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Abstract: In this study, it is investigated theoretically and experimentally the forced response of elastic waves 

propagating in a 1D phononic crystal (PC) beam and its band structure. The PC beam unit cell is composed by steel 

and polyethylene. The study is performed by using six methods, the finite element (FE), spectral element (SE), wave 

finite element (WFE), wave spectral element (WSE), conventional plane wave expansion (CPWE) and improved 

plane wave expansion (IPWE). Simulated examples of 1D PC beam, considering unit cells of different sizes, with 

Bragg-type gaps, are calculated. The forced response results are presented in the form of displacement, 

transmittance and receptance, and the elastic band structure is investigated using its real and imaginary 

(attenuation) parts. The numerical results of all methods are in a good agreement, except by the limitation of WFE 

and FE methods in high frequencies. It is also studied the polyethylene quantity influence on the attenuation 

constant. Depending on the application, choosing the polyethylene quantity correctly is not simple, because it is 

related to the unit cell size and in which frequency the band gap start. An experiment of a 1D PC beam is proposed 

and the numerical results can localize the band gap position and width close to the experimental results. A small 

Bragg-type gap with low attenuation is observed between 405 Hz – 720 Hz. The 1D PC beam with unit cells of steel 

and polyethylene presents potential application for vibration control. 

Keywords: 1D phononic crystal beam, flexural vibration, band gaps, vibration control. 

 

 

INTRODUCTION 

Artificial periodic composites known as phononic crystals (PCs), consisting of a periodic array of scatterers 

embedded in a host medium, have been quite studied (SIGALAS and ECONOMOU, 1994; KUSHWAHA et al., 1994; 

PENNEC et al., 2010; HUANG and SHI, 2013; YU et al. 2013; ANJOS and ARANTES, 2015; MIRANDA JÚNIOR 

and DOS SANTOS, 2015; MIRANDA JÚNIOR and DOS SANTOS, 2016a; MIRANDA JÚNIOR and DOS SANTOS, 

2016b). PCs have received renewed attention because they exhibit complete band gaps where mechanical (elastic or 

acoustic) wave propagation is forbidden. The physical origin of phononic and photonic band gaps can be understood at 

micro-scale using the classical wave theory to describe the Bragg and Mie resonances, respectively, based on the 

scattering of mechanical and electromagnetic waves propagating within the crystal (OLSSON III and EL-KADY I, 

2009). 

PCs can be applied in many situations, such as vibration isolation technology (JENSEN, 2003; WANG et al. 2005; 

CASADEI et al., 2012; MIRANDA JÚNIOR and DOS SANTOS, 2016c; MIRANDA JÚNIOR and DOS SANTOS, 

2016d), acoustic barriers/filters (HO et al., 2003; QIU et al., 2005; YANG et al., 2010), noise suppression devices 

(CASADEI et al. 2010; XIAO et al. 2012) and surface acoustic devices (BENCHABANE et al., 2006).  

Most of the studies concerning PCs focused on investigation of bulk mechanical waves (SIGALAS and 

ECONOMOU, 1994; KUSHWAHA et al., 1994; PENNEC et al., 2010; HUANG and SHI, 2013; YU et al., 2013; 

ANJOS and ARANTES, 2015; MIRANDA JÚNIOR and DOS SANTOS, 2016a) and its results have shown that the 

band gaps may appear because of the contrast between the physical properties, for instance elastic modulus and density 

of the inclusions and matrix. Other important properties that influence the band gap width are the inclusion geometry, 

inclusion shape, filling fraction and PC lattice. The band gaps may also be affected by the physical nature of PC, which 

can be: solid/solid (YU et al., 2013; ANJOS and ARANTES, 2015; MIRANDA JÚNIOR and DOS SANTOS, 2016a), 

fluid/fluid (KUSHWAHA and HALEVI, 1996) and mixed solid/fluid PCs (KUSHWAHA, 1997).  

Only few studies have focused on 1D PC (WEN et al., 2005; JIAN-YU et al., 2009; WU et al., 2009; NI et al., 

2012, ZHANG et al., 2012; ZHANG et al., 2013; NI et al., 2014; MIRANDA JÚNIOR and DOS SANTOS, 2015) and 

all of them considered solid/solid PC. However, only Miranda Júnior and Dos Santos (2015) began to study the 

influence of the polymer quantity variation, inside the PC beam unit cell, on the attenuation constant. 

In this context, the main purpose of this study is to investigate the Bragg band gap formation, band structure, also 
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known as dispersion relation, and attenuation constant of a 1D PC beam using the finite element (FE), spectral element 

(SE), wave finite element (WFE), wave spectral element (WSE), conventional plane wave expansion method (CPWE) 

and improved plane wave expansion (IPWE) methods. 

