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Abstract: This research presents an analysis about elastic metamaterials with unevenly tuned locally resonant systems, 

in an effort to promote vibration attenuation with no addition of extra mass to the host structure. For this purpose, the 

equations of motion for a five-resonator metamaterial beam under harmonic base excitation were solved in frequency 

domain for a range of excitation frequencies. Transmissibility plots were obtained so that a number of different case 

studies could be compared with a reference case (uniform configuration). The most attractive case studies show that 

when certain resonators (identified here as #3 and #5) have their masses decreased by 30% the bandgap bandwidth 
increases by 21.95%. Moreover, when an expressive mass reduction of 41% in resonator #4 was also considered, the 

bandgap increased by 35%. Additional modifications on the resonators #1 and #2 promoted improvements of 85.45% 

on the bandgap bandwidth when their target frequencies have been decreased by 36% and 19%, respectively (achieved 

by decreasing the corresponding spring stiffness). Therefore, we may conclude that carefully tuned non-uniform 

resonators can significantly improve the model response (in terms of bandgap bandwidth) and reduce the mass added 

by the resonators. 
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1. INTRODUCTION 
 

Mechanical vibrations represent one of the main factors related to the early fatigue of materials. Several traditional 
techniques are used in vibrational control, and the adjustment of the mass, stiffness and damping parameters of a system 

allows, in many cases, the control of its behavior when subjected to some type of harmonic excitation, avoiding the 

occurrence of more severe vibrations for operation at frequencies close to resonances (Meirovitch, 1997). Modern 

techniques related to vibration control tend to involve the use of the so-called intelligent materials (or smart materials), 

studied more expressively in the past few years by authors like Giurgiutiu (2000), Erturk and Inman (2008), Barzegari 

et al. (2015) and Shivashankar and Gopalakrishnan (2020). 

Metamaterials (Liu et al., 2000) are also the target of new research (Nimmagadda et al., 2019) in vibration control 

(Sugino et al., 2016, 2017), sound absorption (Liao et al., 2019), wave guiding or trapping, energy harvesting (Alshaqaq 

and Erturk, 2021), among other applications. Metamaterials can be combined in advanced configurations, further 

optimizing the results, or adding new functionalities to the system such as the ability to exchange energy between 

different physical domains (Sousa et al., 2018a, 2018b; Sugino et al., 2020; Alshaqaq and Erturk, 2021). 
Metamaterials, in particular, can be obtained using different types of resonator elements in an optimized way (not 

necessarily based on intelligent materials), and are designed to exhibit characteristics not normally found in a natural 

way. One of the characteristics that can be obtained with a metamaterial is the formation of a bandgap, that is, a region 

of attenuation of vibrations around a range of excitation frequencies, which can comprise low frequencies even in 

relatively small structures (Sugino et al., 2016, 2017). 

The first analyzes about the formation of the bandgap involved acoustic metamaterials, and were presented by Liu et 

al. (2000), bringing new perspectives for research in the area. From a mechanical point of view, Yu et al. (2006) 
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innovated by investigating a flexural bandgap, based on an Euler-Bernoulli beam with vibration absorbers of two 

degrees of freedom. For this purpose, it used a transfer matrix approach to determine the expected response, which was 

validated by means of finite element modeling with experimental tests. 

Sugino et al. (2016) proposed to evaluate a case pertinent to finite structures, whose dynamic response is determined 

by the modal forms of the structure. In this way, it employed a modal analysis approach for the formation of the 

bandgap in locally resonant metamaterials for a uniform case. The studies promoted in this case validated the 

assumption of infinite absorbers in a finite structure, allowing the allocation of the bandgap in a desired frequency 

range. 

Sousa et al. (2018a, 2018b) took up to the problem of locally resonant metamaterials again with the use of 

intelligent materials (shape memory alloys in particular). Acoustic/elastic metamaterials made from purely mechanical 

resonant components generally do not exhibit reconfigurable and adaptive characteristics, since the bandgap frequencies 
depend on the mass ratio of the structure (i.e., the total mass added by the resonators to the mass of the plain host 

structure). In this context, the replacement of conventional, inactive resonators with resonators consisting of shape 

memory alloy (SMA) elements brings an improved tuning behavior, making the properties of the bandgap adjustable in 

view of the change in the elastic modulus of SMAs with temperature as its crystallographic lattice changes between 

martensite and austenite. 

The aforementioned cases contributed to the understanding of the behavior and applicability of metamaterials in the 

control of vibrations, demonstrating the possibility of allocating and tuning the bandgap in a convenient way. These 

studies, however, started from uniform configurations for the resonators distributed throughout the metamaterial. In 

view of this, this work conducts an investigation about the effects of non-uniform tuning of locally resonant systems on 

the dynamic structural response of a metamaterial. The main goal is to increase the bandgap bandwidth without the need 

of significant increases in mass. 
 

