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Abstract. Periodic structures made of identical patterns (phononic crystals - PCs), with the purpose of obtaining certain
desired phenomena known as band gaps, have gained great interest in modern engineering. Although the efficiency of
PC structures has been analyzed in several experimental ways, an explanation of the influence of pattern topology on
wave propagation properties is still lacking. This work focuses on analyzing the propagation of waves along a periodic
structure of the origami type. In this model, longitudinal and flexural movements are incorporated. The elements are
connected at a certain angle to form two sides of a triangular geometry. A parametric analysis is proposed to analyze the
influence of the coupling angle, as well as the length of the frame elements. The dispersion curves of the wave propagation
modes of the structure were also investigated.
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1. INTRODUCTION

Study of wave propagation on periodic structures started in mid-70 with the researches of Mead| (1970} [1973)) and
have gained much attention ever since. This area of research has several applications such as vibration and noise control,
health monitoring and so on. Phononic Crystals (PC) are structural systems that exhibits a degree of spatial periodicity,
in this type of material a cell is defined and then repeated periodically, in order to display some specific desired behavior
(Hussein et all [2014). This type can also be defined as artificially periodic composite materials that are based on a
difference between the receptance of their constituent materials in order to generate bandgaps Nanda and Karamil (2018)).
This phenomenon is observed in some frequency ranges where no sounds or vibrations are allowed to propagate. In order
to achieve this, one needs to model a cell as an elastic structure that changes material or cross-section area along its length,
then apply periodicity condition.

In terms of analysis, the Floquet-Bloch’s theorem can be used to obtain a transfer matrix eigenproblem, which the
solution provides attenuation and wave-modes. This method has been applied in various types of spectral elements (SE)
models, simple ones such as rods and beams ((Nobrega ef al.| |2016; |Goto et al.,|2020)), and more complex ones such as
plates and shells (Miranda ef al.l 2019, 2020; |Pereira and Santos, 2021), including different material properties or even
shunt piezoelectric structures, couplings, and mediums (Silva et al., 2013 |Chen et al.l [2020). In P B Silva et al.| (2011)
analytical spectral element for periodic rods is applied to observe the effect of wave propagation in the audio frequency
range. The existence of band gaps in the dynamic responses is demonstrated and an experimental test is performed to
validate the numerical results. In Xiao et al|(2012), metamaterial based elastic rods containing periodically attached
multi-degree-of-freedom spring-mass resonators are investigated. A methodology based on a combination of the spectral
element method and the Bloch theorem is developed, yielding an explicit formulation for the complex band structure
calculation which is called Wave Spectral Element (WSE) method. Investigation on band gaps grew up in recent years,
and researchers started to apply this methods for various configurations. In Xiao ef al|(2013), vibration band gaps in a
phononic crystal (PC) Euler-Bernoulli beam on a foundation model is investigated theoretically using the combination of
transfer matrix (TM) method and Bloch theorem .

Due to its building characteristics, deployable (Nanda and Karami, 2018) and origami like structures provides an
interesting field for designing configurations that meets particular needs (Lv et all 2014), among them tuning specific
frequency ranges for band gaps by controlling certain geometric parameters.

In this paper we proposed to analyze wave propagation in a structure generated by coupling waveguides which alternate
spacial orientation to form a PC frame. Figure[I]shows a PC frame scheme with n cells.
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Figure 1. Schematic representation of a origami-like structure. This frame is built through the combination of "n" trian-
gular cells.

2. ORIGAMI-LIKE STRUCTURE
2.1 Dynamic stiffness matrix

Figure[2]shows a representative origami cell (ROC) isolated from the complete periodic plane structure of the example
in Figure[I] The ROC consists of two connected members of length L and rotation angle 6.

Figure 2. Cell with only one material type organized in a triangular shape.

The structure members in ROC were represented by the rod and beam models. Assuming that the structural members
in the ROC shown in Figure 2] are all clamped at the joints, we will represent them using frame models, which take the
longitudinal and flexural vibrations simultaneously. The spectral element model for the axial-bending beam model can be
obtained by combining the rod and beam spectral element, given by the following equations.