THE MODEL AND METHOD 

Figure 1 sketches a PC beam with a periodic array of unit cells containing two different materials, i.e. steel (blue) 

and polyethylene (white).  

 
 
 

 

Figure 1 – (a) Schematic representation of PC beam with   unit cells of steel (blue) and polyethylene (white). (b) 
PC beam unit cell. 

 

The PC beam lattice parameter is  . Each unit cell is composed by 2/3 of aluminum and 1/3 of polyethylene. It is 

important to mention that it is used the Euler-Bernoulli (EB) beam theory. It is not show in details the mathematical 

formulation of the methods described above because of the pages limitation, however, references are cited. 

SE and FE methods 

The EB beam mathematical formulation using SE and FE methods can be found in Doyle (1997) and Petyt (2010), 

respectively. The dynamic stiffness matrices using SE and FE methods can also been found in Miranda Júnior and Dos 

Santos (2016d). Each unit cell is discretized in three spectral elements using the SE method, i.e. each part of unit cell, 

Fig. 1 (b), corresponds to a one spectral element. However, for the FE method, each part of the unit cell is discretized, 

Fig. 1 (b), in two finite elements. Thus, the global dynamic stiffness matrix can be obtained by the assembly of the 

dynamic stiffness matrices of the EB beam elements modeled by SE and FE methods. 

WSE and WFE methods 

The mathematical formulation of WSE and WFE methods is found in Miranda Júnior and Dos Santos (2016d) and 

Mencik (2010), respectively. The main difference between WSE and WFE method is the dynamic stiffness matrix used, 

i.e. the dynamic stiffness matrix can be derived from the SE and FE methods, respectively. The main advantage of WSE 

and WFE methods in relation to the SE and FE methods is the possibility of invoking the Floquet-Bloch’s theorem 

(FLOQUET, 1883; BLOCH, 1928). 

CPWE and IPWE methods 

The CPWE method, also known as      method, is an analytical method to predict the band structure. The CPWE 

method presents a slow convergence, mainly for systems with a large properties mismatch. To solve this convergence 

problem, it is used the IPWE method. Cao et al. (2004) proposed the IPWE method and showed that this method 

provides much more accurate numerical results than the CPWE. The mathematical formulation of the IPWE can be 

found in Li (1996) and Cao et al. (2004). The IPWE method application for an EB beam can be found in Wen et al. 

(2005) and Ni et al. (2012). 

RESULTS AND DISCUSSION 

Numerical validation 

The EB PC beam parameters and material properties are summarized in Table 1, where the subscripts A and B refer 

to steel and polyethylene, respectively.  
Table 1 – Beam geometric parameters and material properties. 

Geometry/Property Value 

Unit cell length                  
 

 
  0.0424 m 

Beam length (WSE, WFE, FE and SE methods)     0.424 m 

Beam length (CPWE and IPWE methods)       

Number of unit cells (WSE, WFE, FE and SE methods) 

    

10 

Circular cross section area                   2.8055 x 10
-4

 m
2
 

Young’s modulus (      ) 21 x 10
10

 Pa, 0.72 x 10
9
 Pa 

Mass density (     ) 7800 kg/m
3
, 935 kg/m

3
 

Loss factor (     ) 0.0013, 0.01 

Second moment of area (         6.2635 x 10
-9

 m
4
 

𝑎 

… 

𝑎 3 𝑎 3 

(a) (b) 
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Note that the hysteretic damping’s,   ,   , also known as loss factors, are included as a complex Young’s modulus, 

            ,             .  
The forced response of the PC beam is analyzed considering a free-free boundary condition and an excitation force 

as a cosine-shaped pulse only on the left side of the beam. Figure 2 shows the PC beam displacement of left (first node) 

and right (last node) sides.  

 

 
Figure 2 – PC beam displacement of the left (a) side, first node, and right (b) side, last node, calculated by WSE, 

WFE, FE and SE methods. 

 

As can be seen in Fig. 2 some regions where the resonances do not appear, however, it is difficult to localize exactly 

the band gaps. To overcome this limitation, it is plotted in Fig. 4 the transmittance, defined as the division between the 

displacements of the last and first nodes, and the frequency response function (FRF) in Fig. 3(a-b). For the FRF, it is 

chosen the receptance, i.e. the division between the displacement of the first or the last nodes, and the force, which 

gives     or    , respectively, also known as point receptance and transfer receptance. 

 

 
Figure 3 – Point receptance (a) and transfer receptance (b) of the PC beam calculated by the WSE, WFE, FE and SE 

methods showing the band gap. 

 

From Figs. 3-4, it can be seen that the band gap is created between 2780 Hz and 5798 Hz. This band gap is known 

as a Bragg-type gap, because the mechanism involved is the Bragg scattering. Thus, the frequency location is governed 

by the Bragg condition,       ⁄          3 …  , where   is the wavelength of waves in the host material. The 

Bragg condition implies that it is difficult to achieve a low frequency Bragg-type gap in PCs with small size. 