2. MODAL ANALYSIS OF A BANDGAP FORMATION 

 

Consider an uniform Euler-Bernoulli beam, with arbitrary boundary conditions, flexural stiffness ��, linear density 

of mass �, and length � (Figure 1). Added to this, a transverse base excitation ���	
, with relative transverse vibrations 

denoted by ���, 	
 and absolute displacement �
����, 	
 = ���	
 + ���, 	
. It is assumed that the system is undamped 

since modal damping may be included later. The allocation of � absorbers (undamped spring mass systems) is 

considered attached to the beam in positions �� , with masses �� , stiffness �� , squared natural frequencies �
�� = ��/��, 

and relative displacements �� , for � = 1, 2, … , �. 

 

  

 
 

Figure 1. Schematic of a metamaterial, in this case, a cantilever beam under base excitation with purely mechanical 

resonators. 

 

The equation of motion for the beam in physical coordinates, in the absence of external forces, is given by 
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where ���
 is the Dirac delta function (Sugino et al., 2016). In this case, the equation for each resonator takes the form �&��	
 +  �
�� ���	
 + ����	�  �� , 	! =  −�& ��	
. #�2
  

 

The natural frequencies �) and the vibration modes *)��
 are known (Paz and Kim, 2019) for the beam in the 
absence of resonators, and are denoted by 

 

�) = �+)�
�, ����� , #�3
  

 

and, 

 *)��
 = .) /�cosh +)� −  cos +)�
 + 4cos +)� +  cosh +)�sin +)� +  sinh +)� 7 �sinh +)� − sin +)�
8 , #�4
  

 

where +)� represents the eigenvalues of the problem, which are obtained from the characteristic equation for a 

cantilever beam (with clamped-free boundary conditions), 

 cos +� cosh +� =  −1. #�5
  
 

In addition, the modes of vibration are normalized, so that the following equality is valid, 

 ; *)��
*���
<�=
> = ��)�, #�6
  

 

where �)� is the Kronecker Delta.  

The transverse displacements of the beam can be obtained by 

 

���, 	
 =  � *@��
A@�	
B
@#$ , #�7
  

 

where D is the number of modes considered.  

The substitution of Eq. (7) into Eqs. (1) and (2), applying the conditions of orthogonality (Meirovitch, 1997), allows 

expressing the governing equations in modal coordinates (Sugino et al., 2016) as 

 

� E�)@ + � �F�*) ��!*@ ��!"
�#$ GB

)#$ A&)�	
 +  � �F�*@ ��!"
�#$ �&��	
 

+ �@�A@�	
 =  −�& ��	
 H; *@��
<�=
> +  � �F�*@ ��!"

�#$ I , #�8
  

 

and, 
 

�&��	
 +  �
�� ���	
 +  � A&)�	
*) ��!B
)#$ =  −�& ��	
, #�9
  

 

where �F� = ��/���
 corresponds to the normalized mass of the �-th resonator, assuming that the free indices � and � 

go from 1 to D and from 1 to �, respectively. 

In this way, Eqs. (8) and (9) constitute a system with D + � coupled second order differential equations, whose 

solution can be obtained in different ways. The index L denotes the coupling between the modes, and goes from 1 to D. 
In particular, the approximate resonant frequencies and modal shapes of the entire structure can be obtained through 

an eigenvalue problem, the solution of which can be done in a numerical way both for time domain, considering the 

above equations, and in the frequency domain, based on the amplitudes of interest oscillations. Assuming harmonic 
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oscillations for a given excitation frequency �, and using an over bar to indicate amplitude terms, Eq. (9) can be solved 

for the amplitude of the resonators (Sugino et al., 2016), 

 

�M� = ���
�� − �� � A̅)*) ��!B
)#$ +  ���
�� − �� �O� . #�10
  

  

Finally, by replacing Eq. (10) into Eq. (8), we obtain a generalized formulation for determining the amplitudes �A̅
, 

concerning the modal displacements, which allows a treatment of the problem in the frequency domain to visualize the 

formed bandgap due to the allocation of the tuned resonators based on an objective frequency �Q , not restricted to any 
type of uniformity according to this model equation. The final expression of interest therefore takes the form 

 

��@� − ��
A̅@ − �� � � �F��
���
�� − ��
"

�#$
B

)#$ *) ��!*@ ��!A̅) = RM@ , #�11
  

 

where, 

 

RM@ = �O��� S1� ; *@��
<�=
> +  � �F����
�� − ��

"
�#$ *@ ��!T . #�12
  

 

3. CASE STUDIES AND RESULTS 

 

Equations (11) and (12) were solved numerically in the frequency domain by means of a matrix equation. For the 

purposes of simulation, the first 15 shape modes of the beam (N = 15), and five resonators (S = 5), were considered, 

these numbered from #1 to #5 from the base to the tip of the beam. 