Dynamic equilibrium equation for a ROC can be written as

S;u=F, (1)

where S is the spectral dynamic stiffness matrix of a frame that is composed by a junction of the rod (.5,.) and beam (.Sp)
matrices. Dynamic stiffness matrix for a rod is given by (Lee, [2009):

_ AFEk: [cos(Lky) -1
Sr(w) - sin(L kr) |: -1 COS(L kr) ) (2)
and
kelw) = /27 )
OV E

where k, is the wave number of a rod, A, E and L are the cross-section area, Young’s modulus and length of a structural
member, respectively. The matrix for a beam is given by (Leel 2009):

Spi1 Spiz Seiz Spia
ET |Sp2 Swkaz Seez  Spoa
Sp(w) = - 4
b(w) L3 |Spbis Swas Sksz Spzal|’ X
Spia Sp2a  Spza Spaa
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with
Sp11 = Spzz =4y Ld(cos( ) sinh (I:) + sn_l( ) cosh(L L)) ~
Spea = Spaa =y L?’_kb (—cos(L) sinh(L) + sin(L) cosh(L))
Spiz = —Spza= A L3 k;l(sin_(L) sinh(L))
Sb13 = —Ab L3 (Sln(L) + Sth(L))
Spa = —Spaz = A, L3 k_ (- COS( )+ COSh(i))
Spes = Ay L3k, ?(— sin( L) + sinh(L)
é = 1—cosl%coshf4
L = ky L
and
A
ki (w) \F(;I> . )

The dynamic stiffness matrix of the structure members ROC for the axial-bending beam model can be obtained by
combining the rod and beam spectral element given by Eq. (I)), where

u:[ul wy ¢1 uz wr ¢2]T7 ©)

F=[Ni Vi Mi No Vo My (7)

and

Sr11 0 0 Sr12 0 0

0 Seir Spiz 0 Swiz Spa

0 Skar Sp2 0 Spaz Spau )
Sr21 0 0 57-22 0 0 ’

0  Sear Spz2 0 Spzz Spaa

0 Skar Spz2 0 Sz Spas

where the subscripts r and b denote the components of the spectral element matrices for the rod element and Bernoulli—Euler
beam element, u is the spectral nodal degrees-of-freedom vector, and F is the spectral nodal generalized forces vector.
The w;, w; and ¢; (i = 1,2) are the spectral components of the nodal axial and transverse displacements, and rotations.
The N;, V; and M; (i = 1,2) are the spectral components of the nodal internal axial, transverse shear forces, and bending
moments, respectively. The spectral nodal degrees-of-freedom u in the local coordinates can be related to the spectral
nodal degrees-of-freedom ug in the global coordinates through,

cos(f) —sin(d) 0 0 0 0
sin(f) cos(d) O 0 0 0
0 0 1 0 0 0
V= 0 0 0 cos(f) —sin(f) 0]’ ©)
0 0 0 sin(d) cos(d) O
0 0 0 0 0 1

where W is the local-to-global coordinate transformation matrix and 6 is the rotation angle of the local coordinates mea-
sured counterclockwise. The dynamic stiffness matrix of the structure members ROC (S), can be obtained in global
coordinates as follows:

S=wTSs;w. (10)
Spectral element using transfer method

WSE method uses the concept of transfer matrix methods to compute the wave modes along periodic structures. The
PC structure are assumed to be 1D periodic coupling waveguides (beams) in the sense that they are composed of identical
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substructures - which are made with two alternate directions. By considering the wave modes, the frequency forced
response of periodic structures can be computed in an efficient way.