In Fig. 5 (a), it is compared the transmittance for different lattice parameters calculated by WSE method until 10240 

Hz. It is considered                          3, which results in          , for the fixed beam length in 

Table 1. It is chosen the WSE method to compare because it is an analytical method. For the first case,        , 

   , it can be observed four wide Bragg-type gaps, that is to say, 122.5 Hz – 456.9 Hz, 626.3 Hz – 2884 Hz, 3174 Hz 

– 4439 Hz and 4439 Hz – 7961 Hz. For the other cases,                    3,        , it can just be seen 

completely the first Bragg-type gap between 456.9 Hz – 1204 Hz , 1008 Hz – 2325 Hz and 1782 Hz – 3849, 

respectively. Thus, increasing the length of the unit cell, the gap will occur in low frequencies, as expected. 

(a) (b) 

(a) (b) 
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Figure 4 – Transmittance of the PC beam calculated by the WSE, WFE, FE and SE methods showing the band gap. 

 

 
Figure 5 – Transmittance of the PC beam calculated by the WSE method for                           , 

          (a) and the transmittance calculated by the WSE, WFE, FE and SE methods for        ,     (b). 

 

In Fig. 5 (b) it is shown the transmittance for        ,    , calculated by WSE, WFE, FE and SE methods, and 

it can be seen that the WFE and FE methods do not converge with WSE and SE methods in high frequencies. This 

happens because the discretization of the unit cell (two finite elements for each part of the unit cell, as explained before) 

is not enough in higher frequencies. 

Figure 6 illustrates the real part of the elastic band structure, considering the data in Table 1. Figure 6 (a) shows the 

real part of the reduced Bloch wave vector,    ⁄ , also known as wavenumber, using WSE, WFE and IPWE methods 

and Fig. 6 (b) shows the imaginary part of the reduced Bloch wave vector using WSE and WFE methods. 

 

 
Figure 6 – Elastic band structure of the PC beam considering the data in Table 1. The real part of the reduced Bloch wave 
vector (a) calculated by WSE, WFE and IPWE methods and the imaginary part of reduced Bloch wave vector calculated by 

WSE and WFE methods. 

 

In IPWE and CPWE calculations in this paper, it is considered 101 plane waves in the Fourier series expansion and 

it is only shown the irreducible Brillouin zone (IBZ) (BRILLOUIN, 1946), [    ⁄ ], in Fig. 6. Figure 7 shows the 

comparison between the IPWE and CPWE methods inside the first Brillouin zone, i.e. [   ⁄    ⁄ ]. 

(a) (b) 

(a) (b) 
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Figure 7 – The real part of the reduced Bloch wave vector calculated by IPWE and CPWE methods. 

 

In Fig. 7, only the first 10 bands are illustrated. The convergence between IPWE and CPWE do not occur only for 

the high bands, even considering a high number of planes waves. 

In order to demosntrated the convergence between WSE and IPWE methods for other values of  , we plot, Fig. 8 

(a), the real part of the elastic band structure for                          3       ,             . Note 

that the curves related to each lattice parameter are not identified, but it can be seen the convergence. However, in Fig. 8 

(b), this comparison is done and its behavior is the same discussed in Fig. 5 (a). The WSE method is used to calculate 

the imaginary part of the Bloch wave vector. 

 

 
Figure 8 – Elastic band structure of the PC beam considering                                   ,   

          . The real part of the reduced Bloch wave vector (a) calculated by WSE and IPWE methods and the imaginary 
part of reduced Bloch wave vector calculated by WSE method (b). 

 

From Fig.8 (b), it can be seen that the attenuation performance of the Bragg-type gaps is better for      , because 

the existence of more gaps in low frequencies. However, the unit cell size is the limitation. The attenuation constant, 

defined by       , is an important information that can be analyzed from the imaginary part of the Bloch wave 

vector, Fig. 8 (b), because they are related as             .  

Figure 9 (a-e) shows the influence of the polyethylene quantity (5% to 95%) in the unit cell for               
           3       ,             , respectively. It is important to mention that until Fig. 8, it is only considered 

1/3 (33,33%) of polyethylene, as described in Table 1. The polyethylene influence in the attenuation performance is 

complex and varies with the number of unit cells, i.e. with the lattice parameter, because the beam length is fixed in 

0.424 m. 

No attenuation is observed for         ,      until 2500 Hz - Fig. 9 (e),        3,     until 1612 Hz - 

Fig. 9 (d),              until 874 Hz - Fig. 9 (c),         ,     until 406 Hz - Fig. 9 (b), and        , 

    until 98 Hz - Fig. 9 (a), independently of the polyethylene quantity. Thus, depending on the application, 

choosing the polyethylene quantity correctly it is not an easy task, because it is related to the unit cell length and in 

which frequency the band gap start.  