The data that comprised the structured algorithm included the geometric and structural parameters of the main beam 

and the resonators. The beam comprises an aluminum piece with a length ��
 of 0.2 m, mass per unit length ��
 equal 

to 0.3256 kg/m and flexural stiffness ���
 of 0.45258 N. m�. The resonators, in turn, initially comprise five resonant 

beams with masses ��
�
 equal to 0.00911 kg and are evenly distributed along the main beam. The natural frequencies 

(and, therefore, their target frequencies) were chosen so that �
� = �Q = 0.868�� . 

 

3.1 Parametric analysis 

 

A parametric analysis was carried out fixing, at first, the resonators stiffness in order to verify the effect brought 

about by the exclusive modification of the masses. Initially individually and later jointly. 

The reduction in the masses of resonators #1 and #2 deconstructed the original bandgap, maintaining a potentially 

unwanted resonance peak. This reduction for resonators #3 and #5, however, did not deconstructed the original 

bandgap, and brought noticeable additions to its extension. Reducing the mass of resonator #4, still in an isolated 

manner, mischaracterized the bandgap, but generated a significant increase in its extension. Furthermore, increases of 

more than 30% in the frequency of the resonators evaluated one by one, did not present positive contributions to the 
bandgap. 

In view of the predicted behavior, the universe of choices associated with joint modifications of the resonators was 

restricted, and simulations were performed for different configurations. Among these, the five most attractive cases 

were selected and evaluated. For the initial four cases, the focus of the modifications was to reduce between 10% and 

30% the masses of resonators listed from #3 to #5. In a second step, tests contemplating the reduction in the frequency 

of resonators #1 and #2 (obtained in terms of the increase in stiffness) were performed, and the best configuration was 

selected. Table 1 describes the parameters that characterize the best cases observed. 

 
Table 1. Characteristic parameters referring to the most promising cases obtained. 

 

Description WXY WXZ WX[ WX\ ]X^ ∑`ab 
Reference case  �Q  �Q  �Q  �Q  �Q  0.0456kg 

Case 1 �Q  �Q  1.1�Q  �Q  1.1�Q  0.0424kg 

Case 2 �Q  �Q  1.1�Q  �Q  1.2�Q  0.0412kg 

Case 3 �Q  �Q  1.2�Q  �Q  1.2�Q  0.0400kg 

Case 4 �Q  �Q  1.1�Q  1.3�Q  1.2�Q  0.0375kg 

Case 5 0.8�Q  0.9�Q  1.1�Q  1.3�Q  1.2�Q  0.0375kg 
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3.2 Bandgap bandwidth and metamaterial beam transverse displacement 

 

This section presents the results obtained through a more careful assessment of the cases previously described. The 

frequency distribution shown in Table 1 was followed by reducing the masses of the corresponding resonators (and 

increasing the stiffness of resonators #1 and #2, for case 5). 

The transmissibility plots for the uniform case and other configurations of interest are shown in Figure 2. The 

predicted transmissibility for the plain beam is shown in the first plot (top-left) in red. The reference case (beam with 

uniform resonators tuned such that the bandgap is centered at the second beam resonance) is shown in blue. The 

reference case is also displayed in all other plots for comparison with the non-uniform cases. Transmissibility plots for 

the five cases presented in Table 1 are show in Figure 2, following the order in that they appear in Table 1. 
 

 
 

Figure 2. Transmissibility plots for the different cases considered in this study. In the first plot (top-left), the 

transmissibility of the plain beam is shown in red, while the reference case (beam with uniform resonators) is shown in 

blue. The reference case is displayed in all of the plots for comparison with the non-uniform cases. 

 

As shown in Figure 2, the non-uniform cases exhibit increasing extensions in the total bandgap bandwidth when 

compared with the reference case. This increase was measured based on the range between the resonant frequencies that 

are located at the edges of the bandgap. As a result, there are increases from 9.12% to 85.45%, as identified in Table 2. 

 

Table 2. Increases of bandgap bandwidth. 
 