Equation (I)) can be partitioned in terms of left (L) and right (R) boundaries to obtain the WSE transfer matrix formu-
lation as:

{ Ug }: [ _SLTRlsLLl _Sﬁl . ]{ u } (11)
—Fy Sk — SerSip Stz —SreSiy F. |
—_—— ——

ar T ar

where q; = {w; Fi}T with ¢ = L, R are the state-space vectors, T is the WSE transfer matrix of a cell (Figure .
Wave spectral element method

Consider a one-dimensional periodic homogeneous structure or a phononic crystal (Figure [2), where each periodic
substructure or unit-cell is coupled to its neighbors on each boundary by a displacement vector u, and a force vector F.
The transfer matrix solution can be formulated in terms of left-hand (L) and right-hand boundary (R) of a cell by:

ar = Tqr (12)

where qg = {ug Fg}7 is the state-space vectors at the boundary B = L, R, and T is the [2n x 2n] transfer matrix with
n as the number of degrees of freedom (DOFs) in the left or right boundary of the considered unit-cell.
By applying displacement condition and force balance for consecutive cells m — 1 and m it has,

{uL(m) — uR(m_l)

(m) _ (m—1)
or = . 13
FL(m) _ *Fa(mil) qu qr (13)

Substituting Eq.(I3) in the Eq.(I2) produces,

o™ = ™D, (14
For a infinite number of unit-cells the Bloch-Floquet’s theorem (Mead, [1970) can be applied to obtain,

a" = etg Y (15)
where 1 = —ikpL, is the attenuation constant, kp is the Bloch wavenumber, L. is the unit-cell length and i is the
imaginary number. Substituting Eq. in the Eq. and disregarding the unit-cell index (m), it has,

Tq = etq (16)

which is the Bloch wave eigenproblem, that can be rewritten as:

To; = Bid;, a7

where 3; = e is the j — th eigenvalue that produces the Bloch wavenumber k5, and ¢; is the corresponding eigenvector
that represents the Bloch wave mode shape. These solutions can be refereed as f3;, ¢; and it means that Bloch wave
modes propagates along the whole structure. Since structural systems produce symplectic transfer matrices there are n
right-propagating (incident) wave modes (/3;, ¢;) where |3;| < 1 and n left-propagating (reflected) wave modes (3, ¢7)
where 57 =1 /5;. It must also be noted that each eigenvector ¢; can be written as a function of the wave displacement
and wave force components as ¢; = {¢.; ¢r, 1T Then, the wave basis can be expressed in matrix form as:

®, @

where ®,,, P, @:, and ®7., are [n x n] wave modes matrices where superscripts without and with asterisk (x) refer
to as positive and negative wave-going, respectively. While the subscripts u and F' refer to as displacement and force
components, respectively. The 3 = diag(8;) and B8* = 3 ~! are the eigenvalue matrices of incident and reflected modes,
respectively.

However, the WSE transfer matrix T for large structures can produce an eigenproblem with numerical difficulties
Waki et al.| (2009), which needs to be recast into one better-conditioned. For this case, the space-state vector in the Eq.
(TT) can be rewritten as a displacement vector alone by (Zhong and Williams| [I995)) and the transfer matrix conditioning
can be improved as:

In 0 ur, 0 In ur
. = 1
i [ =S —Sme ] { Ugr } { Sk Sk ] { Ugr } (19)
— ——— e e—— N — —
L W N W

where w; are the eigenvectors associated to the cell. It can also be shown that the eigenvectors of Eq. (17) are ¢; = Lw.
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2.1.1 Wave mode expansion

Consider a periodic structure or a phononic crystal composed by /V unit-cells, then the number of interfaces are N + 1.
The displacement and forces of a unit-cell m are expanded in a wave basis that results in:

ul™ = &,Q™ + @ZQ*(m),

LR — Q0 4 &5.Q M), (20)

where Q™ and Q*(") are the wave amplitude at the m — th cell interface and 4 F indicates the force orientation.
It can be shown that the spatial distribution of the wave amplitude is given by [Mencik|(2010):

Q(m = gm=H QM)
Q*(m) = grim=1-N)qg=(1) 2D

withm = 1,..., N + 1. Replacing the Equation (ZI)) into Equation (20) and considering that 3* = 1/03, it has:

u(WL) — (I)U,B(m_l)Q 4 ¢Zﬁ(N+1_m)Q*,

22

The wave amplitude Q and Q* can be determined considering the boundary condition. Considering N cells and
applying Neumann and Dirichlet boundary conditions, left (m = 1) and right (m = N + 1) ends are respectively
submitted to forces and displacements in the Eq. to obtain:

®rQ+®;87Q = -F) = —F

2
,67Q + 8;Q" = u¥D) = u,, @)

which can be written in matrix form and rearranged to obtain the wave amplitudes as:
N -1
Q| _[ @& " —Fo 24)
Q $,8" @ i

I1l-conditioning of the matrix to be inverted in Eq. (24) is likely to occur. An alternative solution is multiplying Eq.([24)
by the vector [®," ®* 1T to obtain:

Q I 19580 17 [ —®:'F,
Q [ | o 'e,8Y I @y (25)

By knowing the wave amplitudes the forced response of a structure composed of N identical unit-cells can be obtained.

