which the SMA has no strain. The parameters
E and Θ are defined by rule of mixture given by E = EM − β3 (EM−EA) and Θ = ΘM − β3 (ΘM−ΘA), respectively.
The functions ΛA e ΛM define the critical phase transformation stress, being temperature dependent. Parameters ηA and
ηM define the intrinsic dissipation of the material and can assume different values for loading or unloading processes.
Constraints related to phase coexistence are described by a convex set π , Eq. (5). Geometrically, this set is related to a
tetrahedron showed in Fig. 1. Jπ (βi) is the indicatrix function of the convex set π , and states the restrictions associated to
the phase coexistence.

π = {βi ∈ℜ|0≤ βi ≤ 1;β1 +β2 +β3 ≤ 1} (5)

Figure 1 – Geometric representation of coexistence phases restrictions.

Another convex set χ deals with other constraints related to phase transformations.Jχ(β̇i) is indicatrix function as-
sociated with the convex and represents the subdiferential of these functions. Note that subdifferential definitions are
equivalent to a projection to the convex set and can be replaced by Lagrange multipliers.

Oliveira et al. (2016) developed a three-dimensional version of the proposed model. Based on that, it is possible to
use similar mathematical model in order to describe torsion behavior by changing the normal stress σ for the shear one
τ , the normal strain ε by the shear one γ and the elastic moduli E by the shear moduli G. The portion related to thermal
expansion (Θ(T −T0)) is neglected because its magnitude order is smaller than the other terms.

The numerical procedure to solve the constitutive equations Eq. (1) to Eq. (5) is based on operator split technique (Ortiz
et al., 1983). Subdiferentials are treated separately from the resolution of the volume fractions differential equations, by
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using the implicit Euler method. If the calculated values do not meet the constraints represented by Fig. 1, orthogonal
projections are performed. For details, please see Paiva and Savi (2006).

SMA helical springs can be described by similar equations that represent force-displacement curves. The essential
hypothesis for this is that phase transformation is homogeneous through the spring wire cross section. See Aguiar et al.
(2010) and Enemark et al. (2016) for details. Thus, SMA force-displacement curve is given by Eq. (6).

FSMA =

(
πd3
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)
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(
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]
(6)

ORIGAMI-BALL

The origami-ball is built using the waterbomb pattern. The origami-ball has large applicability (Martinez, 2012;
Onal et al., 2011) being interesting due to its peculiar characteristic of changing its shape and size. The forthcoming
analysis establishes geometrical relations of the origami-ball that is essentially based on symmetry hypothesis. Under this
assumption, unitary square cells are equal presenting equal deformations (Lee et al., 2013). Besides, origami has rigid
panels and folding occurs only on the creases. Figure 2 presents the origami system composed by the origami base, SMA
actuators (Actuator 1), an elastic passive spring (Actuator 2) and 2 octagonal acrylic plates at the ends.

Figure 2 – Origami structure, with the actuators 1 (SMA element) and 2 (elastic passive spring) and the acrylic
plates.

The unitary cells are squares with size 2l and the acrylic plate has a limited circumference of radii lp. The actuator 1,
which length is L1, is responsible for closing the structure while actuator 2, which half-length is L2, is responsible for the
restoring force. By using the symmetry hypothesis, is possible to describe the structure geometry just by analyzing two
plans: circumferential (XZ) and longitudinal (YZ), represented at Fig. 3(b). The unitary cell, which behavior is assumed
to be equal at all the structure, is represented at Fig. 3(a)

(a) (b)

Figure 3 – (a) Unitary cell of the origami base; (b) Longitudinal (YZ) and circumferential (XZ) plan views.

By performing proper projections on the axes shown in Fig. 3(b), it is possible to obtain geometric relations for the
origami. Equation (7) comes from the unitary cell, being described in the local variables by taking the distance between
the points A and B, once that ‖AB‖=l. Equations (8) and (9) are obtained from plan YZ and Eq. (10) to (13) come from
the circumferential view. Equations (7) to (12) are essentials to define the geometric relation of the origami structure,
while Eq. (13) is an additional relation that is important to describe the dynamical behavior of the system.

cosθ0cosα0 + sinα0 = 1 (7)
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√
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The system composed by Eq. (7) to Eq. (12) is solved analytically, leading to an explicit relation between the actuators’
length L1 and L2, L2 = f (L1), remembering that L2 corresponds to the half-length of the actuator 2. It is assumed that l
= 0.065m and lp = 0.04 m; due to physical restrictions, the structure has boundaries that can be represented by the range
L1 ∈ [0.0555.0.1225]m .