In Fig. 9 (b-e), there are some regions which present higher attenuation, i.e. between 40% - 80%, 50% - 60%, 60% - 

80% and 5% - 30% of polyethyelene, for                    3       ,           , respectively. In Fig. 9 

(a) (b) 
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(a), it is difficult to identify where is the best attenuation region, because the existence of many band gaps, but below 

20% of polyethyelene is the worst attenuation region. 

 

 

 

 
Figure 9 – Attenuation constant surface x-y view of the PC beam considering 

                                  ,             , (a-e), respectively, calculated by WSE method. 

Experimental validation 

A real PC beam is used to perform an experimental test. The PC beam is similar to the model proposed in Fig. 1 in a 

free-free boundary condition, however, the          m and       3   m, with                m. The 

properties are the same described in Table 1, with    . The measurement instruments used in the experimental setup 

are summarized in Table 2. Figure 10 shows the experimental setup with the details of the impact hammer and 

accelerometers positions. By using an impact force excitation applied to the right and left ends of the PC beam, 

acceleration measurements are taken on the left end of the PC beam.  

 
Table 2 – Measurement instruments. 

Instrument Manufacture and model Sensitivity Measure range 

Impulse Hammer PCB 86E80 22.5 mV/N 222.0 N (peak) 

Accelerometer KISTLER 8614A500M1 3.46 mV/g (± 5%) 0-12.5 kHz 

Data Acquisition LMS SCR05 - - 

(a) 
(b) 

(c) (d) 

(e) 
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However, it is chosen to plot the displacement, that is   
  

   , where   is the displacement,    is the acceleration 

measured and   is the angular frequency. Inertance point and transfer FRFs are measured with 5 averages, with the 

frequency discretization of 0.625 Hz.  

 

 
Figure 10 – Experimental setup of the PC beam. 

 

 
Figure 11 – PC beam displacement of the right (a) side, transmittance (b), point receptance (c) and transfer 

receptance (d) calculated by the WSE, WFE, FE, SE methods and measured experimentally (EXP). 

(a) (b) 

(c) (d) 
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Figure 11 (a-d) illustrates the displacement of the last beam node (right side), the transmittance, the FRFs     and 

   , respectively. The numerical results present good agreement, however, that the FE and WFE methods do not 

converge in higher frequencies with the analytical methods, as discussed before. Furthermore, there is some mismatch 

related to the experimental FRFs.  

The numerical band gap widths do not converge exactly with the experimental band gaps width, as expected, 

because the numerical model considered may not capture all the real aspects of the PC beam, such as the material used 

to glue the polymer and metal, the material properties may not be exactly the same of Table 1, and others. In addition, it 

is used a simple EB beam theory, possibly considering higher theories, such as Timoshenko beam theory 

(TIMOSHENKO, 1921), the results may be improved in higher frequencies.  

Figure 12 shows the elastic band structure of the real PC beam, Fig. 10, with the Bragg-type gaps. The band gaps 

width observed in Fig. 11 can be confirmed in Fig. 12. Furthermore, it may be observed in Fig. 12 a small gap between 

405 Hz – 720 Hz with low attenuation. 

 

 
Figure 12 – Elastic band structure of the PC beam. The real part of the reduced Bloch wave vector (a) calculated by WSE, 

WFE and IPWE methods and the imaginary part of reduced Bloch wave vector calculated by WSE and WFE methods. 

CONCLUSIONS 

The forced response and the elastic band structure of a 1D PC beam are obtained. The forced response is obtained by 

the WFE, WSE, FE and SE methods and a good agreement is observed, instead of in high frequencies, where WFE and 

FE do not converge with the spectral analytical methods. The real part of the elastic band structure is calculated by the 

WFE, WSE and IPWE methods and it is shown a good convergence between them. The CPWE presents some 

disadvantages compared to the IPWE for the higher bands.  

The influence of the unit cell size is also studied and for longer unit cells, that is the beam is composed by few unit 

cells, Bragg-type gaps are created in low frequencies. The polyethylene quantity into the unit cell is an important 

variable and its influence in the attenuation constant depends of the unit cell length. In some ranges of frequency, 

considering fixed unit cell lengths, no attenuation is observed independently of the polyethylene quantity and there are 

regions that present higher attenuation. 

The numerical results presented illustrate a good agreement with the experimental results and they can localize the 

band gap position and width very close to the experimental. A small Bragg-type gap with low attenuation is observed 

between 405 Hz – 720 Hz. The 1D PC beam with unit cells of steel and polyethylene presents potential application for 

vibration management. 
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