3. NUMERICAL RESULTS

In this section, the waveguides frame are coupled in triangular form with § = 0, /12 and 7 /4. The forced response
is calculated using SEM, SEM with TM and WSEM. Material properties used for this simulation are: Fgee = 210 GPa,
Psteel = 1300 kg/mg, v = 0.3, 7 = 0.01. Member dimensions are: length (L = 0.05 m), height (h = 0.01 m), and width
(b = 0.005 m). The results are computed for a structure formed by six cells with free-free boundary conditions. It was
excited at the free end with a unitary force in ”y” direction.

In the first result it was obtained the dispersion diagram of a cell (Fig. [2) as can be seen in the Fig. 3| from of WSEM.
Curves are the real (blue) and imaginary (red) parts of the wavenumber. In this figure is shown the results for three
configurations of this cell, where the difference between them is the coupling angle 6. Plot in Fig. [J.(a) shows results for
a cell with § = 0, whereas for the Fig. B.(b) the cell has # = 7/12, and in Fig. B.(c), cell has § = w/4. It is possible
to observe something like a band gap at frequencies around 1 kHz for § = /12 and 7/4 in highlight area in the Fig.
Furthermore, this likely attenuation effect increases as the angle 6 approaches 7 /2. However, the behavior is slightly
different from what normally occurs in Bragg scatterings known until then. In this case, the attenuation did not occur at
Bragg limits. It seems that the modes have not stopped propagating, however, part of these two modes (longitudinal and
flexural) became evanescent.

In Fig. [Z_f] is shown two attenuation curves (Xiao et al.|(2012); Nobrega et al.|(2016)) for which the band frequencies
coincide with the evancescents waves presented in the highlighted area in Fig. [3] It is possible see that the attenuation
increase as 6 rise (Fig[Ja) and[{b)). Even more, another gap started to open close to 3kHz as expected in a typical Bragg
scattering.

To confirm the existence of this band gap due to the Bragg scattering, the forced responses of the structure for the three
cases (8 = 0,0 = w/12 and 0 = 7/4) were calculated, as can be seen in Fig. [5| The curves shown in the figure follow
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Figure 3. The real (blue) and and imaginary (red) parts of the dispersion diagram of the cell frame with § = 0, 7/12 and
m /4. The black straight-line is the Bragg limit. The highlight area represent the band gap width and position.
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Figure 4. Attenuation of the cell with § = /12 and 7 /4. The highlight area represent the band gap width and position.

the same pattern as the previous ones (Fig. [3). Another observation that can be made is about the band gap shape in Fig.
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B} Normally, they have the same format of the evanescent wave (like a semi-elliptical curve) for PC structures. However,
in this case, they appear with some anti-resonances that only occur when there are propagating and evanescent waves in
the same band frequency of the band gaps.

Finally, SEM, SEM TM and WSEM were used to validate the results. As can be seen, they agree well in all band

frequencies, except for the SEM TM where the results start to approach the singularity and the curve starts to present
inconsistent results.
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Figure 5. Displacement in the opposite edge of the excitation. This frame have the same material and § = 0, 7/12 and
7 /4. The highlight area represent the band gap width and position.

4. CONCLUSION

This work presented an analysis of a origami-like structure that was formed of repeating triangular cells. Results
obtained for three different angles of members coupling using SEM, and WSEM, successfully identified band gaps fre-
quencies, which ranges increased for bigger coupling angles. Also, dispersion diagrams and attenuation results shown
agreement for the identification of band gaps frequency ranges.
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