(a) (b) (c)

Figure 4 – Geometric relations of the origami structure and configurations. (a) Relation L2 = f (L1); (b) Radii
variation. P2: Flat circular tube; P0: Initial configuration; P1: Circular tube.

Static and dynamic equations
Equilibrium considerations is now of concern assuming symmetry hypothesis. Based on that, one can obtain the

reaction (E1), on plan XZ, from the application of a force (E2) applied on plan YZ (Fig. 5). By assuming that the force E2
is homogeneously distributed through the structure, it generates a correspondent force E1 on the other plan. The relation
between them is purely geometric, being given by.

E1 = E2
cosα0 +

√
2cosθ0

4cosβ0
(14)

The origami system has a complex behavior with tridimensional movements described by nonlinear relations. Notwith-
standing these movements are coupled allowing a simplification of the general description. The origami base has a mass
8m that is assumed discretely disposed around the circumferential plan in such a way that each mass m is associated with
one SMA actuator L1. Furthermore, each acrylic plate has mass M, associated with L2. Spring displacements are written
as uE = L2−L0

2 (actuator 2) and u = L1−L0
1 (actuator 1), where superscript “0” is related to the reference configuration

(P0). Dynamic balance considers masses m and M. Mass M is treated on longitudinal plan view, Y direction; mass m
is treated on the circumferential plan view, radial direction. A linear viscous dissipation is considered on the equation
and is related to dissiptaions due to the folding process. Moreover, elastic spring force, FE , is given by,Eq. (15), where
L2 = f (L1) presented in Fig. 4 can be rewritten in terms of displacements. External forces can be applied both to the
acrylic plates (mechanical efforts) or the SMA spring conectors (mechanical or termal loads). This paper takes into ac-
count only thermal loads applied on the SMA spring and the mechanical loads applied on the acrylic plates. So, the
equation takes into account the decoposition of the external force on the circumferential plane.

FE =

(
Gd4

6D3N

)
E

f (u) (15)
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(a) (b)

Figure 5 – Free body diagram at longitudinal (a) and circumferential (b) plan views.

Under these assumptions, the following equations of motion are obtained.{
MüE +FE = E2 +F(τ)

mr̈+
√

2FSMA + cu̇ = E1cosπ/8
(16)

where r is the variation of the length R and is given by
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1)

√
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2
2

(17)

By assuming that f̈ = f1(u)ü+ f2(u)u̇2 , it is possible to write:

üE = f1(u)ü+ f2(u)u̇2 (18)

Since forces E1 and E2 are coupled (Eq. (14)), equations of motion can be rewritten as a single degree of freedom
system. Based on that, the dimensionless equation of motion is presented in the sequence. u′ = v

v′ = δ (τ)+γu+(α+αh)(β2−β1)−κ f−mv2 f2h+ξ v

m f1h−
√

2+
√

2/2

(19)

where the following parameters are employed
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Note that these parameters are related to the constitutive model (λ ,α,αh), the stiffness of the passive elastic spring,κ ,
and with geometric assumptions,h. Besides, dimensionless time τ is considered and ()′ = d()/dτ , where ω0 is related to
the natural frequency of a 1DOF SMA oscillator of cross section area ASMA and length L.

ω0 =

√
GMASMA

mL
(21)

Numerical Simulations

This section presents numerical simulations of the origami system considering different operational conditions. Dif-
ferent thermomechanical loads are assumed for this aim. Table 1 presents system parameters employed for all simulations.

Table 1 – System parameters.
α (MPa) αh GA (GPa) GM (GPa) L0 (MPa) L (MPa) LA (MPa)

260 0.048 54 42 0.15 41.5 0.63
LA

0 (MPa) ηC (MPa.s) ηD (MPa.s) ηC
A (MPa.s) ηD

A (MPa.s) m (kg) M (kg)
185 10 27 10 27 0.04 0.12

dSMA (m) DSMA (m) NSMA dE (m) DE (m) NE GE (GPa)
2.0×10−3 4.8×10−3 10 2.0×10−3 20.0×10−3 30 80
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Free vibrations
Initially, free vibration analysis is carried out, exploring the equilibrium point structure and their temperature depen-

dent behavior. This analysis is performed assuming that external forces vanish. Figure. 6 shows phase portraits for a
viscous dissipation ξ = 0.05 and three different temperatures: T = 288K (low temperature where martensite is stable is a
stress-free state); T = 290K (intermediate temperature where both austenite and martensite are stable); T = 310K (high
temperature where austenite is stable in the absence of strain). Note that the system presents five equilibrium points at
low temperature (Fig. 6a). The same occurs for intermediate temperature (Fig. 6b and c). For high temperature, only one
equilibrium point is observed (Fig. 6d). These points are defined from the phase transformations being close related to
the stable phase. Steady state is related to M+, M, and M− for low and intermediate temperatures while high temperature
is associated with phase A. Geometrical nonlinearities alter the general structure of the equilibrium points. It is important
to observe that for the intermediate temperature case M phase is restricted to a small range of phase space.