Description Bandgap increase 

Case 1 9.12% 

Case 2 11.75% 

Case 3 21.92% 

Case 4 34.81% 

Case 5 85.45% 

 

Although bandgap bandwidth increases are predicted, defects are clearly introduced in the form of energy 
localization. Based on the theory (Sugino et al., 2016, 2017), no system eigenvalues fall within the bandgap boundaries 

in the reference (uniform) case. On the other hand, some eigenvalues may appear inside the bandgap in the non-uniform 

cases, yielding undesired resonances within the bandgap boundaries. Such resonances are a side effect of the uneven 

tuning of the resonators and are currently a topic of study. Damping augmentation, for example, may be pointed out as 



Renan Trevizan de Melo, Carlos De Marqui Junior and Vagner Candido de Sousa 
An Elastic Metamaterial Beam Leveraging Unevenly Tuned Locally Resonating Systems For Vibration Attenuation 

0 0.2 0.4 0.6 0.8 1
-30

-20

-10

0

10

20

0 0.2 0.4 0.6 0.8 1
-15

-10

-5

0

5

10

0 0.2 0.4 0.6 0.8 1
-2

0

2

4

6

0 0.2 0.4 0.6 0.8 1
-6

-4

-2

0

2

4

6

0 0.2 0.4 0.6 0.8 1
-300

-200

-100

0

100

200

0 0.2 0.4 0.6 0.8 1
-50

0

50

an workaround for such an issue. The combination with other techniques (such as the adaptive resonant shunt circuits 

presented in Silva et al., 2020) may also be a possibility for response enhancements. 

 

For a better visualization of the studied effect, some frequencies of interest were selected (namely, �/�$ equal to 

4.00, 4.65, 5.37, 6.50, 7.80 and 9.30), for which the behavior of the metamaterial was plotted. In the first instance, the 

effect brought about on the relative displacement of the beam tip is more noticeable for frequencies above the upper 

edge of the reference bandgap. The latter now has smaller amplitude of oscillation for the modified configurations, 

especially for the cases that present more significant amplifications of the bandgap. In addition, the vibration of the 

metamaterial as a whole is affected by the distribution of the resonators, so that the attenuation effect can be observed 

along the entire length of the main beam. The resonators act oscillating in phase with the beam for frequencies below 
the target frequency, and in opposition of phase for higher frequencies, having their amplitude of oscillation directly 

linked to the chosen tuning frequency and the frequency of interest evaluated. Figure 3 illustrates the beam shape and 

the displacement of the resonators in each case for the considered frequencies. 
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Figure 3. Transverse displacements of the metamaterial for the uniform case (blue) and other configurations of interest 

(case 1: yellow; case 2: cyan; case 3: green; case 4: magenta; case 5: red) to the selected frequency given by the values 

of �/�$ equal to 4.00, 4.65, 5.37, 6.50, 7.80 and 9.30, respectively. 

 

The displacement of the metamaterial is shown along the length of the beam for the selected frequencies, as well as 

the amplitude of oscillation of the resonators, which is maximum at the target frequency (Figure 3 (c)). For excitation 
frequencies located inside the bandgaps (Figures 3(c) and 3(d)), the response of the metamaterial is only slightly 

modified, maintaining a very close attenuation level for all cases. The other bands allow visualizing an overall 

attenuation effect more optimized for case 5 at frequencies lower than the target frequency (Figures 3(a) and 3(b)), since 

this is the only case that extends the bandgap to left, and for cases 4 and 5 at frequencies higher than this (Figures 3(e) 

and 3(f)). 

 

4. CONCLUSIONS 

 

In this work, we studied an elastic metamaterial with unevenly tuned locally resonating systems, in an effort to 

improve vibration attenuation with no addition of extra mass (with respect to the uniform configuration). An analytical 

model for a locally resonant metamaterial beam in transverse vibrations was considered, and equations of motion for a 

five-resonator metamaterial beam under harmonic base excitation were solved in frequency domain for a range of 
excitation frequencies.  

Transmissibility plots (a measure of mechanical input-output relationship) were obtained and a number of different 

case studies could be compared. A reference case was obtained for resonators evenly tuned at the same natural 

frequency (which also correspond to the metamaterial target frequency), and numerical predictions showed that when 

certain resonators (hereby identified as #3 and #5) have their masses decreased by 30%, the bandgap bandwidth 

increases by 22% (when compared with the reference case). Moreover, when an expressive mass reduction of 41% in 

resonator #4 was also considered, the bandgap increased by 35%. On the other hand, resonators #1 and #2 promoted 

improvements of 85% on the bandgap bandwidth when their natural frequencies (and, therefore, their target 

frequencies) also decreased by 36% and 19%, respectively (achieved by decreasing the corresponding spring stiffness). 

We may conclude, therefore, that carefully tuned non-uniform resonators can significantly improve the model response 

(in terms of bandgap bandwidth). Moreover, in a number of cases the proper tuning of the resonators also helps in 
decreasing the mass added by the resonators. 
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