(a) (b)

(c) (d)

Figure 6 – Phase portraits for different temperatures. (a) T=288K; (b) T=290 K; (c) Zoom at (b); (d) T=310 K.

The influence of thermal loading rate is now of concern. The connection between material temperature and loading
rate was initially identified by Mukherjee et al. (1985) in experimental procedures. This behavior is associated with rate
dependent behavior of SMAs, close related to thermal processes that occur during the phase transformation. In brief, it
is important to highlight that austenite-martensite phase transformation is exothermic, while the reverse transformation
is endothermic. High loading rates alter heat transfer to environment raising the temperature of the alloy (Ozbulut and
Hurlebaus, 2010). The thermomechanical description of the loading rate dependence needs to consider energy equation
including thermomechanical coupling terms. Monteiro Jr. et al. (2007) discussed details about thermomechanical cou-
plings showing that it can be described by a viscous effect on the constitutive model. The constitutive model of Paiva et
al. (2005) employed in this work is able to describe this effect.

Hence, consider a damped system with ξ =0.05, subjected to two different thermal cycles (Fig. 7a): the first (red curve)
considers that the cooling rate is about 25% of the heating rate; the second (green curve), about 12.5%. It is observed
that in the first case, the system stabilizes at M+ (Fig. 7b, e, h). For the second case, the system dissipates more energy,
stabilizing at M phase (Fig. 7c, f, i).

A third case is treated considering the second thermal cycle but changing the dissipation coefficient for ξ = 0.01.
Under this new condition, the system stabilizes in a different point (Fig. 7d). The reduction of the dissipation causes a
situation where the system dissipates less energy for the same period of time and the same thermal cycle. Thus, after
cooling, origami has energy greater than that contained in the M stability region, leading to accomplish the complete
transformation and stabilize at M+ (Fig. 7g, j). This is associated with the open configuration of the origami. By raising
the dissipation or cooling rate, it is possible to maintain the origami-ball semi-opened.
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(a)

(b) (c) (d)

(e) (f) (g)

(h) (i) (j)

Figure 7 – System stabilization for different rates and dumping coefficients. (a) Thermal load. (b) to (d) Phase
portraits. (e) to (g) Springs displacements on time. (h) to (j) Volumetric fractions evolution.

Mechanical loads - Forced vibration
Forced vibration analysis is now carried out, exploring the sensitivity of the system to different mechanical loads, and

its temperature dependence. The analysis considers two different excitations: square wave (Eq. (24)) and sawtooth wave
(Eq. (25)), as its expansions as Fourier series. All these forces have period p and amplitude δ . All excitations are applied
trying to close the origami structure, hence they are presented as negative forces.

F(τ) =
δ
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− 2δ

π
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∑
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2(2n−1)πτ
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(22)
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Figure 8 shows the Poincaré sections for sawtooth wave (Fig. 8a), with δ=10−5,p=20 and T =288 K, and square wave
(Fig. 8d), with δ=10−5, p=10 and T =290 K. Poincaré sections (Fig. 8b and e) show a strange attractor like structure
related to a chaotic response. By heating the SMA, system behavior changes from chaotic-like to a period-2 response
(Fig. 8c) in a sawtooth wave external force system, and to a period-4 response (Fig. 8f), in a square wave external force
system.

(a) (b) (c)

(d) (e) (f)

Figure 8 – Origami-ball response to mechanical loads. (a) Sawtooth wave. (b) Poincaré section for chaotic-like
response. (c) State subspace and Poincaré section for period-2 response for T=290 K. (d) Square wave. (e)

Poincaré section for chaotic-like response. (f) State subspace and Poincaré section for period-4 response for
T=292 K.

CONCLUDING REMARKS

This paper proposes a single-degree of freedom oscillator to represent the complex nonlinear behavior of the SMA
origami-ball system. SMA themomechanical behavior is described by a constitutive model with internal constraints.
Numerical simulations explore free and forced vibrations. Free vibration analysis explores the equilibrium point structure
and its temperature dependent behavior. Rate dependent behavior can provide different responses and final configurations
for distinct loading rates. Thermal loads can promote the opening or the shutdown of the system, depending on the
heating/cooling rate and the system dissipation. Force vibration analysis considers different types of periodic excitations.
Complex behavior is expected and special attention is dedicated to chaos. It is observed that the SMA heating can change
the structure behavior from a chaotic-like response to a periodic motion.
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